
ihat each systerL ha! a

:-7
_ -15

19. A matdx A is pnia,lidganal. tl dir:0 $tie!e1€r i , >2
(a) Co.shuci an atgo,irhn to efici.nily compure rhe Cnn (te(omposition ofa

p.ntldiagornl uifix
(b) liow nary operations tue reqrri.e,l trl the algoiihrn from pnfi (d)?
(c) How mary opefaiiors a.re needed to cdry out lorird.t ard Ldckward sul

stitution usjng the dcconposiibn obtained ftom pari (a)?

3.8 ITERATIVE TECHNIQUES FOR LINEAR SYSTEMS: BASIC CONCEPTS AND
METHODS

Hdvingjust devoted seyeral sections to the der€lopment of Llirect techrriqrles for lirl
earsystcns tcchniques ihali produce arl all.sw€I iu a fi\ed nnmber ofop€mtjons i1i
is nalural to ask why vc would \ra t or cr.cn need ro de\,€lop ir€raiive techrlnlu€,}
Ior s_vstcns of small dirrension. there is Do nccd. Direct tcchniqles wiit perfon,_
\rery efilcnJLilv. Hor,r,€ver, ]nxrar systems arisiDB ffom prartnjat appti.jarions wil frc
quenily be.tuit.large. The co.fiicient naticcs asso.jat€.I{iih i,|ese systems ats,
iend lo be sparse, m-"arrnrg thai only a small per.certase ot the cnrri€s arc nonzero.
\l'c $'ill encounier svstems of this ivpe in Chapier Ll whel {-" ir€at the solutio! .,1
elliplii. paf iial differeDtial cquaiiols

For systcms rvil,L larg"", spaNe co-Amciert ur!tdces direct techniques are olic!
less ctricicnr thD ilerative tcchniqLres. E eD th.,ugh lrulript. iteraiions nced Lo
be perlormed to achicle crrneigcnce, an jierative sohrtion ltil tpically rcqrire
lewer toial opefalions thdr a direct sohrrion. Ir. \,ill oftcn happen Lhat the nodzero
clcnerts in thc coeficielt Il].itrix will exlibil, a lall defined patt.jrn. In thcsc cases.
an it€rative sohrtior $ill nor rcquire th€ stornge of rhe coefitcnrnt matrix :ri alt
orLly lhe slruciur. of ihe equaiions lvill be ieeded. Xs an adcted bonls, il,erativc
tcdr qucs dc g.nerally irN.nsilii\€ io rouido$ cnor.

Basic Concepts

Basic ir:erdiiv. tech.:.tues for thc soluiior ol hicar svstems .Jf c.1n<riions are anrta-
sorrs lo tle [xed ])oiut iechnnlrrcs i\nrich were ciiscuss..l in Chaptcf 2. The.,rjghr
lirLear s!sicnr -.1x = b. \+ri(l! c.rn be ini,cr.priitc.l rs the roorlldm8 probl.m

f ind t |e n-vecid x so thar , lx  i r  = 0.

is fifst coxvctcd to the fixed rJoint probler

nnd the n vcctor x so that x : rx + c.

for some mai.rix I and veci.or c. Nexij siartiug fuon -qoDe initial approximal,ion
to lhe solution of ih.: fix.rd point prollt:ln. x(01. a sequeurr: ot reclors {x{r)} ts
comp'rtrrl ac.odlog to th. .ule
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xla+ri  Txir)  + c. ( i )

Urithi. this coDtexl, tlic rratrjx t is cnlLed ihe itetrtitit tnttir Thc funci,l.,ral
tteratiol] is t.rnLirited s,he sour afprofriate nreaiurc ol the djferetrc. berween

wiih a solvert strean
is ihe mass fractior in

ador (see pase 130). A
of a .henri(|al is lsed la
rte , and an input nals
21. n4rere o, and 9, ae
as sncamsr re-qpe.uvert j

