Number Systems

Base
x==x(.a1a2a3...a;...)86° 1<a; <p
Chopping
T = :I:(.alagag N ai)gﬂe

Rounding

5 { +(.a1...a:)88°, it < %

:I:[(.al...az-)gﬁe-l-(.0...1)5ﬁe], Ai+1 Z bl
Error

Error: e(x) = |z — 7|

Relative Error: re(Z) = |%i{

Linear Systems, Ax = b

THM: Given a matrix A, the following are equivalent
1. The Equation Az = b has a unique solution
2. A is invertible.

3. det(4) #0
4. Az = 0 has a unique solution, x =0
5. The columns of A are linearly independent

6. The eignevalues, A, of A are non-zero.

Gaussian Elimination: A=LU
Gaussian Elimination with pivoting: PA = LU

Norms

Properties of Vector Norms:
[zl =0, [z =0 =2 =0
Az = IA| |lz]|, A scalar
lz+yll <=l + llyll

Vector Norms:
loo o [[#]loc = maxy<icn |2
e ol = 30 |l

lo: |zl = (X, 2?)

Nl

Matrix Norm:

Al = max {||Au||/||u|| : v € R™
| Al HuH#O{H /1wl }

Properties of Matrix Norms:
JAl 20, 4] =0& A=0
[IAA[L = |AL A
1A+ Bl < [lAl + (B
[Az|| < Al {l]|
IAB| < [[All [IB]

Examples of Matrix Norms:

loo Matrix Norm:  ||Allocc = maxi<i<p 2?21 |a; ;]

I3 Matrix Norm:  [|A]ly = maxi<j<n Doy |ai ;]

o Matrix Norm: || A||2 = /p(A*A)

Stability

Condition Number: k(A) = | A7Y 1Al
Residual: r=>b— A%
THM: L el el I
r e r
e < e < K(A) T
w0 ol < Tzl = "o

Iterative Methods

A= (L+ D+U) where D is a diagonal matrix,L is lower

triangular and U is upper triangular.
Jacobi: Da"t!=—(L+U)x" +b
Gauss-Seidel: ~ Da"™! = —(La" ™! + Uz™) + b

SOR: (D +wL)z"™ = ((1-w)D —wU)z™ + wb

Root Finding Methods
Newton’s Methods: =z, =2, — %

Secant Methods: ,,1 =z, — f(:z:n)m

Error Bound for Bisection Method:

1 n
|O[_'In| S <2) ‘bO_a0|



Polynomial Interpolation Trapezoid Rule:
Let f be defined on [a,b]; zg, 1,...,2,: n+ 1 distinct

L . . . 1 1
points in [a,b]. Let p, be the interpolating polynomial of 7y — p, ( 20) + f(zy) 4+ + F(@n_1) + = f(zn )
degree < . Then (h) 5 f(x0) + f(a1) f(@n-1) + 5 f(2n)

f(n+1)(£) Local Error Estimate:
HO = Sy ) F@+ Sty
[ fwae =l IO g
for some & € [a, b]. a
Chebyshev Points Global Error Estimate:

xp =cos (2k+ 1)m2n, k=0,1,...,n—1 B f//(g)hz(bfa)

b
RO

or
xp = —cosTkn, k=0,1,....n Simpson’s Rule:
Hermite Interpolation 1 4 9
Given f, xg, 1,...,%y: n+1 distinct points, the Hermite S(h) =h (f(q;o) + = f(z1) + S fwa) + -
interpolating polynomial p(z) (degp < 2n+ 1) is 3 3 3

n 2 4 1
=0 Error
where b
P I
hi(z) = (1= 2(z — 2)l) 2(z),  he(z) = (& — 2:)12(x) @z =5(h) = gm0 —a)

