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Ts rn" conjusute cradient rvtettrod

The conjugate gradient method of Hestenes and Stiefel lHSl was originaly devcloped as
a direct method designed h snlve an ,? x n pnsirjve dell ire linear lvltem Ar a dilect
method it is generally inferior io Gaxssian eliminalion wirh pivoting since both nethods
requre z steps 1o determine a soiution, and thc steps of the conjugate gradieni method 3re
more computationally expensive than ihose in caussian elimination.

However the conjugate gradient method is very usetul when employed as m irera
nve apFoximarion medrod for solving large sprs€ systems with nonzero entries occnrring
in predictable patlems. These problems ftequently a se in the solurion ofboundary-value
probiems- When the malrix has been precondilioned to mnke the calculations morc effec,
tive, good results arc obtained in only abour !/; sbps. Employed in rhis way, thc nrcthod
is prefened over Gaussian elimination and the previously d;scussed iterative methods.

Throughout this section we assume that rhe marrix .t is positive deiinite. We will use
rhe inner prcduct not iotl

'':i3l56700 | .

riffil
Thaorem 7.3O

meorem 7.gI

where x and y are n-dimensional veciors. Wc will also Deed some addirional standdd
results ftorn linear algebra. A review olthis mate.ial is found in Secrion 9.1.

Tlre next result follows easily from the propeties of transposes (see Excrcise l2).

For any vcctors x. y, and z and any real number a, we have

(i) (x. y) = (y, !):

(ii) (dx, y) = (r, dy) = o(x. y)i

( i i i )  1x+z,y) :  (x,y)  + (z.y) ;

(iv) (x. x) : 0;
(v) (r. x) = 0 if and only if x = 0

(7.2s)

When A is positive delinite. (x, Ax) = /Ax > 0 unless ! : 0. Also, since A is
synmetric. we |ave xrAy = x'1/y = (Ax)'y, so in addition ro rhc resulrs in Theorem
?.30, we have for cacb x and y,

(r ,  Ay) :  (Ax.y) (7.26)

The lbllowing result is a basic rool in the developnent of rhe conjugare gradient

The vector x' is a solution to the posiljve defimre tinexr systen Ax = b if anrl onty if x"

s(x) :  (x,  Ax) 2(x, b).
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Ptoot Let x and v + 0 be fixed vectors and / a real number variable- We have

a(a+ rv): (x + rv, Ax + rAv, - 2(x + rv,D)

: (x, Ax) + r(v, Ax) + r(x, .1v) + r'?(v, Av) 2(x. b) - 2/(v, b)
: (x, Ax) - 2(x, b) + 2.(v, Ax) 2r(v, b) + l(v. Ay),

s(x + tv) - 8(x) + 2,1v, Ax b) + l(v, Av). (1.2j)

Since x md v are fixcd, we can define (he qudratic tunction lt in r by

f t0)=g(x+rv).

Then } dsumes a minimat value whcn ,'(r) = o, because its t2 coelncient, (v, r4v), is
positive. Sinoe

h'( t) :2(v.  Ax-b) +2t lr .  At) ,

the minimum occurs when

. {v,Ax-h) (r ,b-A;)

1v, Av) (v,,,tv)

and, from Equation (?.27),

- \v.b-,1r / ( r .h Al .  \/ l r r )  crx)  j la;r , ( l .n-Ar ' ]  \  n.o,  7, ' . r ' ,
_. (v,b-Ay),:3txt  -  -  

[7vr

So, lor any verlorv 10. we hrve 8(x +rv) < S(x) unlcss 1v, b - Ax) = 0, in whici caso
s(x) = s(x + iv). Thjs is the basic result wc need ro prove Theorem ?.31.

Srppose x' sansnes Ax" : b. Then (v, b - Ax") : 0 for any vector v, and g(x)
c., Inor he rxdc Jnv smJl ier rhan 8,\ ' ) .  Thu..  x '  minrmize. S.

