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Logarithmic Level Comparison for Small Deviation
Probabilities
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Log-level comparisons of the small deviation probabilities are studied in three
different but related settings: Gaussian processes under the L2 norm, multiple
sums motivated by tensor product of Gaussian processes, and various inte-
grated fractional Brownian motions under the sup-norm.
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1. INTRODUCTION

For a given continuous random process X (¢), t €[0, 1], the small devi-
ation probability concerns the asymptotic behavior of P(||X| <¢) as ¢ —
0T, where || -|| is a norm on the space C([0, 1]). In the literature, small
deviation probabilities of various types are studied and applied to many
problems of interest under different names such as small ball probability,
lower tail behaviors, two sided boundary crossing probability and the first
exit time, etc. The survey paper of Ref. 18 for Gaussian processes, together
with its extended references, covers much of the recent progress in this
area. In particular, various applications and connections with other areas
of probability and analysis are discussed.

In this paper, we study the log-level comparison of the type

log P( X || <€)~ ClogP([Y]l <)
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or
logP(| X || < Ce) ~logP(IY ]| <&),

under easy to verify conditions on centered Gaussian processes X and Y,
where the constant C=C(||-||, X, Y) € (0, 00). It is important to note that
the main results in many works in this area determine only the log-level
asymptotic behavior up to some constant factor in front of the rate. So
it is very interesting and useful to find log-level comparison results with
explicit constants. In many applications, one needs the small deviation rate
and constant at logarithmic level. Our main results are in three different
but related settings. Our methods of proofs are all different and can be
applied to various related problems.

In the first setting, we consider the L, norm || - ||, arguably the
simplest and well-studied case. By Karhunen—Loéve expansion, we have
||X||% =y, )»,,53 where A, are the eigenvalues of the associated covari-
ance operator. and &, are i.i.d. standard normal random variables. Once
the eigenvalues are known, the small deviation probability can be esti-
mated (at least in principle) using a result of Ref. 21 see (2.1). However,
eigenvalues are rarely found exactly. Often, one only knows the asymptotic
approximation. Thus, a natural question is to study the relation between
the small deviation of the original process and the one with approxi-
mated eigenvalues ,. This line of research started in Ref. 15 and contin-
ues in Refs. 9 and 11. (See also Refs. 13 and 7). Roughly speaking, the
small deviation probabilities under L, norms are comparable if the infinite
product [] A, /A, converges. Although under certain assumptions, there are
complex analytic methods that enable one to find the aforementioned infi-
nite product directly, without computing the eigenvalues (cf. Refs. 8 and
9), the typical case is that one has some rough estimate of the eigenvalues,
which is not good enough to ensure the convergence of the infinite prod-
uct. This is particularly true for multi-parameter processes. In Section 2,
we show that the log-level comparison with constant holds under compa-
rable finite rank approximation.

In the second setting, we consider multiple sums motivated by ten-
sor product of Gaussian processes. The methods presented are general
enough to handle nonnegative random variables other than squared L,-
norms of tensored Gaussian processes. Similar question has been studied
by Karol et al."® and Fill and Torcaso” for tensored Gaussian random
fields under the Ly-norm. However, our probabilistic argument allow us to
handle the case that has been left open by using their methods.

In the third setting, we consider the comparison of small deviation
under the sup-norm which is usually harder and more interesting. There
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seems to be no known method that handles the general case. So we only
deal with the comparison among various integrated fractional Brownian
motions which were studied recently under the L,-norm in Refs 4, 7,
9, 10, 13, 19, and 20. Our method here works for general norms such
as the sup-norm and the L,-norm. It is a combination of techniques
developed in Refs. 4, 16, and 17. More details are given in Section 4. In
general, our method provides a systematic approach to log-level compari-
sons under general norms.

2. L,-NORM

Given a continuous Gaussian process X (¢), t €[0, 1], we have by Karh-
unen—Loéve expansion

o
IX13=> Anks
n=1

where A, are the eigenvalues of the associated covariance operator.

1
le(t):/ o(t,s)f(s)ds, o(t,s)=EX@)X(s)
0

and &, are i.i.d. standard normal random variables. Once the eigenvalues
are known, the small deviation probability can be estimated (at least in
principle) by using the following result of Ref. 21. Namely,

o
P (Z a,E < g2> ~ (=221 (1))~ exp{th' (t) — h(1)}, (2.1)
n=1

where h(t) = % > log(1+2x,1) and e2=h'(r). This is the starting point

of our result in this section.