:005,ardm:1.16,
it exiis an eighi siage

positile defi nite mat.lx
atix with ones along jts
-ithmctic op.rations dt
/ docs this comlare { iih
leskv deco!,posiiion'1
given an tD-Ll dt(ou
eiic operatioDs doesthis
Le nrunber of op€ralions

,ef tt an .r Cl,olesltr dc
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successive vectox in the scquen.e, x(ft) and x{l+r). falh belolv a us€r specified

Tlie analysis of tlrc fimctiollal iteration 6cheme gii'en by (1) boils down to
four i portant quesiions. first, Fhat conditions gxarantee a unique soluiion to th€
fixed ponrl probl€m? Seond. under what co itions {ill thc sequcnce generaicd
by (1) convergc ho this ur que fixed pojnt? Third, i{hen the scquenc€ generated
by (1) collerScs, bow quickly do€6 it corlerye? Fourth, what conditioirs rllusi
the nrotrix 1' aud ihO vector c srtisfy in order for th€ fixcd point problem to be
consistent with tl,e original rootfinding problem (i.e.. for thc two problerDs to have
ihe s.r e solutiutl

The following rhorcm from seneral matrix theory plays a major role in €s-
irrbllslirg ruFrvers t., these qlreBiions.

Theorem. Let ,.1 bo ar ?, x n n]atrix. Then the fbllowiig siatementi] are

1. p(,1) < l. s.here p(.{) dcrll)tes thc spectrat radius of l;
2. ,4f t -0arA-c. l  nnd
3. Aax * 0 Rs k *.a for arly rector x.

A prcof of rlis rcsuli can bc found iD Isadc$r and Keller [1].
Let s stid. wiil thd qucstion irf ihc uniqueDcss of the soluiion of tho fixed

point prolrler!. Xlanipulating tLc fixnt poirl, equation. wc Iild

x:7x+ c +t  x 1 'x=c
<+ (1 

")x 
= c.

}}om this last cqruiioD. it lbllo!.s th,rt rhe fixed ponrt probl..u bas a unique solution
if r cl .trJy il tlo nutrix / - I is norsinsular A sulticjent c.,nditioD for 1- T to be
nonsinsuhr is p(:f) < I (see E\ercisc l0 fiom Sectnrn 3.3). Hence. the 6xed poiot
probl(xD is guafarie.d lo have a uriquc boluti(,r s.henevor ,(") < r.

Tocstablish couvergencc, let x'denote thcsohtion iothe fixed poiltproblem,
aLd define ihc iteration i:rror vrctor bv e(fr1 - x(a) - x". Subl.racting rhe eqrraiio:r
x' : Tx" + c fron oquarion (t) riekls thc eEor evolutior equatiou

e(l+r) _ .fe(|).

$'orknrg brrck(ard rhro gh this equatjon. (r find

= 7(re{t  i r )  - .?,e(a , ,

= :1 2(Zc{^ 1)) 7 je(k-2)



(1) boils down r,o

majol role in e.s-

1i

Ideally. €0+1) should approach 0 as A 
- 

c.' for any choice o{ initial r€ctor x{ol.
ihat is, for any hitlfll (:rror vcctor e(0) The thoorem stated above indical,€€ that
ihis witl happen il and only if p(") < 1. Hcnce, thc iteft).lion scheme d€fined by
equation (1) will convoge for dry rloice of the initial vector x(0) if and only if
p{'I') .- I.

F.om the error evolution cquation: \re flnd

l le{*r r)l < l l" l l le(ftrl l

for anv veclor norm alid associated naiurul rnatdx irrm. Provided llTJ < 1,
it can bo sho*a that

er{)"  ML .  
rYrr\  _ x(or ,

(s€e Exercise 11)- Tirese tE1) iD€qualiiies imply lhat the sequenc. {x{kr} converges
linearly wilh d asymptotjc errcr coNtilnl that is less than or equal to llTli. CarI]-
i g oui a more precisc arallsisj ili carr be shovrn thai ihe a8ympiolic error.on$tAnt
is eqLlal to p(7). The prool is based on the fact thai p(?) is the gr€at.rst low€r
bound for all Iracurnl rmtri\ norms of ?. See Ortesd t2l for dctails. Thu6, the
small€r the spedral radius of the iicration matrix, the f:rst(I the convcrgence ofthc
corrcspondiDg ireraiive scheme.

