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ABSTRACT

Let T be a precompact subset of a Hilbert space. The metric entropy
of the convex hull of T is estimated in terms of the metric entropy of T,
when the latter is of order e~2. The estimate is best possible. Thus, it
answers a question left open in [CKP).

0.1. Introduction

Let H be a separable Hilbert space and let T be a precompact subset of H.
Define the covering number

N(T,¢) := inf{n :dty,ta,.. .t €T, st. TC U B(tk,e)}
k=1

where B(z,¢) is the open e-ball centered at z € H. The set
N(T) = {t1,t2, ..., tn}

is called an e-net of T. The quantity log N(T,¢) plays an important role in the
theory of empirical processes (cf. [D]). It is called the metric entropy of T.

Let cov(T') denote the convex hull of T. It is natural to ask for good estimates of
log N(cov(T),€) in terms of log N(T,¢). It is known (cf. [C]) that if log N(T, ) <
€~ for some & > 0 and all 0 < ¢ < 1/4, then there exists ¢ > 0, such that

e 2(loge~ )12/ 0 < <2
log N(cov(T),¢) < { ¢ (oge™) 1 ’
og (COV( )75) = {C Le—@ if @ > 2,
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for all 0 < ¢ < 1/4, and those are best possible. As we can see from the
above, the situations are completely different for & < 2 and o > 2. The case
a = 2 was open. In [LL], Li and Linde studied the metric entropy of cov(T') via
certain quantities that originated in the theory of majorizing measures. Among
others, they obtained some finer estimates of log N(cov(T'), ), which lead to some
important partial results for & = 2, and a partial answer to a related problem
raised in [BP].

In this paper, we give the best possible estimate for the case @« = 2. More
precisely, we prove the following

THEOREM 1: Let H be a separable Hilbert space and let T be a precompact
subset of H.
(i) Suppose log N(T,¢) < €72 for all 0 < € < 1/4; then for some c > 0,

log N(cov(T),e) < c-e %(loge™1)2.
(ii) There exists a set T, and constants ¢; > 0, c3 > 0 such that

supe?log N(T,¢) < 8,
e>0

and for all € < ¢,

log N(cov(T),€) > cze~2(log(e 1))

0.2. Proof of (i)

Without loss of generality, we assume the diameter of T is 1. For k > 1, let Ny
be a 2~%-net of T with minimal cardinality. Denote D; = N, U {0} and

D, ={2€N, - N,_;:|z|| <27} u {0}
for n > 1. Then
TCDi+Dy+:++Dp+---,

where “+” means the Minkowsky sum. By the assumption of (i), D, consists of
no more than e vectors for some constant ¢ > 0. Denote C,, = cov(D,) and
E,=C1+Cy+---+ Cy; then we have

cov(lYCCi1+Co+--+Cr+-=E, +Cpyr+---.

For any 0 < € < 1/4, suppose 272 < ¢ < 27"*3. Because Cpy1 +Cny2 +- -

n+1

has diameter at most 27"%", we have

log N(cov(T),€) < log N(E,,2™™t).
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To estimate the right side above, we need the following lemma, whose proof is
standard.

LEMMA 1: There exists a constant ¢, such that for any 0 < A < 1/4,
log N(En, ) < en? - 272,

Proof: For each k < n, sup;:ose Dy = {z1,22,...,24,}, where dj is the cardi-
2
nality of Di. Thus, di, < e°®" . For each zx € Cy, 2 can be expressed as

dr di
Zk=zai-77ia a; >0, Zaiﬁ 1.
i=1 i=1
Define random vector Z, so that
dy
Pr(Zy=z;)=a;, 1<i<dg, and Pr(Z;=0)=1- Zai.
Let Zx1,Zk,2,- -+ Zkmy a0d Zy 1, Zp o, .., Z4 ., De independent copies of Zj.