Theorem 2.1. Let X and Y be two Gaussian processes with eigen-
values aj >ar>--->a,--- and by >by>---b, >---, respectively. Suppose
SN @n~C2Y by ~r(N) where r is a decreasing function satisfying

r'(ax)

=1 and rx)=0(xr (x)) as x = 0.
(a,x)—(1,00) r’(x)

Then

logP([ X|l2 < Ce) ~log P(|Y[|2 <é&).
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Proof. We first need some analytic facts based on our assumptions.
Given o >0, #1, let N be large enough, so that [ N]#N. If « > 1, then

[aN]
Z an=r(N) —r([aN])+o(1)-r(N)=([aN]—N)r'(BN)+o(l)-r(N),
n=N+1
where | < <a. Because {a,} is non-increasing, we have
/ r(N)
N=—1(BN)+o(l)- m

Letting N — oo, and then o — 1, we have

/
liminf ——— > lim liminf r(pN)
N—o0 —r’(N) a%l"’ N—oo r/(N)

If o <1, then

N
> an=(N—[aNDr'@N)+o(l) - r(aN])
n=[aN]+1

=1

Using the monotonicity of a,, we have
r([aN])

any <—r'(ON) +0(1)N—[aN].

Letting N — oo and then o — 17, we obtain
r'(ON)

lim sup < lim llmsup— 1.
Nooo —F(N) Taml- Nooo T'(N)

Hence, ay ~ —r'(N). Similarly, we have by ~ —C~2r'(N). Therefore a, ~
C?by.
Next, we show that a, ~C2b, and r(x) = O(xr'(x)) imply

logP(| X2 < Ce) ~1logP([|Y]l2 < &)
as ¢ — 07. To this end, we note that by the result of Sytaya mentioned

earlier, we have

> 1
logP (Zans,f < s2> ~ Y () —ha(y) = 5 logQry?h" (). (22)

n=1

Because h” <0, and 4" >0, we have

14 14
th/(y)—h(y)|=—f0 th”(t)dt>—f0 th" (y)dt = —y*h" (y)/2.
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Thus, the third term on the right-hand side of (2.2) is of smaller order,
and we have

logP (Zans,kez) ~yh,(y) —ha(y). (23)
n=lI

By otherwise considering a,/C2, we can assume a, ~ b,. For any
small £ >0, let # and s be chosen such that i (t) =h}(s) =¢2. Note that
hj(s)ds/dt =h(t). By L’Hospital’s rule, we have

logP (3202 bu&2 < &2) _=shy(s) +ha(s) _—shy(s)ds/dt _s

=21,
loglP (302 ané? < &2 ) —th,(t) + ha (1) —th]/(t) t
provided that we show ¢ ~s.
To show 7~s, we study the equation A} (t) =h)(s), that is,
>ty 4
a2 Db o '

For 0 <& < 1. Because a, ~ b,, there exists Ny such that for n > Ny, |an_1 —
b;1| <8bn’1. For ¢ fixed, choose Ny, Nj, so that tgag,ll <2¢t, and s <b;,21 <
2s. Without loss of generality, we assume Nj < Nj. Thus, s <2(1+38)t. By
choosing ¢ large enough we can assume Nj >2N, and a, >r'(n) for n> Nj.
From (2.4) we have

0 It —s| o0 —1 1|
2_;( +2z)(b;‘+2s) ;( +2z)(b;1+2s)

Ny (“No —l—bNO)

5
TR D

X

n>N0a” +2t

No (aN + N)
I, s ey
n<N; n>N1

No (a,;(}+b,—v(})
< ——— >+ 68NjaN; +6r (Ny).

h 4ts
Because a, ~—r'(n) and r(n) = O (nr'(n), there exists M >0 such that
s ‘ No (aNo +b 0)
‘1—- < +MSNjay,. (2.5)

! )nzl (a,:l +2r) (b;l +2s) h 415



6 Gao and Li

Note that
00 t Ny P
-1 -1 Z —1 -1
n=1 (an —{—21‘) (b,, +2s> n=Nog+1 (an ~|—2t> (bn +2s>
N1 —No
T 16(14+6)t
2 ﬁNlaNl.
Also, it is easy to check that
No(ay, +by)) 0 i :
—_— =0 . .
4ts = (ay ' +20) by +25)

Thus, from (2.5) we obtain

limsup |l — ;‘ < 128 M.