Thc finai prciininary issue to di"scuss is tlut of consistcncy. In odLT for the
itcration dennsl by (1) to be of dy practical use. the solution of rhe Iixed poinl,
problcm, x* : (7 - 

") 
'c, mrisi lie iclentical io ihe solulior of ihe original lin€ar

systc j xr = 1 lb. Hcrce. whel constructing ihe llxe.l ponri problen ftorr the
lincar sr-stem, ec ultr.rt be ccrtaiD th.Lt ? and c satisF.thc rclation

(.r  
" )  

lc : ,4 rb.

Splitting Methods

A broad duss of coririsleri itcfrative urcihods, kDown as spliritins ILelhods, can be
codstrLrctcd by introducirs llre notion ol a spliitlng.

DcffDit ion. l ,et . ibeagir€n,x, a{,ny. I f  M and ,Y src ax 1r Dratr ic.s with
11/ nonsirigular and ,4 = ,\./ N, then tho palr (.U, N) is calle.l a Spr,irrlNc
of tlrc luirix ,4.

So let's suppr)s€ that (,r:/.,\) fonns a spliiting of lle nratnx ,4. Then

,/lx : b is equivaler)t to (nr' - A')x = b.

Clearing thc puenth@i turd transposing the t.rm ir$lving thc xnrri\ r\: to thc
righl hand side of th. .quatlon yields

.\1x Nx + b.

Iirallv, premultiplring br ,\ir-] produces

5eclror J.d

x : ,l/ Nx + ,t/- b.

ntioD of thc 6xed

ionfor/-Ttobe

<1.



Ilerce thc spLjtting,4 = i/ - N dcte nineE the fixed poirt problcm x ='l'x+c

and ansocialed itcracion schene x(r I ') : t"x(r) + c. ,ilheie

7=i l /  'N and c: j | ,1 'b.

To estirblish that splirting methods are ahvays (onsist(){. first DoLe thAt with
? =I f  r l r

I  f - t  ,1.1-r , \

= i l1 1(M N)

= tuI tA.

Th.rofore, (I 'l ) 1 : -{ 
111 }-inr}11). with c: M rb,

( I  7)- 'c:  l - '  j r '1 ' r /  rb

:  ,1-rb.

:$ reqrdri{]. llescripiions of the ihrrc !$st connnonly usecl splitiilrg m€[]ro.ls ari,
presorted bolow- The convcrBence properiies for thes€ thrle m.thods will tlcr be
disi:ussed at ihe ord ofthe section.

The Jacobi Method, Gauss-Seidel Method, a'd SOR Method

To identity l,he splil,tings associaied ilith rhc Jacobi xrelhod. the Gauss-Seidel
xdlod. dd ihc SOR ncLhod, lirsi cxpress ihe cocfiicient rnairix ,4 in the firnn

1=D L-Lt .

Ilere. D is tl,e diagonal p,rL (tf.1. -I- is the srrictly lower hnurgular pat of ,'1. md
l.i is the sirictlJ rpper trillllgllar parl. It is imporlatrr tir keep iu mind ildl ihc

malrrices a rurd ai rNed lerc arc i! no \!nl relatc.l io t]r.: LLI dcrorlrpositio, of iltr,
.ocficient urrrrix. As an erample. suppose
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,  [ i ,  i . .
The Jacobi rncthod is bas€d o! lhe sphtrilg ,lI : , ard N = r + U. Ir

ordu for t.I to bc rlonsingular, il DllrJt be the cas(! tllat. fi)t eaih ;. rLii . ni i 10.
Il ilrjs rela,iulshit) iloes uol hold lbr .ven ?r sirglo ralue of l. th(!r the eqllrix)Il"
in tlrc s)steDr musi Le re.rder€d Lelbr. thc Jrcobj nxrthod can bF applied. $iith

f  :  I  1 l
L 1 2 7)

i ] , - " [ i
Tllen

[ r - ,  o r  ' l
D=ln ,J 0l

L0 0 7l d; l



foblcnx:7x+c

Iirst note ihat with
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the speciflc choice of splitting indicated above, ihe itemiion schcne for the Jacobi
nethod is defined by

x(k+r) = l" .x(n) + c. . , (2)