On lhe other hand, suppose thar x{ is a vector thrt mirimizes 8. Then for any vector
v, wc have B(r '+ iv) Z g(x') .  Thus, {v.b- Ax-):0.This i 'npl ies that b Ax'=0
and, consequently, that Ax' = b.

To bcgin the conjugate gndienl method, we choose x. an approximate solution to
Ai* = b, and v I 0, which gives a s?d/.,'r /l,".rton in which to move away fiom x ro
improve the approximation. Let r: b - Ax be the residual vector associated with x and

. (v, b lx) (v, r)
(v,  Av) (Y, nv)

I l r+0andifvandrarenotonhogonal, thenx+rvgivesasmallcrvaluefmgthanS{x)
and is presumably closer to x' than is x. This sLrggests the following method.

Let x10) beaninitial approximation to x', ard lct v(r) + 0 be an iritial search direction
Fork :  1.2,3. . . .  j  wecornpute
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)r(v. b)

\7.n)

(v(k), b - Ax(r-r))

,(*) _ 1G-l) 11oy(i)

and choose a new search direcrion v(r+rr. Tfie objec! is lu maie llxs selectron so thai the

sequence of approximations {ilrr} converges npidly to x'.

To choose the search directions. we view g as a funclion of the components of x =

(rr . i r r . . . . , " ) ' . f ius.

3",  '  - .4 ' -  ' '  A- r- .b =i i , , , , , '  -21, ,0, .
j= l  j : l

Taking panial derivatives with rcspect to the component vffiables -rr gives

ler ' ,=:) .ar ,x,-2h.

Thereforc. the gradient of g is

o'ar= (#r'r,.,Eai,

7.5 The coniugote Gtadient MetX'od

whefe thc vector r is the residual veclor for x.
From muliivariable calculus, we knov that the direction of Srealest desease in the

value of S(x) is the direcrion siven by V8(x); that is, in the direction of the residual r'

The method that chooses

vl i+r)  - r (a)  b-At( i )

;s c^lled the nethod .)f steepc.t, dercp,r. ALlholgh we will sce in Section 10.4 that this

nclhod has merit for nonlinear sysiems and optimization problerns, il is nol used for lincar

systems because of slow convergence.
An altemalive approach uses a sei of nonzero djrcction lectors {v(r), ... , v(")} that

(v( '). ,4vu)) :0, i f  t  + j

Thisiscal ledanA"orthogonal i tycondtt ion.andthesetofvectors{Y(1). . . ,v( ' ) l issaid
to be A-orthogonal.It is noi difficult 1o show tbat t sel of ,4 olrhogonal vectors associated
wilh the positive definite matnx A is linearly independent. (See Erercise 13(a) ) This set
of search directtons gives

, ffar)' = ,to. - or = -r.,

)r v. and s(r)

org than g(x) andx(r) = r(r 1) + riyrr).
The fbllowing theorem sholvs thal this choice of search directions gives convergence

in at most r steps, so as a dnect method it produces the exact soiution, assuming that the
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fheotcm Zt2 Let {v(r ) , . . - , v(r) ) be an A o(hogonal set of nonzcro v€ctors associated with the positive
denniE malrix A, and let x(o) be arbitrary. Denne

, .= , , , .1_Al,  , , ,  
ard )r . ,_r ,  , . ,  rv.r .'  (vs i '  Ar 1r)

for & = l, 2...., r. Then, assuming exact ari*unetic, AxL"r : b.

Proot Since, for each f t :  1.2.. . .  , r ,

x(t)- ! (r- l )+/ tv(r) .

Ar(,)_Ax(,_l)+r,Avo)

: (Ax(', 2) + r, jl{v(" 1)) +riAv(,,

= Ax(0) + rrAv(r)  + rrAv(z) +.. .  + r"Av(,) ,

,nd subhactirg b from this result yields

Ax(,, - b : Ax(o) b + \ Aytt, + t, Avt2) +... + t, Ar\,).

we now take ihe inner produd of both sides with ihe lector v({) and use the propcnics of
iDner producis and the fact dut A is symnrcric lo obtrin

(Art ,)  b,  v( |)  = (Ax(o) -  b,  v(r))  + rr  (Av(tr ,  v(r))  + - . .  + r ,  (^v( ' ) .  v(r))

:  (Ax10),  b.  v lr))  + rr  (v ir) .  Av(r))  + . . .  + r , ,  (v(") .  Av(r)) .