—00
Because § is arbitrary, we have ¢ ~s. This proves the theorem. O

We would like to remark that in Theorem 2.1 the two conditions on
r(x) are weak, and can be easily satisfied in most of the applications.
Indeed, the first condition essentially says that r(x) does not go to 0 too
slow (at logarithmic level); while the second condition requires that it does
not go to 0 too fast (exponentially). Readers interested in operator the-
ory may have noticed that r(N) is closely related to the so-called s-num-
ber, and is a measurement of the compactness of the covariance operator.
When r(N) decreases slowly, the operator is less compact, the correspond-
ing Gaussian process is “less continuous”, and has smaller small deviation
probability; when r(N) decreases fast, the covariance operator is closer to
a finite rank operator, the corresponding Gaussian process is “smoother”
and has larger small deviation probability.

Two cases that are not covered by the theorem above are: (a) a, ~
Cn~log(n+1)}f with g <—1; and (b) loga, ~—Cn*[log(n+1)]#. The for-
mer case, the small deviation is super exponentially small, thus does not
have sufficient interest in application. For the latter case, we have the fol-
lowing

Theorem 2.2. Let X and Y be two Gaussian processes with eigen-
values a; >ay >--->a,>--- and by >by>--->b, >---, respectively. Sup-
pose loga, ~—n%*J(n), where J(x) is a slow varying function, then

—a2l/e logl/a+1 1/e
a+1 [Jdog"*1/e)1/a’

logP(| X1l2 < &)~
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Thus, if logb, ~ Cloga,, then

logP(|Y |2 <&) ~C~ 1 1og P(| X2 < ).

Proof. For 0<§<1 and large ¢, let N be smallest integer such that
a;,l < ét. Then

N <i 1 _N
Q48 =gty 2

Because loga, ~—n“J(n), we have N¥J(N)~log(st), which implies

N~( log(8t) )1/"_
J (log'/* (81))

<) an=0(an)=0 ( >_0(1) Z

Also, note that

> =

ol
n>N +2t n>N +2t
Thus,
1+o(1) ( log(8t) )1/“ <H ()< 1+o(1) ( log(st) )1/0‘
Q+8t \Jog®@ryy) 7T 2 Jdog @ty )

Because § is arbitrary, we conclude that

1 logt l/e
o ()"
2t \ J(log'* 1)

which implies that
o log!/a+1 ¢
2(a+1) [J (dog!/® (1))]1/e

Clearly, th'(t) =0(h(z)). Thus, by (2.3) we have

h(t)~

logP([Xl2 <&) ~—h(),

. 2 . . .
where ¢ satisfies A/ (t) =¢*. By the asymptotic estimate of &/ (r) obtained
above, we have

fnlfe-t L (ﬂ)w
J(log!/% 1/¢) '



8 Gao and Li

Hence,

azUa 10g”a+11/8

logP(|| X |2 < &)~ .
g P X2 a1 [ (log 1 /o)1

3. MULTIPLE SUMS

In this section, we present a probabilistic comparison arguments for
multiple sums of independent random variables. This is motivated by the
study of the small deviation probabilities for tensored Gaussian random
fields under the L;-norm. Suppose we have two centered Gaussian pro-
cesses X (¢) and Y (¢) on [0, 1] with continuous covariance function ox (s, t)
and oy (s, t), respectively. Then the tensored Gaussian process X ® Y (t1, t2)
on [0, 17> has mean zero and continuous covariance function

oxey ((s1,52), (11, ) =0x (51, t1) -0y (52, 12), 01,8, 11, < 1.

It is well known that X ® Y (¢;, 1) on [0, 1]* is continuous if X () and
Y (¢) are continuous on [0, 1], based on work initiated in Refs. 5 and 6 (see
also Ref. 3). Detailed information can also be found in Ref. 14.

In particular, we have the following series representation. Assume the
well-known Karhunen-Loéve expansion

X0 =Y aEnenn)

n>1
1/2
Y(6) = Y byl Emhm (1)
m>1

where & denotes as usual iid N(0,1) sequences, {e,(t),n > 1} and
{h(t), m > 1} are complete orthonormal bases in L;[0, 1]. Then we have
Karhunen-Loéve expansion

1/2,1/2
XQY(t1.0)=Y_ Y ay byl Eumen (1) (12)
n>lm>1
with
IXY (1, )I5=_ Y anbué,.
n>lm>1

where &;; denotes as usual a doubly indexed i.i.d N (0, 1) sequences.
There are various studies recently on Ly-norm small deviation for the
above tensored Gaussian random fields via different analytic methods (see,
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e.g. Refs. 7, 13, and 15). The main goal of this section is to present a sim-
ple probabilistic argument for the small deviation probability

logP ZZanmemn<£ ,

n>lm>1

where X,,, > 0 are i.i.d random variables. Of course, our probabilistic
method works also for multiple sums. To really make the basic ideas
clear, we also restrict ourself to X, =$,%m since similar arguments works
for more general situation. Even in this tensored Gaussian random fields
setting, our result covers a variety of interesting parameter ranges for
sequences da,, b,, and thus fills a gap left open from the spectral methods
used in Ref. 13 where many interesting examples can be found.