Tj" . :D 1(L+U)

Taking into account ihe structure ofthe iteration natrix) 7)a., and thc v€ctor cra.,
ihe individual components of €quation (2) can be xntten as

t(a+l) :  L (3)

Hence, the Jarobi meihod is eqniva.lent to solving the ith equation in thc svst€m
for thc unknown ri.

Since. in sen€ral, the value of rjr) \,ill be needed to .ompute rlt+1) fc,. 
".r]'

j : i+1,i+2,. . . 1n, tl\e valuc ofrl^r cannoi be overvritten by thc newly co]llpui,ed

val 
'e 

ofr!*+'r. This nnplies that when implementing the Jacobi nethod, iwo
storag€ arrays will hale to be mainiained, one for the old approximaiion vecior
x(t) and one fbr the new approximation ve{ ior x(e+r). It nlso follows that the
components of x(&+r) can be conputed nr any order ard thai, on a pdailcl or
lector machine, all components ofx(t+1) can be computed snnulia.eously. Fol this
reason, ihc Jacobi Dcthod is oftcn callc.l thc mcthod of Simultdlcous Relaxation.

EXAMPLE 3.22 The lacobi Method in Act ion

Consider the sysiem of equaiions

,,,r,rj^']
l - ,* r

6 i , . ,1,)

)liiiing ethods ar!
rethods ivill rhen b€

l, thc Gauss Sci.lel

gular palt of 71, and
er) ir mind ihat tle
ecomPosiiion ol the

72
0:t

+ 2x2 7rz
ir

33.

will produr:e the scquence

5rr

Thc Jacobi method. when applicd to ihis system.

"op," \ j i . ,  "  
.  {x '  }  i , , , ,  u: , ,c r  ' , i ,  f .1" .

ltr
ndr\r :  L+a,I  ln
rch t, .1,,, .. di. 

- 

t)
i|eD rh. (luaiiols

n hc apI)lied. Wiih
r!,, 1) :

I I'o '5"' ,,1-'1
j lu+s'1 ' r -*5-r1
-| I-,l --"1t ,'or1
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If we start, with x(o) : | 0 0 0 lr, then lhe cornporreuts of x(9 urc

,1 ' )=; [ ,0,o) 2ryl=2

"!| = I [ 11.r.3"10) *Y,] :-#

, f '  = - ;  |  33-r ! t )  -2,(o)]  :  
33.

The follos'ins l,a-ble summarizes the 1.1 it.xatioN of the J&obi method ihat !\,rrr

reeded lor llxil+r) - ;(r) ll- to fall bdow 5 x 10-a. Other stopping criteia can be
imposed, brrt ihi6 is the mosi commorr. The ex eL sol .ic)ll io ihis problem is

*: I r  31]" .

Hence, l lx x(14)11.,  = 2.a: l  x t0 ! .

0
1

3
,l

;

7
t-{
I
l | l

1t
t2
13
l1

l '

^n 
obliour irxpfoveru(xrl lhat (iflu b€ rnadc to the J{cobj m.thod is to usc lle

..1 
'. 

ofrjt t 
" us soo" ." it has beer calcnlatcd in the conpuration otall subsqruent

cnirics if thc ledor x(t_r). rat|er than FaitinA u.til thO nexi itortution. Afi() all.
.,jo+') is sul,pu"erl to t" d lrerter appforimaiior to ,". ttrur ejhl. This noclilic.rlirn
anbuuts to.lrurging equition (3) to

ejr  | r  '

lhe or

Gaus$

the Gi

Thus,

x{r l

i o.oooooo o.oooooo o.oooooo
2.000000 1.555556 1.7r.1286

0.425397 -2.981127 .1-555556

0.77,1603 -3.138448 :1.0224,10
t. l  1E710 - 3.040665 1J.8.12530
1.071121 2 3904.13 4 0053,10