Then
my im1 * '

Thus, by convexity and symmetrization, we have

ZDOEE I 3R —EHE’Z > 7.-3 3

<EE' — Z(Z;'“ — Zy,i)
k=1 M i=1
n 1 mg
=EE'||Y " —> (2}, - Zk,z')’”k,i(t)”
k=1 "k i1
n 1 my
<2F — Iy ikt
=L DO SENNC]

where (rx:(2)), 1 < k < n, 1 <1i < my, is a Rademacher sequence. Integrating
with respect to t over [0, 1], and using Fubini, we obtain

me
sz - Z sz i <2E<Z 12 Z ”Zk,i“2>
k=1 ™ i1
=~ 1 —2k+2 2

k=1

1/2
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taking my = 4n2-2k+2)X~2, This in particular implies that for some realization,

n n mg

1
E Zk_z p— E Zki
k=1 k i=1

k=1

<

But, there is no more than

n
[T(@)™ < e
k=1

possible realizations of 3_p_, """ Zj ;/my. The lemma follows. 1
Applying Lemma 1 with A = 27"+, and keeping in mind that 27"*2 < ¢ <
2713 we obtain
log N(cov(T),¢) <log N(E,,27"t1)
<c-n2oin2

=c'e ?(loge™1)2.

Remark 1: Both Li and Linde pointed out to me that (i} can be derived from
a result in [CKP]. We include the proof because the current proof seems more
transparent, and holds for any Banach space of type 2. Also, it is more convenient
to the readers.

0.3. Proof of (ii)

Let (ex) be a standard basis of H. For each integer k > 1, we define

22k—2

Dy ={27%e;:e <i< ezzk} u {0},

and T = Dy+Dy+---+Dg+---. Forany 0 < ¢ < 1, suppose 27" < g < 27"+,
Define S,, = Dy + Dy +--- + D,,. Because S, is an 2~"-net of T, and S,, has
cardinality no more than
22k 22n+1
H e <e s

k<n

we have log N(T,¢) < 22"*1. Thus
e?log N(T,e) < 272n+2. 92041 — g,

To obtain a lower bound for log N(cov(T),e), we need the following two
lemmas.
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LEMMA 2: There exists ¢ > 0, such that for =2 > < § < ¢-2-F,
log N(cov(Dy,),8) > c- 672
Proof: Denote It = {i : <« 2}, and let |Ix| be the cardinality of I.
Consider the set
A= { Z a;€€; : a; is non-negative integer, Z a; <27k /e}
€L i€l

Let m be the largest integer, such that m < 27%/¢. Then A has cardinality no
less than |I|™/m! > |Ix|™/2. For each t € A, and 2 < [ < m, consider

Bt,l)={se A:|t-s|h £ le}.

B(t,1) contains no more than 2|I;|' < |I;|* elements. Thus A contains a subset
U of cardinality more than (|I|™/2) + (|Ix|*), whose mutual [;-distance between
any two elements is at least le. Thus, the mutual ,-distance is at least vIe. Let
I~ m/6. Because A C cov(Dy), we have

log N(cov(Dy), Vie) ~log N(co(Dy), /m/6 - €)
> log (|L[™/2/|1™°)
Z% log IIk,a

_o2k-3

which implies that log N(cov(Dyg),8) > c- 62 for some ¢ > 0 and e
c-27F, "

<d<

LEMMA 3: Forn > 12, let m = [n/6], and
E,, = cov(Dy) + cov(Dpi1) + €ov(Dippa) + - - - + cov(Dy).
Then for some constant ¢ > 0,

log N(E,,/n-272""1) > cp - 247,

Proof: By Lemma 2, for each m < k < n, there exists a a set S C cov(Dyg)
of cardinality L = 2" whose mutual distance between any two elements is at
least 2=2". Consider the set

Fp=8m+ Smt1+-+ Sn.
For t,s € F,,, suppose

t=typ +tmt1+ - +1in and 8= 8m+ 8my1+- -+ 8,
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with t;, € Si and si € Sk. Define the Hamming distance
h(t, 8) = cardinality of {k : tx # sg,m < k < n}.
For each t € I}, the ball
Bi(t,n/3) := {s € F, : h(t,s) < n/3}

contains no more than (nL)*/* < L"/3 elements. Thus F,, contains a subset of
cardinality L™~™ + L*3 > L"/2 whose mutual Hamming distance between any
two elements is at least n/4. Thus the mutual l5-distance is at least /n-272""1,
This implies that

cn
ity L |

log N(F,, /n -2 2*~1) > %logL =2

Now we finish the proof of (ii). For any 0 < ¢ < 2724, there exists n > 12,
such that

V1273 e < n-2720

Because F,, C cov(T), we have

log N(cov(T),€) >log N(Fy,,v/n -272*"1)

> ﬂ24n

>c'e*(loge™)~%
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