Inferences comparing two central values

TRUE FACT: if X ~ normal(u1, 0?) and Y ~
normal( s, 07 ), and X and Y are independent, then

X+Y ~ normal(,ul + Lo, 012 + 022)

X—-Y ~ normal(,ul — o, 012 + 022)

Note: if X and Y have correlation p, then

X+Y ~ normal(ul + Lo, 012 + 022 + 2p0102)

X—-Y~ normal(ul — 2, 012 + 022 — 2p0102)

Two populations:

distribution of Y5 distribution of Y,
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o2 estimated by “pooled” estimate:
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has a Student's t distribution with ny + ny — 2 degrees of
freedom
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Hypothesis tests

Ho: g1 — pe = 69 (fixed constant, usually 0)

>
Hat pn —p2 4 < 2 do
£
Test statistic:
Y1 —Ya — (60)

Rejection region:

t>t,
reject Hy if ¢ ¢ < — ¢,
|t| > toz/?



Modern approach: o # o, (Behrens-Fisher problem)

One solution to constructing CI & t-test for 11 — o in the
presence on unequal variances is based on Welsh's
approximation:
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where

C = — 2
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and [a] denotes rounding a down to the nearest integer
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Hypothesis tests

Ho: g1 — pe = 69 (fixed constant, usually 0)

>
Hat pn —p2 4 < 2 do
£
Test statistic:
_ U1 —Ya — (60)
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Rejection region:

t>t,
reject Hy if ¢ ¢ < — ¢,
|t| > toz/?



Paired observations

Measure X and Y from the same subject (before/after,
right/left, etc.). We are interested if there is any change,
that is, interested in estimating/testing the difference of
means: E(X) — E(Y) = pu1 — p2. The random variables
X and Y are probably dependent. However, the
differences D = X — Y are independent from subject to
subject if the subjects are picked at random.

Model: D ~ normal(pg, o) where pg = p1 — po

Data:

case 1 1 U1 dl =1 — Y
case 2 o Yo dy = x9 — Yo
case n T Un d, = T, — Yn

Estimate p; — po with d; estimate o 7 with s ?

Inferences reduce to ordinary one-sample CI & tests for g
using Student's t distribution (df = n — 1)

100(1 — &) % confidence interval for p; — po
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Hypothesis tests

Ho: pg = p1 — po = 6y (usually 0)

>
Ha: pg = p1 —p2§ < ¢ &
£
Test statistic:
d — (6)

(sa/+/n)

Rejection region:

t>t,
reject Hy if ¢ ¢ < — ¢,
’t’ > ta/2