0.975953 -2 978666 1.0.11402
0. iJ79148 -J 026.1,13 1.002660
1.00'i225 -3.00313J 3-9rJ9466
L0058.10 -2.99it010 3.0982d0
0.990470 2.9972tt9 .1002574

0.993,128 -3.00r32i .r.0i)u699

0.099985 3.00083i J.999J98
1.000408 -2.9997118 3.909759
1.000011 -2-9997.)7,1.000133

T

and th

Th. nr

EXAV

The (;i

of appr

I f$es

t  , - ,  .  I
l r ,  ! . , ; ,1 ' r )  -  t  / r , , r { r )  ,
I  J I  j : i f r  I



rs
fl
l;
i

tr€thod is lo use ih€

.,n ol ali srbseqDcnt
iieratiiD. Alief all.

. lhis rnodihcattrr'

:  ( l l

;xr t12+
3r1 + 9t2 +
xr + 2t1

2r4 : 10
4xJ :  11
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ihe only difi€rence bcti'eer the equations js that the supefs-cripl' on r iD th€ fiNt

sr,mmation is Dor, ft + 1 The ileralion sch€m€ co'respon'1ing io equation (4) is

kno$,n as ihc Gauss Seicl€l mcthod Not. that the C;luss Seidcl meihod is not

veclorizable. Th€ € tries in x(r+l) !!ust be cornPtrted in succession Hencc ihe

Gauss-scidel mcthod is also known as Successive Relaxaiion'

Working bac.l<ward f.om cquaiion (a), i'e fiDd that thc splittnrg upon which

the C.iuss-Sentel meihod is bd"sed is

l \ I :D-L and rV:I I

Thus, ihe iteration natlix lor ihe Gauss S€idcl method is given bv

'rq,:  (D - L) tu,

lrn.L lhe lociror c is gi\'€n bY

c!.  = ( t  , )  rb.

T|e ecess:ry and snflicienl con.litior tor thc natljx 'U Lo be ronsjngular is lhe

samc :Ls abover for each i, wr must ha\€ l1i.i = ai.i / \t

EXAMPLE 3.23 The Gauss-Seidel Method in Action

Rcconsider l,h€ svsiem of .rluatxnls

l

The Ganss Seidel method, FheD applie.l to this si'si€m, vilL prudtrce tne scquer're

of rpproxirlatjo$ {x(rr} accordnrg t.r tlrc rules

r(r+1) = I lro ,!.) r,,!^r]

,  '+"  :  I  I  r r  +. j , , '  +,  -"  I

,,!r+'r . t 
i*:r ,!".,r ,.1"-'r1

0 ]r ,  thcr the conponoi is ofx(r)  are

fro rlor :,,lorl ::

I ra r:,,i') *i"'] : ;
i l " '1"  ' ' ' ! "1=#

lf1,e start with x(ol : | 0 u

' ! ' , : ;
"1 ' , : ;
" f ) :
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Thc following table summaxizes the 10 iter&tions of ihe Gauijs-Seidel method that
were noLlld {or llx{t+1) - x{r)11- to fall bckw 5 x 10 a Recall thar lhe exacr
solution io this problem is

*= [ r  _s +]7.

H.rrce, llx - x(lo)ll- = 7.8 x l0 5. Note that convergcnce is obbained with 1be
Gartss-Scidel method iD roughly 30% f6ver itcrations thon ihe Ja.obi mcthod. Fur.
ther, ihe error in ihe fnal Gauss-Seidel approxima,tior is roughly onelhird the er ror
in the final Jacobi approxjm.irion.