As discussed above, we assume for the remaining of this section that
we are in the Gaussian setting. And it is easy to see that all our arguments
work in general setting.

There are several ways to obtain the exact asymptotics at the loga-
rithmic level. One is given in Ref. 15 based directly on Sytaja’s Tauberi-
an theorem and analytic computations. Another is given in a recent work
by Karol er al."3 based on spectral asymptotics for tensor products of
compact self-adjoint operators. One of the most powerful technique is the
Mellin transform developed by Fill and Torcaso.(”’ Our probabilistic argu-
ments below are different but depends on some canonical known analytic
results.

We start with a well known Exponential Tauberian theorem that con-
nects the asymptotic Laplace transform of a positive random variable V
with the small deviation behavior of the positive random variable V near
zero. Namely, for « >0 and BeR

logP(V <&)~—Cye %|logelf ase—07F
if and only if

log E exp(—AV) ~—(1 +oz)l_ﬂ/(““)a‘“/(”“)C\l/(”"‘))\“/(lﬂ)(log 2B/ (L)

as A — 00.

A slightly more general formulation is given in Theorem 4.12.9 of
Ref. 2 and is called de Bruijn’s exponential Tauberian theorem. Note that
one direction between the two quantities is easy and follows from

PV <e)=P(—AV > —Aie) <exp(re)Eexp(—AV),

which is just Chebyshev’s inequality.
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As a simple application of the Tauberian theorem, we have the fol-
lowing lemma for sums of independent random variables.

Lemma 3.1. If V;,1<i<m+I, are independent nonnegative random
variables such that
—logP(V; <e&)~die*|logel, 1<i<m,
and
—logP(V; gs)zo(e_“llogﬂﬂ) , m+1<i<m+l
for 0<a <00, BeR and 0<d; <oo, then
m—+1 m I4a
—logP (Z Vi < 8) ~ (Z dl.l/(l+a)> e % logel|P.
i=l i=l

Proof. We can first write down equivalent statements for both
assumptions and conclusions in terms of the asymptotic behaviors of
Laplace transform by using the above exponential Tauberian theorem. The
desired result then follows from

m—+l m—+l
log Eexp (—k Z V,~) = Zlog]Eexp (=AV))
i=1 i=1
for independent random variables V;, 1 <i <m+1. ]

Our second lemma is a well-known fact and a detailed proof can be
found in Ref. 13 in the case 6 >0. In general, it follows simply from The-
orem 2.1. Below we give a simple and direct argument which also serves
as a warm up for proof of Lemma 3.3.

Lemma 3.2. Assume as n— oo,
An~Cn~" (logn)?
for y>1 and 6 eR. Then we have as ¢ — 0,

oo
logP(| X[| < &) =log P (Z Iy < 82> ~—D. YD Dlog /=D

n=1

where

D=((y = /""" VD y ese(m/y))? /7D, (3.



Log-level Comparison for Small Deviation Probabilities 11

Proof. By Theorem 2.1, it suffices to estimate the probability
log P(V < ¢&?), where

V=Y n""[logln+ D&

n=1

Note that as A — oo,

logEexp(—AV)

1 o0
—5 2 logl1+2n77 (log(n +1))"3]

n=1

~ — =

o
log[1 +2x~7 (log(x + 1))’ A\ldx

N | —
S—

1 o0
- —Ey”*e/m‘/y(log,\)(*/y./o V7=V log(1+2/1)d1

= 21y =Y gese(m/y) - A7 (log )77

Hence Lemma 3.2 follows from the exponential Tauberian theorem.
([

Our next lemma follows from similar arguments outlined in Ref. 15
and/or the much more powerful Mellin transform techniques developed by
Fill and Torcaso” in the case when 6, and 6, are nonnegative integers.
Here we give a direct argument based on estimates of Laplace transform
and the exponential Tauberian theorem.