The A-onhogonality propeny gives, for cach t.

.Ax" b.vt)  ,1r t ) -b r"  - r r r ' .4r ' ' '  (?.q,

:  (v( ' ) ,  b -  Ax{r r))

= (v(*). b - Ax(0) + lxo) Axo) + - - . - Axrt-2) + Ax(-2) - ?lx(t r))

= (v(r) ,  b -  Ax(0)) + (vd),  dx(o) -  Ax( i))  + . . .  + (yrr) .  AxG-n - Ax(r-r)) .
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(7.28)

EXAMPLE'I

7.s me aonluga@ qadient Method

But for any i,

x(,)  -x( i -r)+r-v(0 and Ax(t  -Ax(r-1)+r l {y(o,

469

Ax(i-l) Ax(O - -t Ay(rJ,

Thus,

ra(v(r) ,  AvG)) =(vG),b Ax(o) r l ( r1*),  Av( l)  . . . - rr-r(v{*) ,AvG r).

Because of the A-onhogonality, (v(r). ,4v(i)) = 0, for i + l. so

(v(r). Av(r))r, = (v(r), b - tr(o))

Fmm Eq.17.28).

(Axo) b. v(r)) = (Ax(o) - b, v(t)) + (v(t), b - Ax(o))

= {Ax(o) - b, v(r)) + (b - nx@), v(t))

: (Ax(o) _ b. \,1r) _ (/x(o) - b, v(r))

The vecror dx(') - b is orthogonal to the A-onhogonalset of veciors {vc), ... , r(')}.
Froln this. it follows (see Exercise l3(b)) tha! Ax(r) - b = 0.

Consider the positive definitc matrix

14 ' _?l^=li - i  -; l
Let v(r)  :  (1,  0,  0), ,  y(r)  = (-3l4,  l ,  0), .  and vG) = (-3l7,4/7, 1), .  By direcr calcuta"

14 I  Ul t - ,1
\vr .4vr ' , -  *r 'a ' ) ' - r r  o,or l r  r  - i  l l  r -  l=0.

L0 |  4JL0J

14 r  o l I  t ' l
'v ' '  Av'r ' '  , r  ( '  o,  l r  a -r l l1 l -0.

Lo r  4.1 Lr. l

iv2),Av3))=( ; , r [ ;  i  l ]
Thus, {vu), vl,)- 13)} is an t-o'rhogonal ser.

It'] ".  . , )
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The linear system

14 :  o l  [ ; rL l  |  24f
l r  o - ' l l , l - l  tq l
lo- t  ar l , ' l  L 2a. l

has the exact solution x' : (3,4, -5)r. To apFonmaE this solution, let xi0) = (0,0,

Since b = (24.30. -24)', we have

r(o) - b Axtur = b: (24.30, 21)',

(y(t),r(0)) :v(r),r(0) =24, (v(r), Ar(r)) =4. 
^"a 

n=2|=5.

x0) _ x(0) +,ovo) = (0.0,0), + 6(1,0,0)'  = (6,0, 0),.

