Elementary Matrices

Let us introduce the following matrices. We call the elementary matrix
the matrix

o \
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which is different from the identity matrix only by that it has the entry a on
the ith position of the main diagonal, 1 < ¢ < n, where o # 0 is an arbitrary
number.

We also call elementary A-matrix, the matrix

(o ; )

1 - o\ - (1)

()
that is different from the identity matrix by that it has an arbitrary polyno-
mial ¢(\) at the intersection of ith row and jth column, 1 <7 <n,1 < j <mn,
and 7 # 7.
Any elementary transformation of a matrix A is equivalent to multiplica-

tion of this matrix from the left or right by some elementary matrix.
Indeed, the following four statements are true:

e multiplication of the matrix A by matrix (1) from the left is equivalent
to multiplication of ¢th row of matrix A by number «;

e multiplication of the matrix A by matrix (1) from the right is equivalent
to multiplication of ith column of matrix A by number «;
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e multiplication of the matrix A by matrix (2) from the left is equivalent
to adding jth row of matrix A multiplied by ¢(\) to its ith row;

e multiplication of the matrix A by matrix (2) from the right is equivalent
to adding ith column of matrix A multiplied by ¢()\) to its jth column;

Denote by E;; a matrix obtained from the unit matrix by interchanging
1th and jth rows.
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The following statements are true:

e multiplication of the matrix A by matrix (3) from the left is equivalent
to interchanging of ith and jth rows of matrix A;

e multiplication of the matrix A by matrix (3) from the right is equivalent
to interchanging of ith and jth columns of matrix A;

EXAMPLE
Multiply 2nd row by a.

ail a2 a13
A= g1 Q22 Q23
azy a3z as3

Elementary matrix that we need to use is

1 0 O
E = 0
1

S O

a
0
and we multiply matrix A by E from the left, i.e.

1 0 0 ai; a2 a3 a1 a2 a3
FA= 0 a O 21 Q22 A3 = Qado1 Qa2 (a2
0 0 1 as; asy ass asy  azy  ass



EXAMPLE Interchange 2nd and 3rd rows of matrix A

1 0 0 ai; a2 a3 aj; a2 a3
FwA=10 0 1] -|an ax as | =/|au asxn as3
0 1 0 azy asy ass a1 Q2 @93

EXAMPLE

Consider again matrix A and let’s eliminate variable x; from the 2nd and
3rd equations/rows using Gaussian elimination. Then we will identify which
elementary matrices were used and find total transformation (matrix) which
reduces A to the equivalent matrix which has entries in the first column below
the main diagonal zero.

a1 a2 a3 a1 a12 @13
a a

A= | an axp a3 |~ 0 agxn— o, M2 (3 — 2ai3
asyp agzz2 ass asi asg ass

where we subtracted 1st row multiplied by Z—i from the 2nd row, i.e.

2nd row — {2 - 1st row — 2nd row = mg; = {2

i=2 j=1

and elementary matrix is

1 00
Ei=|-2 10| (i=2)
0 0 1

(U =1)

Check this with elementary matrix.

100 apy a2 a13
By A= -2 10 as; a2 23
0 0 1 asy Gz as3
a1y a12 a3
= —G21 __ 021
=1 0 o1z + ag o131 a3 OK
a31 a32 ass



Now, let us eliminate variable x; from the 3rd equation

aip Gl ais aiz a2 ais
0 axp as |~ 0 ax ax
agr Qs as3 0 az ass

where™ indicates transformed entries.

3rd row — Z_ﬁ - 1st row — 3rd row = ms; = Z—i

i=3 j=1

and elementary matrix is

1 0 0
Ex=| 0 1 0
—wo (i = 3)

(1 =1)

The resulting total transformation matrix is B = E»F) (note: reversed order)
and

aip Gl ais

BA = E,E A = 0 az as

0 az ass

EXAMPLE
21}1 — X9 =1
-1 + 2332 — X3 = 0
—T9 + 2.%'3 =1
Denote

2 -1 0

A= -1 2 -1

0o -1 2

2 -1 0 1 2 -1 0 1

3 1
-1 2 -1 O|]~10 5 -1 5 | ~
0o -1 2 1 0o —1 2 1



2nd row + % - 1st row — 2rd row = mog; = —

=2 j=1
and elementary matrix is
1 0 0
Er=13 10 (i =2)
0 0 1
(=1

Here m3; = 0 since a3y = 0 in the given matrix.

Now we eliminate x5 from the 3rd equation

why = O

)

DO —

wbno

2 -1 0 = 1
3 c1
0 5 -1 3
4 4
0 0 3 3
3rd row + % -2nd row — 3rd row = msy = —
1=3 ] =2
and elementary matrix is
1 0 0
Er,=10 1 0
2 c
(1 =2)
Therefore, the reduced matrix
2 -1 0
0 2 —-1|=A=EKEA=
4
0 0 3
1 0 0 )
L2
3 3
where B = E5F; is the transformation matrix.
Check:
1 0 0 2 -1
BA = % 1 0 -1 2
1 2
3 5 1 0o -1

O Nojwo

O o= =

S = O
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