I
2

1

7
8

l0

l? '

T

T

r

'r

T

T

x(*)

I o.oooooo o.oooooo o.oooooo
2.000000 0.888889 4.746032
0.2793ii5 3.571781 3.733686
1-220882 2.8080I .1.086109

0.927039 -3.06272,1 3.97I656
1.023883 2.979442 4.009246
0.992174 3.006736 3.996958
r.002564 2.097793 .1.000997

0.$99r60,3.000723 3.999673
r.000275 2.099763 4.000107
0.999910 -3.000078 3.999965

The final iieratjre tecLtrique that $e *ill discuss in tlis s(tion is the SOR
m€ihod. rln explaration fbr the nane ofihe niethod will te prol-id€d shorlly. This
techDiquc atrempis to irrpr)\€ upon lhe con\crgen.€ of thc Gauss'Seidel nlethod
by conputing ojr+') as ,r ,r'eigl,terJ uo..ag,, ol 

"j*) 
and rhe value procluced by

thc Gauss-Seidel mcibod, as girn in cquarnrn (4). T,et the w(:ighling paxarnoier.
also kno*'n as a relaxation paranrcter, bc denoted by d. The thc analogue of
'qu-.o 6( l )  " rd 

( l  fo l rS,rB n.  h.d: .

r j t ' r )  = 1r - .p j t t  -  ' , , ] , i[' '-p""t'

" : ( j  ' ) "* , ,

Notc that s'hen d: l, the SOltmethod reduc€s to the Gauss-Scidel mclhod. Trpi-
cally, there exists a rang. ofo 1du€s for which thc SOR method will converge faslcf
than thc Gaus-Senhl metllod. lhe splittiirg assoliated rviih thc SOR melhod is

I
l I= D-L and
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ieidel method that
cs.ll that the cxact

obtained with the
icobi method. Fur-
one third the error

seciion is the SOR
)vided shorrly. This
&uss Seidel m.th.id

value prcduced bJ
)ighlins plirameief,
en the analogue of

, .  . l
a,,r t "  (5)" l

jidel metho.l. I\ Pi-
rvill .onverge f&+cr

n€ SOR rnothod is

Therclore,

(;, 4 '[(:- ';,. ' '
*- = (j, ,)- ' '

EXAMPLE 3.24 The SOR Method in Act ion

One t]rorc tirDe {. lvill corsi(ter the sysl,em of equatioDs

5:Lr+xr+2r:3=10
3:tr + {:r4 + lis -' -14
xt + 2r2 7t3 :  33'

With u = 0.9, the i tuai ion (xtuarid$ lof  the SOlt  nethod tr .(rDre

' i" " o.t..l ' ' ' 
o-! lrn ,,.-' :' l*'l

, r . . ' ' l l  r . ,  . r . , .  I
9L l

, . ' | {  j '  n.Lx:r '  o_l  
[  . , .  

" ' ' " ' . r " i ' '  
'1

t f  * .e stalr  wi th x(ol  = lo o o:r . thel l t t 'ccomponentsoix{r){m

n.u 
ru' ' . ' ' '

' : "= ' , ' , ' " '=ml r  r  '  .  r .  .  I  '  -  r  ,  '  I  '  '  = rr .^c

, ,  =n n n,u,  
aa . r  : .  '  = tz_, ; t t r .

Thc tabl," nhom below sunnarizes l,hr d iter:rli.rrs ol lfc SOF neihod thlrt wer.
Ieeded 1or x{r'l) - xl}l 

- 
to lall l:oloy, 5 x I0 r. \orc r},iit x xldl 

- 
.=

6.0 x 10-5.