Conlinuing. we have

r  "  -  b 4x -  \0.  12.  -24) ' :  ,  l "  i , l  ] ' .  -  
t l

(v . i j  nr , ' ' t  t  /4

=,r '  0.0" 
d8 (-- j  ,  o)  ( l  ' j  

' ) '/  \  c /  \ t  r

l2o '  -1207
r ' -b-ax"={nn -- l :  r '= -  -  -s

\ " -  ' )  
/ r r ' '1t '  \a7

and

xc) _ x(z)  +,2v(r)  = (9,  T,  o ) '  * ,  : ,  ( - ] ,  ] .  r  ) '  : , r  o,  ,y, .
\ t  t  /

Since we applied the technique, = 3 times. this is the actual solution r

Before discussing how to determine ihe A'orthogonal set. we will continue the devel
opment. The use ofan A-orthogonai ser {v(r). .. , v(')) ofdirection vectoff gives what is

calleda conjugate .lircctio, method. The following theorcm shows the odhogonalitv of the

residual vectors r(i) and the direction vecio v(r). Aproofofihis result using mafiematical
induction is considered in Exercise 14.

meorem 7.33 The residud vecrors r(t). where f = 1,2. ... , r. for a conjugate direction method. sansly

ne equanons
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The conjugate gradienl merhod of Hestenes and Stiefel chooses the search dlrections

{v(r) } during the iterative process so that the residual vectors {r(rrl are nutually ofhogonal.

To construct the direction vectors {v(u. vc), . ..l and the approxirnations {x(l). x(']), . }.
we stin with an initial approximation x(0) and use the steepest desccnt direction r(u) =

b Ax(o) as the li$! search directionv(r).
Assume that the conjugale dircctions v(1), ... , v(t-r) and the approxinations x(r),

- . .  ,  x(r '1)  have been compuled with

We want ro choose rr I so thal

Since

x1e o_x(r  2)+rr  tv l r  r ) ,

1v(r) .  Avo)) = 0 and (r(r) .  ro))  :0,  tor t  I  j .

lfx(t r) is rhe solution 1() Ax: b, we are done. otherwise, r(r r) =b Ar(r r)+0and

Theorem 7.33 implies that {r(r r). v(')) = 0. for t = t, 2, . .. . ft l. We ther use r(r r) Lo
generate YL{r by setting

v(N) rit r) 
+ Jr tv(r 

L)

(y(r r), r1v(r)) = 0

/ lvr t)  r4r(r  ' )  + rr  rAv(rr)

1v(e-r) .Av(N)) -  
( ! ( / .  r r ,Arr  r r )+sr r(v( . - r r .Avrr-r)) .

we will havc (vtt L). 4v()) : 0 w|en

(v(r rr 1r(r 1)) -.
' "  ' -  1,4 r)Jv,r1 l

Ii caD also be shown thal with this choicc of rr I we have (!ltr, /v1t)) : 0. tbf each
i :  t ,  2, . . .  .  k 2 (see t l t r ,  p.  2,151).  Thus. lv( ' ) ,  . . .  v( t) ]  is an,4 oihogonal set.

Having chosen v'^'. rve col}]pnic

' '  ( r '  4 vr /  r )
( r1r I )+jr  1v(r  r ) , r ( r  r ) )

( r ( i  r ) . r l i  L))  (vt  r ) . r l i  r ) )

h/o,1vtr : ' )  - 'L 
I  ( ,1 ' t ,$,(r t i

By lheo.enr . r l .  r  .  r '  -  n. .o

{r ({  
L) ,  r ( i  r ) )  " \

"  / t  ( r )  ar( i ) \ 11.29)
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Thus,

x(t)-x(, t -r)+trv(r) ,

To compute r(x). we multiply by A md subtract b to obtain

<.( ' "

Thus,

(r(r), r(r)) -

,.... Furthe! from Eq. (7.29),

Axlkr _b _ Ax(r-1) b+rrAv(r)

r(r) _ r(r 1) _ l[AY([)

(r{r '), r(t)) - r.(,4v(t), r1r)) : rr(rlt), Av(rJ)

(r( i - r) .  ! (k r))  :  rr(v(r) ,  Av(r)) ,
(du.

" {v(r), .4yG))
_ _ (rir), Av(e))

(v(t) , ,4v(r))

(1//r)  (r(r) ,  r( i t
(1/r*)(r(k 

' ) .  / t  ' )
In sunxnar,/, we have the fomutas:

r(01 -b-Axio).  v( l ) : r (o.

and, frrr  t r  :  l ,  l ,  .