Lemma 3.3. For any fixed positive integer K,

log]P< Z Z n~ (logn)% - k7" (log k) £, g82>

n=K+1k=K+1

=D (X2 s, k7 (log k)gb/ya)y”/(y”_l) gY@ D|Joge|fa/ = if 35y, > 1
— D=2/ loge|H0att)/v=D {fy, =y, =y >1 and 6,,6,>0

where
Di = ((Va— 1)/2)(y“_9"_1)/(y“_1)(JT)/a_lCSC(?T/ya))(y“/(V“_l)), (3.2)
Dy = (2/(y = ) IH0AW DB +6,/y, 1465 /y)my ~ esc/y)) /@D

(3.3)

and B(x,y) is the Beta function.
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Proof. First, assume yp, >y, > 1. Let

o o0
Vi = Z n_Ya (logn)ef‘sfk and V = Z k=7 (log k)% V.
n=K+1 k=K+1

Pick integer A ~A", where (y,—1)/(yp—1)- y;l <n< ybfl. Then,
1< AA " (logA)? and AA'77(log M) < Al/7e,

By proof of Lemma 3.2, we have

oo
logEexp(—AV) = Z log Eexp(—AVy)
k=K+1
~ —Zl/y“_ly_B“/V“JTCSC(JT/)/a)

A
Y 0k (ogh)®) /e [log(rk 7" (log k)* )]/ e
k=K+1

o0 o
- Z Z n~"(logn)% - k=" (logk)% .

n=K+1k=A+1

Because the second term on the right-hand side is of order
O(AA'""7(log A)?), which is lower than the first term, by letting A — oo
we obtain

o0
logEexp(—XV)~—21/7“_1ya_e“/y“ncsc(n/a) Z k~ve/Ya (log k)% /7a
k=K+1
XAI/Va(IOgA)Ga/Va'

When y, =y, =>1, the argument is slightly different.

1 o0 o0 3 B 0 0
logEexp(—AV) = =3 > > logll+2n7"k 7 (logn)® (log k)" A]
n=K+1k=K+1

1 o o
~ =3 / / log[1 +2x~7y~" (log x)% (log y)* A)dx dy.
K K
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Let logy=*log(Az) and logx = 1*7“) log(Az), then

logEexp(—AV)

1 o) 1 2 Op 1— Oa log A 0a+0)p
~_7/ f log <1+ w ( T,U)9 ieg Z) )y‘zkl/”zl/”_llogkzdwdz
2 JkoymJo zytat%

1 1 poo 2w (1 — w)be (log A)0a+0b
~——y 22y logA/ / log <1+ w2 w)g +(90g ) )zl/V_ldzdw
2 0o Jo zyfathy

- 1y (logh\ ey ot W
=2V gese(n/y)M Y | —— w’Y (1 —w)"/Y dw
Y 0

=27 ese (/y)y T O B4 Bafy. 1+ 05/y) -2 Qog i) HOHRY.
The lemma now follows from the exponential Tauberian theorem. Ul

Theorem 3.4. Assume as n— o0,
an ~ Can~ " (logn)%, by~ Cpn~ " (logn)%

for yp >y, >1. Then we have as ¢ — 0,

(1) for yp >y, >1,

0o 00 00 Ya/(Ya—1)
1/(ya—1 1/va
logP < E E anbrEl, <82> ~_D;-CY =D < E bk/y )

n=1k=1 k=1
8_2/(Va_1)|10g8|9a/()/a_1)

where the constant D is given in (3.2).
(i) for yp=y,=y >1 and 6,, 6,1 >0,

(o lNe o]
logP (Z Zanbkf;‘fk < 82> ~ —Dy(C,Cp) ¥ =Dg=2/(r=D
n=1k=1

| 10g8|(}’+9a+0b)/()/—1)

where the constant D, is given in (3.3).
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Proof.  We first treat the case (i). For the upper bound, we have for
any positive integer K > 1

oo o0
logP <Z Z anbr€l, < 82>

n=1 k=1

K 00
<logP (Z be Y ankpy < 82>
k=1 n=1

X ¥/ (a=1)
N_chbll/(ya—l) <Zbi/l/a) 8_2/()/“_1)'10g8|9“/(y”_1), (34)
k=1

where the last line follows from Lemma 3.1 and the fact that for each 1<
k<K,

oo
logP <bk Zanér%k < 82> ~ =D (Caby)/Va=Dg=2/ra=D) | |og g|0a/ Ya=1)

n=1

based on Lemma 3.2. Note that we had to be careful here since we have
¢? rather than just ¢ in the Lemma 3.2. Taking K — oo, we obtain the
desired upper bound in the case yp >y, > 1.