I

.l

I

5

6

0 0000f10
1.800000
0.( '0i1669
0.97r27tt
0.90sgtr.;
0.1)90516
o.I) t9910

0.00000(l
0.860000
3 006157

-2 99tt312

-2.9!7i!:J
2 1)91185 |
2 99991{9

o ooo()(lo ]/
. t .z;gt-r: t

:t:fizttt 1',
3.99.1r)II  l
3 999851 i '
r.lssso; '
3 999992 l '
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Th. selcction of th. pnrairctcr d is cncial to the pcdo.manc. of the SOR
method. The llsllle above displat's the number of it€fatioN reqLiir€d for ihc SOR
lreihod io coDverg€ to Nithh a ioleranc€ of 5 , l0 a as a funcl,ion .,f r. Thc hori
zontal lines indicat€ the number of iterations r€quired by the Causs-Seidel mcthod
(botton lnx, rdxl the.Ja.obi mcthod (top ]nr.). \ve see thar th{rrc is a rans€ ol
lalues. roughlx 0.65 < o < 1.0. f.,r Nhlc| the perlormance ol ile SOR nettrod is as
good as or belier than ihe perfofmance of tle Gauss Seidel ineihod. ,{s expected,
i,he SOR m€ihod outperfofms the Ja.obi meihod o\,€r a broader range oI u lallres

For ihe exauple probld! we hive beer exa jling jr this seciion, thc SOR
ncthod pdforned beiier ihar tLe Garss-Seidel nrel,ho,:l primarih lor o < 1. How
cver, for Dranr of ihe pfacllcal rrobl€ms to whi.h the SOR m€tho.l is applied (suclr
as ih. s]sterN oI equalions r6s.,ciai,ed $'illi the soLulior of elliptic parlial difiere!
tinl equai;ors w|ici \.e \rill encounter in Chapter 91, peflbrmar.e is beiier ilan
the (::auss Sc cl xreihod lirr r > 1. [']rer @ is s€l€cted gr€aier ihar l) tlrc it.rati\€
meil](xL i-( rcfcrrc(l io as dr overreluation scheme. Sirce the Gauss'Seidel uelhod
js succcssive rcl&\ai,bn, dris Lcw techniqLLe is Suc(,assive overrelnxatiorr, or the SOR

Spec;fic Conversence Properties for the Jacobi, Gauss-Seidel, and SOR

$ir kroi!' thdt ihe gef eral itcra u re nr ei,hod x{rl : ?x{rl + c con ue|ges if ard onl-v if
p(7) < 1. ,{rr:thi:re corxLiiiors lhaL, ivhen impos€d upon the coelncient iJratrlx.,l,
wjll sunrant.c that thc.lacol)i. Causs Scjdel, rnd SOR ncthods conrcrgc,' Ihc
ansstr to tlris quesiion is lcs; unf.,riuJr.tely, rhe.e is no general Lheory, jusi a.
collectiotr ot special (ases. !-or exanrple. ii ts knor$ that srrict diagonal donrinanc€
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ol ,4 is suflici€nt to guarantee that bolih the Ja(obi niethod ard ihe Gauss Seidei

ln€ihod a'ill converge for a.ny choice of the hil,ial ve.tor x(01. Th€ proof lbr th€

Jacobi m€thod js considercd h Er(ercise 15, $hil€ tbe prooi for thc Gariss Scntcl

nethod can be found il] ortega [2].
The following resulis r€garding thc Gauss Seid.l mctlrod are also useful in

Theorcm.

1. If,4 is real and symm€idc i'itli :ill positive diagonal elemenis. then the
Gauss Scidel mcihod converges if and onlv if,4 is posli,jve definlte.

2. If,4 is positive delinite, th€n the Garlss Seidel meihod will con.!.erge for
any choic€ ofthe initial vecto. x(01

r\ proof .,f the tirsi part of this iheorem caD b.i found h Isaa,rso. and Xeller []l
Consuli Ortesa [2] or Ralston and l.abinowitz l3l ror a proof or thc sttond part.

Fo. i,hc SOR method, the most imporl,ani converscnce results.re as follows:

1. Ifl has all nonzero diasonal elements, theu p(",..) > i, 1 . Therefori,

the SOR method car con\,erye only if 0 < o < 2.

2. If ,4 is positivc definite and 0 < u < 2, th€n the SOI? ncttrod irill

conv.rr fo. ary choicc of the initial vecior x(0).