/  r ( r  r r . ( i  l ) \

^ (v(r). Av(r)) '

x(r) _ x([ r] + trv(r),

r ( r )  .G r t  , [ iY( i ) ,

", - 
(r('1. r(r))

'  (r(r-r), r(r 1)) '

v(r+r) r(r) + rrv([). (7.10)

Rather than preserring an algorithm tbr the conjugate gradient method usins lhese foF
|,u r" .  $e e\renJ lhc nerhod ro:n( luJep,, ,  Jndr, . , r ,B rhc mJIr \  ,1 ' t  . ;ndir ion"J
the conjugate gradieni netbod is highly susceptibte to rcunding ero|s. So, aithough rhe
exact answe. should be obtaired in, sreps. rhis is notlsurlly the casc. As a direclmethod
the conjugatc gradient method is nol as sood as caussian etiminarion s,ith pivoring. The

'nain 
use of the conjugate gradient method is as an iterativc method aDDtied ro a belter
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conditioned systen. In rhis case an acceptable approximare solution is often obtained in
abont v6 steps

To apply the method to a better-conditioned system, we wani to select a nonsingulat
conditioning matrix C so that

t :c 'A(c 
I f

is b,etglcanditi,oned. To simpiify the noration, we wil use the marrix C 'to ftfer to
(c-')'.

Consider the liDear sysrem

Ax=0,

where i = C/x and b : C 'b. Then

A; = (c rAc ,)(c 'x) = c- '^x.

Thus, we could solve Ai : 6 for i and lhen obrain x by nrultiplying by C ,. However.
instead of rewriting eqnations (7.30) using i(t), n(r), i, i(e), dd r-r, we incorlorare the
Fre.ondrtronmq nDlicid,y.

i(i) = i, ;ii(r) =

Let i(r) - C,v(r) and w(l)

Thus,

=C'(b-Ax(r))=C rr(r) .

-  l i ( r) .  i ( r))
'r 

: 
F(r, t( Lr) :

(C rr(r) ,  C I  r(r))
(C r i r  r r ,C rr(r  

' r ) '

( i ( i  r ) , ; ( i  
'J) (C rr l r  r ) .C rr(r  r ) )

1i( t ) , ; i ( l ) )  (crv(t)  c rAC ,c,Y(r)) (cir(r) .  c lAv(r))

n:

: ( { r  : r r  r  t r )
' r  + ircrv(r)

!(r) xc ') + irv(r).

c 'b - (c rAC 
')c'x(tr

- 
" 

r"rrt.16n

(v(r) , .1vo))

(7l t )

(1.32)

(7.33) L')

(7.10)

ugn{c

ng. The
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i(t) _ ic r) , i?ii(r),

Finally,

c 1r(r) _ c-lr(r-]) _ irc lAc-' i(r),  r([) _ rc-r) _ lrAC 'crv(r),

4^v (1.34)

i ( r+l)  = i (r)  + j r i ( r)  and C'v( l rr)  -  C rr(()  +!rc,v( l ) .

vrr+|  c- 'c rr ( r )+irv(r)  :c,w(r)+;rv(r) . (7.35)

The preconditioned conjugale gmdicnt method is based onusing eqoations (7.31)-(35)
nr lhe order (7.32). (7.33), (7.34), (7.31). (7.35). Alsorithm 7.5 implements this procedure.

Preconditioned ConJugate cradient Method

To solve Ax = b given the pfccondilioning matrix C I and the initial approximation x(0):

INPUT thc number of equations and unknowrs ,; the entries d,l, i : t, J : n of the
matrix A; the entries rt, I : i: u ofthe vector b; lhe entries /ir, I : i, j: x offie
precondition ing matrix C r, thc entries r,, 1 : i : rr ofrhe initial approxi,nation x = 

"tttt,ire naxhullr number of iterations Ni lolerancc lol.