For the lower bound in case (i), we split the summation region into
three disjoint parts so that we have three independent sums. For any § >0
small, there exists positive integer K such that for any n,k> K +1,

(1=8)Can~"(logn)% <a, <(148)Can~"(logn)%, (3.5)
(1=8)Cpk ™" (logk)® <br < (14 8)Cpk~ " (loghk)®. (3.6)

With § and K defined above, we have by the independence of three dis-
joint sums

(Zzanbksnk\ )>]P’<Zb i nk\(1—52)8>

n=1 k=1

K K 00
PY (Y a Z brg?, <2716% 2) > a—nbigy <27'8%°

n=1 \n=1 k=K+1 n=K+1k=K+1
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Thus we have again by Lemmas 3.1-3.3, with ¢(¢) = £/(0e=D
|10g8|_6a/(ya_1),

hm mfd)(e) logP (Z Zanbkénk e )

n=I k=1
> hm 1nf¢(5) logP (Z b Zang,,k < 82)52)
k=1 n=1
K 00
+liminf ¢ ()P Dan Y bign <27'6%?
n=1 k=K+1

o0 o0
+liminf ¢ ()P D0 > (14+8)*Can " (logn)® Cpk ™7 (logk)* &y

n=K+1k=K+1
<2f‘5282)
K Ya/(Va
=-p,CY/%=D (Zb,ﬁ”ﬂ) (-8~ Voeb o
k=1

Ya/(Ya—1)

o
_Dl (2Cacb)l/(ya_l)(l _I_ 8_1)2/(%{_1) Z k_yb/)/a (log k)gb/]/a
k=K+1

Taking K — oo first and then § — 0, we obtain the lower bound in (i).

Next we turn into the more interesting and harder case (ii). For the
upper bound, we have for any positive integer K > 1 determined in (3.5)
and (3.6),

[c.olNe )
logP (Z > anbién < 82>

n=1 k=1
< lOg]P) Z Z anbksnk €
n=K+1k=K+1

<logP Z Z (1 =8)*Cyn"(logn)% Cpk ™7 (logk)® €2, < &*
n=K+1k=K+1
~ —Dz(CaCb)l/(y_l)(l _ 8)2/(}’_1)8_2/(}’_1)|log8|(7+9a+9h)/(7_1)

where the last line follows from Lemma 3.3. Taking § — 0, we obtain the
desired upper bound in the case y,=yp,=y > 1.
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For the lower bound in case (ii), we again split the summation region
into three disjoint parts like we did in the case (i) but with different
weights on their contributions. For any § >0 small and K large such that
the relation (3.4) holds, we have by the independence of three disjoint
sums,

00 00 K 00
P (Z > anbign < 82) >P (Z be Y anka < 2_13282>
k=1 n=1

n=1 k=1
K oo 00 00
xP|Y an D b <278 | Pl DY DY anbiy < (1 -8He’
n=1 k=K+1 n=K+1k=K+1

Thus, we have again by Lemmas 3.1-3.3 with () = ¢2/(ys — 1)
|log8|7(y+0a+9b)/(ya71)’

oo o0
lim nf y (¢) log P (Z > anbigy < 82>

n=1 k=1

K 00
> liggf ¥(e)logP (Z by Zangfk < 2—15282>

k=1 n=1
o o0
L 2 1522
+11rggf¢(s)1@ Zan Z bre} <2716%
n=1 k=K+1
+ lim inf ¥ (¢)
e—0
o o

xP Y7 > (148)°Can 7 (logn)* Cok™ " (logh) &3 < (1—867)e”
n=K+1k=K+1
1/(y=D
—04+0—D- ((—52)*1(1 +5)2Cac,,) .
Taking § — 0, we obtain the lower bound in (ii) and hence finish the
proof. Ul

4. SUP-NORM

Consider integrated fractional Brownian motion processes

1
Wy (to)dty - - - dtyy )

Im—1

t t
Wam @) =Wy Py = (= D1+ + / / ),

m m 1
on the interval [0, 1] where any By equals either zero or one. There has
been a lot of study recently for the Brownian motion case H =1/2 under
the Ly-norm (see Refs. 10, 19, and 20). It is known that
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1
lim &/ jog P ( f W m (1) |?dt < 82> =—Kpym,
0

E—>0Q

where
(m -+ H)[T'(2H + 1) sin(rr H)| 520
2m+2H+1
[(Zm +2H +1)sin (MJ—HH)]

2m+2H
is a positive constant independent of the choices of ;. Our goal of this
section is to deal with the sup-norm case, which we only know the exis-
tence of the constant.