Sce Ortesa [2], Youns [ai, or Go]ub and Ofteea [5] for d€taiis

whal about the specd of.orlv.rsoicc? For the saniplc proLlern Lreated in

ihis section, il rvas fdnxl that ihe Gauss Scnlel metlod coNiirged in fe$'er iiera-

i,ions thdr ihe Ja.obi n.thod. \\ ill this r.lative Pertornalcc hotd nr 8e,erall fhe

nn$'er to this qu€siiot is no. There de. in fa.t, coefrcienl matric€s fbf which

the Jacobj method wjll corN€r8., but tlie Gauss-Senlcl uetlloct s'i]l not sc. Excr

cise t3. Furthefmor€, thcrc is no general iheory to nrdjcalc whicli nethod. JacoLi or

Go.lIsS Seidel. will p(i(forn Lest on ar arbilirdv probl.ini, iusi a coll€ciion ol spccial

.ases. Ibr examrl. (see Ralslon ard ntrbnlowitz [3] d Y(Drs [a] rlr a proof)

Theorem. Suppose , ' l  is  an r  :  n matr ix.  I f . i , , .>0foreachiandar?<0
lvhenever tI i, lhe one and onlv oDc ofthe lolios'nrg si,aiements holds:

t  0:  P(T;,)  = P(4, t . )  < l i

2.  1< plTj , , . ) . -  p lTs") ;

3. p(4..) = p(1;,): oi
a. pl.TF) : pl't,) : I

Thus. under th{r lNpoth€ses of ihis i,heofem, \'hen o|e rneilxxl corkf!.es. so will

the other method, wiih tle CarFs Senlel metho.l rcxverging tastcr On iIe olher

hancl, \'hen ore nx:tlotl dllergcs, so aill tlle other. wilh the Causs StnLcL rierhld

direrglng lasler.

'marce oI the SOR
quired for thc SOR
iion of d. The trori
rauss Seidel mei,hod
thcre is i raDge ol

e SOR ncthod is as
,thod. As evecied,
.r range of u values.

is scction, the SOn
rily lor L, < r. How
hod is applied lstrd'
)iic pariial di{tcren-
rdrrce is beller tlLan
thar 1, lhe itcrative
larNS Seil:lel nieihod
daiion, or the SOR

idel ,  and SOR

rrergcs if ancl onh il
..)emci€nt natrjir A,

ods .onverge? TIe

ncral th€or!, j si ,t

l:hagonal dominarce



234 Chapter l Syst€ms of Eq!aiions

The 6ral issuc we will addrcss is that ofthe chojce oftbe r€laxaLion paranreftr
for the SOII method- In practicc. onc of the most jmportant Spccial cases is the
folloing.

Theoren. If ,4 is positive ck:finite ard tridiagc,mal, th(-n p("s") = h("r",.)l: <
r, a-nd ihe optind choice of the f€la,etioD param€l,er. u, for the SOn Dethod

t lp(':tid)"l+

With l.his choice of ,. p(71'-) =.., r.

(htega [2j provides a proof of this ri)sult. Thore aF Dore gcncral condiiiols under
which ihe lorrnula lor ih. optinial !.lue .,f "J sivci in the above thcoretr holds, bui
t|ese rcqrirc more ad\rlced mairix lheolv concepts ihaD we have de\€loped here
lbr dctails (onsuli Sroer aDd Bulirsch [o', vorrng [ll, or Varsa f7]. The optimal

droic€ fo! 
", 

for an arbilrar-v lineRr sysiem remains an open queslion. lletho{ls

Ior conpufins the opii )al valtlc of ! .luring tho itefatj!€ prcccss are discuss.d ly
Ilascnai aud Youns i8l.
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EXERCISES

{

lnL

(b)

G)

Corqmte 4, , .  and 4s for  (hc sneD n'rrr i r .

Del.fnrine ll,e spccnAi .adilli ()l each itP.atioD nial.ix 1ron Pa|t ( ).
uill ihe JacoLri rreiho.l corvcfsc lo, ar! droice .,f rlli(iil le.tor xlo)? will iho

caLlss Sci.lel ,nOthod convcrge tur anr i l!,n:e of nriiial vccior x10)? llxtlain