OUTPUT the approximale solution rr, ... -y,, and thc residual/r. ... r, or a,nessage ftat
lhc numbcr ofite|ations was exceeded.

Step 1 Setr=b-Ax; (Contpute r tn) . )
w : c rr: (Nrr€' w : w(D)
v=C'w;(N"/"rv=vlr))
o=t ' ,01

SW2 Setk=r.

Slep 3 While (r : N) do Stets,{ 7.

step 4 If lvl, <T)L,thei
OUTPUT('Solul ion vecror ' : rr . . .  . r , ) :
OUTPUT( withrcsidual :  rr , . . .  . / , ) :
lrhe p roc e du n' w as s urc e s sf1 t. )
STOP

Sfep 5 Set u = Avi (Noter u: AYr4)

t  = 
' . r "  ; (Note:  t  =r11
Li=\ i )u i

EXA
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x=x+rv;(Nor€rx=x( ' ) )
r = r - tui (Nrter r: r())
w=Clr ; (Norerw=w(r))
P = tl-r u;. (lr'orej P = (w(*), wrt)))

Step 6 It Pl < TOLtien
if llrll < TOL then

OUTPTII( 'Solut ioD vector ' i  : r r ,  . . . ,  - ! , ) ;
OUTPUT('wirh residual't rr, ... . r,);
(The pncedure ias successful,
STOP

Step 7 S.ts=Pldt(s:sk)
v = C 'w + rv; (Note- v = i(t+l))
.1 = ft(Update d.)
, ( : t* t .

Step I If (t > ,) rhen
OUIPUT ('The maxirnun number of ilcfations was exceeded.');
Qne proc?durc \ias unsuc.essIul.)
STOP

Tbc next cxample iliustrates the calculalions in an easy problcm.

The linear system Ax = b giren by

4rt  +311 = 24.

3rr +4r,  -  r3 = 30,

-  11+44= 24

has solodon (3,4, 5)' and was considered inExample 3 ofSection 7.3. ln that example,
boih the Gauss'Seidel nethod and SOR mcthod were uscd. We will use the conjugate
gftdient meihod with no prcconditioning, so C : C-r = /. Let x10) = (0, 0, 0)/. Then

r(or = b _ Ax(o) - b - (24.30. -24), :

w = c-rr(o) :  (24,30, -24) ' ;

v\r  =c , ,  = (24.30, 24) ' l

a = (w, w) = 2052.

We st?rt the lirst iteration with k : I . Then

u = Av(r)  = 086.0.216.0, -126.0l :

1=,]- =o.tt6eonrcs;
(v! , ,  u)

x(r) xo) + /rv(r) - (3.5 25113196, 4.40i216495, -3.5257i319())' :

7.3s)

-(35)

EXAMPTE 2
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r(r) r(0) - rru = ( 3.3247 42n, -1.'t3t95gj 6, -5.48969o.72)t ;

w=C-rr(r)=rO)

,  = (w, w) :44.19029651;

s1='- :0.02153523222

v(2) - c /w+rrvo) - ( -2.90't9g669'1. 1.085901793, -6.006536293),.

Set

s=p=44.r90296sr.

We are now rcady to begin the second iteration. We have

n : Avt2) = ev.489292r'7, -6.j60160961. 22.94024338)',

tz:0.23'/8151558;

x('?) = (2 8s801 r I2, , 4.14 B9'7 t93s, -4.9542221&\t;

r('?) = (0.121039698, -0. t24113281, -o.031139402)t;

w=C rr(2) =rP)

f = O.O3122166148:

r, :0.0007066633163;

v(3) = (0.1 1905s450,1, -0.1249106480, -0.03838400086),.

Set

et: f = o-o3t22166148.

Finally, ihe third jteratjon gives

u : Av(r) = (0.10i4898976, -0.1040922099. 0.0286253554)'i

,r = 1.192628008;

x(3) = (2 999999998, 4.000000002. 4.99999999s),;

r(3) :  (0.36 x t0 3,0.39 x t0 3, _0.141 x 10 3), .