KH,m:

Theorem 4.1. There exists a constant Cy , € (0, 00) independent of
the choices of By €{0, 1}, 1 <k <m, such that

lim ¢/ 1ogP [ sup Wy ()| <& |=—Chm. 4.1
>0 0<r<1

Furthermore, we have

(m+H)I'2H +1) sin(nH)m
2m+2H+1 < CH,m
[(Zm +2H +1)sin (m)]

2m+2H
1
a\1/m+H) (m+ H)['2QH + 1) sinzw H]2n+2H-1
<(_) 2m+2H—1 (4.2)

[@m+20 — Vysin (5371 )]

2m+2H

Proof.  Our proof consists three steps. We first show the limit in (4.1)
exists for the special choice of B, | <k <m, i.e. the so-called standard mth
integrated fractional Brownian motion. To be more precise, define

toprln—1 1
Wfq,m(t)=f/ / WeGo)dio - -di

(m_l)'f (t—5)"" "Wy (s)ds.

The key fact is the scaling property

Wi ety =" wy ), >0
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in distribution as processes, for any fixed constant ¢ >0. This allows us to
show the existence of a constant Cg ,, € (0, 00) such that

lim /1) jog P ( sup [Wj ()] §5) =—Chm- 4.3)
e—0 0<r<1

The arguments are similar to those given for the first time in
Ref.17 for the existence of small deviation constant for fractional Brown-
ian motion and the related Riemann-Liouville type processes fot (t —s)*
dB(s). To be more precise, we use the very useful representation

Wut)=an(Xg®)+Zg(@) t=0, 4.4)

where

_ 1 ! H-1)2
Xn() = —F(H+1/2),/0 (t —5)"12dB(s),

Z‘_S)If—l/z _ (—S)H_l/z}dB(S)

1 0
200 = £ [m{(

and the constant

0 1,2
ag=T(H+1/2) ((211)‘1 +/ ((1—s)f-172 (—s)H—1/2)2ds> )
(4.5)

Furthermore, Xy (¢) is independent of Zg(r). Observe that the cen-
tered Gaussian process Xg() is defined for all >0 as a fractional Wiener
integral. Hence we have the independent sum representation

t
WIS-I,m(t):aHXm+H(t)+ﬁ/O (t —)" ' Zy (s)ds. (4.6)

From Ref. 17, the small deviation constants exists for the pro-
cess X,y under the sup-norm. The estimates for the part
fot (t — )™ 1 Zy(s)ds can be found in Ref. 1. We omit details since these
are well-known arguments now.

Our second step is to show the limit in (4.1) is the same for all
choices of B €{0, 1}, 1 <k<m. We compare Wg ;) With W;I’m(l). Let us
assume that not all =0 and define

j=infk:ge=1,1<k<m), 1<j<m.
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Then we have
t tm—1 n
/ [ e | Wyo)dty - - -dty—
m ﬁml 151

tj 1
=/ / 1/ / Wy (to)dty - - - dty—
] tj +1
z—/ / / / W (t0)dtg -+ - dty -1
m ﬁ]Jrl 0

19

t Tyl 1 n
+/ / f / f Wh(to)dtg - --dtj—y | dtj---dtm—
m /3/+1 0 0

t tj+1 i 1
= —/ [ / / Wh (t0)dto -+ dty—1 + gm—j(t) - Y
m ﬁj+1 0 0

where
t tj+1
gmf,m:/ / dt; - dty_1,
Bm ﬁj+l

1 tji—1 n
Yj:/ / / Wy (to)dty - --dtj_1.
0 Jo 0

4.7)

Note that the function g,,—;(¢) is a polynomial of degree m —k and Y; is

a Gaussian random variable.
Repeating the above procedure, we obtain the representation

( 1)ﬂl+ +Bm / / . WH ([O)dz‘o e d[m_l
m Y Bin— B1
=W+ D gm0 Y;.
JiBj=1

Note that

sup E Egm—j(1) - Yj| < E sup [gm—j(0)]- 1Y
0|, s 101
]-ﬁ/—l j'ﬁj_l

< max t Y;
< max, sup lgk0l- ]ZI| |

and hence there exists a constant §,, >0 small such that

P ( sup
o<1

> Egu ()Y,

j:Bj=1

1<km 0<r<1 1
J

(4.8)

<8)>]P>(max sup |gx(?)|- Z|Y|<s)>6 g™
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for £ >0 small. This implies

lim e/ 10gP [ sup Z tgm_j(1)-Yj|<e | =0.
e—>0 0<r<1 jBj=1

Thus (4.1) follows from a very general theorem below, which is given in
Ref. 16 based on a weaker Gaussian correlation inequality. The key point
is that two Gaussian random elements X and Y are not necessarily inde-
pendent but with different small ball rates.