If f € C?"*2)[a,b], p(z) is the Hermite interpolating O'rthogonal Polynomials.: )
polynomial, then The inner product of two functions f and g on [a, b] with

the weighting function w(z) is

Fa) =) + T e () b
(n+2) () = [ f@gla)uleds

Splines .
Let a = 29 < 71 < ... < Tp_1 < T, = b. A spline of Properties:
degree m is a function S(z) which satisfies the following B 2 B
degroe 1 | D () 20,00 £) = /I =0 f =0
1<):Lor x € [z, miy1], S(x) = S;(x): polynomial of degree 9) (f,ag + h) = alf,q) + (f, h)
5) S(m=1) (x) exists and is continuous at the interior points Gaussian Quadrature:
L1y, Tpoy,ie lim, - Si(:nfl)(x) =lim,_, + Si(mfl)(x) 1 n

Let f be defined on [a,b], a =z < 21 < ... < ZTp_1 < / f(z)dz ~ Zczf(acl)
z, = b and let S be the natural cubic spline interpolant -1 i=1
of f. Then where z;, i« = 1,...,n are roots of Legendre polynomial

5 P, (x).
1) (@) = S(2)| < 557 max, |f ) ()| IVP for ODEs:

where h = max; |z;41 — 4 v =f(ty), ya)=a, a<t<b

b 9 b 5 Euler’s Method:
[ s @< [ (@) i
@ @ Up+1 = Un + hf(tnvun)y Up = @

Numerical Integration . .
Local Truncation Error: 7, = -y (t,)

Global Error:
fla)dae ~ Y eif () hM (ewnfa) 71)
i=0

_ < 7
|yn Un| =97,

a



where L is a Lipschitz constant, M = max |y” (t)].
Modified Euler’s Method:

kl = f(tn,un)7 kg = f(tn + h,un + hkl)

h
Up+1 = Unp + 5(’6’1 + k’2)
4th Order Runge-Kutta Method:

h h
ky = f(t"’u")7 ko = f(tn+ §7un+ §k’1)
h h
ks = f(tn + 50 Un + 5162), ks = f(tn + h,up + hks)

h
Up4+1 = Unp + g(kl + 2]€2 + 2]€3 + k4)
Backward Euler’s Method:
Up4+1 = Un + hf(unJrl)

System of ODEs:

;L _(a b
y—Ay,A—<c d)

Exact Solution:
y(t) = 1 (0) e py + a2(0) 2 py
Forward Euler:
un = a1(0) (1 +hA1)" p1 + a2(0) (1 + hA2)" p2

Backward Euler:

1 " 1 "
U, = a1 (0) <1—h)\1> p1 + a2(0) (1—h)\2> D2

Multistep Methods:
General 2-Step Method:

AN

G W

CUR e

Computing eigenvalues and eigenvectors

x#0

A:  eigenvalue

Ax = A\x,

x: associated eigenvector

Power method:
Idea: v, Av, A%v, ...
v(0): given, |[v@]|, =1
fork=1,2,...

w = Avk—1

v® = w/||wl]]

AR — (vw))T Ap®)

Inverse iteration:

Idea: apply power method to A=Y, (A—pul)~!, p: shift
v(0): given, |[v(@|]; =1

for k=1,2,...

solve (A — pl)w = v+

v® = w/||wl]

Ak — (Um)T Ap®
Rayleigh quotient iteration:
Idea: update p
v(0): given, |[vD]]y =1, A0 = (U(O))TA’U(O)
for k=1,2,...

solve (A — AF=D )y = pk=1)

v® = w/||wl]]

k) — (Uoc))T Ap®

Least Squares:
AZ=b: m x n system with m >n

ATAz7 = ATh -

normal equations

QoUn+1+a1Unt+aotn_1 = h[Bof(Unt1) + Brf(un) + Bof (Un-1)]

Adams-Bashforth:
1 =+ (37 ) — St )]
Adams-Moulton
= 1 5 (1) + 8 ) = 1)
Leap-Frog

Up4+1 = Up—1 + 2hf(un)

BDF': Backward Differentiation Formula — Gear’s

Method

3 1
§un+1 — 2u,, + iu”_l = hf(uy)