Since xG) is Derrly the exact solution. rounding enor did nor significanrly effecr thc
result. In Example 3 of Seclion 7.3, the Gauss-Seidel nethod rcquifed 34 iielarions, and de
SOR method. with o : 1.25, requircd 14 iterations for an accnracy of l0 7.lt should be
noted, howevet thal in this example, we are really comparing a direct nethod to ilerati\r
methods. !

The next example illustrates the effect of preconditioning on a poorly condilioned
matrix. In this example and subsequently, we use D r/2 io.epresenr the diagonal natnr

EXAMPLE 3

Table Z5

The line

The mat

Jugare gr
ihe diag(
of the di,
7.5. The
with the

soR (a = r.25)

The

jusate g

Cholesk

C'C I

gale 8.a.



7.5 fhe Anjugote crudient Method

whose entries are ihe reciprocals of the square rcots ofrhe diagonal enries of the coefficienr
malrix A.

The linear system Ax = b wirh

477 "!w

TXAMPLE 3

Table 75

fo.2 o. l  r  r  0 l
l0.r  4 -1 l  - r  I
I  i  - r  60 0 -2 I
l r  I  0 8 4l
L0 -t -2 4 ' t l iD) lil

has rhe solutio!

x':11.85971307t,0.4229264082,-0.07359223906,0.5406430164.0_01062616286)'

The natrix .4 i^ symmetric a:d Dosidve definite bul is ill-condilioned wilh condition num,
ber K",Ar l3; ;1.71. we$i i lu.etolerrnceU.0l andcompffelheresutr.o-borneiJ trom
the Jac$bi. Gauls Seidei, a6d SOR (with (1) = 1.25) iterative methods and lionl tlre con
jrgate gradient meihod with C-' = 1. Then we precondirion by choosing C I as D-rp.
tbe diagonal matrix u/hose diagonal cntrier a.e the reciprocrl of thqlositile square roots

- of thadlg9nal e!14!s qJ the positi\rc definite matdr-4, The results are presenred tu Table
7.5. The prccondirioned conjugate gadicn( method gives the most a@urate approximarion
with the sll)allesl nu)uber of iterations.

soR la = 1.25)

0.00305834

0.02445559

0.0081860?

0.00629?85

0.00009312

49 11.86111141, 0.42320802. 0.073,1E669,
0 <1q?5o.4,0 nt0678t7l

t5 ( t .83s25?48. 0.42257868. -0.07319124,
- 0.53?5 3055, 0.0106090:l )'

1 (1.85\527 06, 0.422?737 r , -0 0?3.18:r0r.
-0.5197E369, 0.0 t 062286)',

5 (7-853:11521. 0.42298677. -0 07347963.
-0 53987920, 0.0086?89t61

4 (?.8596882?. 0.42288i29. -0 0735987E.
-0.54063200, 0.0106,13.U)'

I sbould be

a

Jonditioned

The preconditioned conjugate gradicnt mcdrod is often used in the solutjon of idrg€
linear sysrems in whicb th€ nlatrix is spa6c andpositive deJrnite. these sysrems nrusr
Ue sotved to approximare sohtions to boundrryt;lue pmblerrs in or.linary-diffcrential
equations (Sections I l.:1, 11.4, I L5). The lxrg€r the system, lhe monj imprcs;ive the con-
jugate gradient merhod becoNes since it signiicantly reduces the number of jtcmtions

-requjrcd.In these systems, the precondirioning marrix C is approxinalely equallo t io thc
Cholcski faciorization ,1-' of A. Gcnerally, smali crtrics in ,{ arc ignored and Choleski's

-iiiedrod is applicd to obtain what is called an incomplcte /-L' factorizarion of A: Thus,
C 'C ' \ ,4 I and a -!o,'d 

.ppro(imrriun rs obtained. Morr inrbmrtion rbour rhe conju
grte gradicni mcthod can be found in Kelley fKelleyl.