Lemma 4.2. For any joint Gaussian random vectors X and Y in a
Banach space satisfying

lim &” logP(|| X|| <&)=—Cy, lim ¥ logP(||Y]| < &) =0
e—0 e—0

with 0 <y <00 and 0 <Cx < oo, we have

lin})a” logP(||X+ Y| <¢&)=—Cy.
£—

Our third step is the estimates given in (4.2). The lower bound for Cy s
or the upper bound for associated probability follows from the standard
Lo-norm estimates. Namely,

1
P( sup (Wam()<e | <P / Wi (1)t <> ).
0<i<1 0

Thus,
(m+ H)[I'(2H +1) sin(nH)]ﬁ

. 2mi2H 1
[Cm+2H+1) s1n(2m+72’—H+l)] 2m2H

CH,m 2 KH,m ==

The upper bound for Cp,, or the lower bound for associated probabil-
ity follows from a nice technique developed in Ref. 4, based again on a
slightly different L,-norm estimates.

Let X and Y be any two centered Gaussian random vectors in a sep-
arable Banach space E with norm ||-||. We use |-|, to denote the inner
product norm of the reproducing kernel Hilbert space of u=L(X). Then
the following general connection between small ball probabilities is discov-
ered in Ref. 4. It provides a powerful tool to estimate small ball probabil-
ities under any norm via a relative easier Ly-norm estimate.
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Lemma 4.3. For any A >0 and >0,

P(|Y]|<e) >P(|X[| < re)-Eexp{—2~'a|Y |7} (4.9)

Now back to proof of (4.2) in Theorem 4.1. Let X =W (¢), the Brownian
motion. It is well known that

0<r<1

logP ( sup |W(1)| <a> ~—(n%/8)e72.

Take Y =Wy (1) in Lemma 4.3. Because Wiener measure (W) satisfies
|fI2= [y (f'(s))%ds, Lemma 4.3 gives

52 !
P(IWy |l <e) ZP(IW ()] <2e)-E eXpI—;[O [Wfq,m_l(t)]zdt} (4.10)

Taking ||-|| to be the sup-norm on C[0, 1] and A =1, =ael/Cm+2H)-1 i

(4.10) with o >0 to be fixed later, it follows from the existence of the con-
stants that

_CH.m = hm() 81/(m+H) logP( Sup |W;:1,n1 ([)| §£>

0<r<1

> lim g/ loglP | sup |W()| L ael/Om+2H)
a0 0<r<1

2 1
+lin(1)sl/(’"+H) logE exp{—%sl/(”’*m’z/ [W}{,mfl(t)]zdt}
- 0

72 2m+2H-1
__T H — Da2)/@n2H-D (g yI=1/@n+2H-1)
) 2m—|—2H—2((m+ o) (K#,m-1)

7.[2 Ol2/<2m+2H_1)(r(2H+I)SinﬂH)l/(2M+2H_])

8ar? 2 Sln(m)

Now pick the best o >0, we obtain

<712 aZ/(2m+2H71)(F(2H+ 1)Sin7TH)1/(2M+2H1)>

CH.m < min

2 (T
a>0 \ 8a 2s1n(2m+2H_1)

TN/ H) (m+ H)[T(2H + 1) sin(x H)| 52T
- (E) . P 2m+2H—1°
[2m +2H + 1) sin(g,55757)] 227

which is the upper bound for Cp ,, in (4.2). Ul
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Remark. 1f in the third step of the proof we let X =W}, (¢), instead
of X=W(t), we will obtain an upper bound of Cg ,, in terms of Cym—1.
Such an upper bound is slightly better than the one obtained in Theorem
4.1 However, either one is sharp. Finally, we point out that similar results
like Theorem 4.1 also hold for L,-norm, 1 < p < oo and other related
norms such as Holder norm. The proofs are also similar and we omit the
details.
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