
1 Factorial treatment designs

Several factors can be examined simultaneously in a factorial treatment
design, which includes all possible combinations of the levels of several fac-
tors. Three e¤ects of interest in a factorial experiment are simple e¤ects,
main e¤ects, and interaction e¤ects.

Visualizing e¤ects in pro�le plots

The cell means model

The two-factor analysis: (yijk � y���) = (yij� � y���) + (yijk � yij�) which
leads to SSTotal= SSTreatment+SSError, and for balanced designs we
have SSTreatment = SSA+ SSB + SSAB giving us

SSTotal = SSA+ SSB + SSAB + SSError

As noted in the text, the presence of interaction a¤ects the interpretation
of main e¤ect results.

2 Analysis for Factorial Treatment Designs

Understanding the results from analyses of factorial treatment designs is
aided by recalling the types of contrasts being tested. Sometimes it is easiest
to think in terms of the cell means model:

yijk = �ij + eijk;

while other times it is more convenient to use the e¤ects model:

yijk = �+ �i + �j + ��ij + eijk:

The models in this chapter all involve �xed e¤ects, so the e¤ects model
has the restrictions that:

aX
i=1

�i = 0;
bX
j=1

�j = 0; and
aX
i=1

��ij =
bX
j=1

��ij = 0:

Since Proc GLM in SAS understands the notation of the e¤ects model,
it is often easiest to think of contrasts in terms of the means model, then
translate into the e¤ects notation using the relationship:
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�ij = �+ �i + �j + ��ij :

We will illustrate these concepts by looking at the example from the text,
�rst using the SLICE option in the LSMEANS statement, then by using the
CONTRAST and ESTIMATE statements to calculate sums of squares and
estimates directly.

2.1 Standard errors and interval estimates for means

The standard error of an estimated mean (syi� ; sy�jor syij ) is:s
MSE

sample size
;

where �sample size�is the number of replicates for that mean. A 100(1�
�)% con�dence interval for the mean is then:

sample mean� (t�=2;dfMSE)(standard error);

where dfMSE is the degrees of freedom for the MSE.

2.2 Extending to the case of three factors

2.3 Power and Sample Size for Factorial Treatment Designs

The expressions for the noncentrality parameters for each of the three tests
(main e¤ect A, main e¤ect B, interaction of A and B) are presented in
section 6.8, and a SAS macro for computing sample sizes for main e¤ects
is on the website.

2.4 Addressing Unbalanced Data for Factorial Treatment
Designs

Thus far in the chapter we have assumed that we had balanced factorial data,
meaning that there were the same number of replicates for each combination
of treatment factors. When we have unbalanced factorial data, some issues
arise as to how to conduct tests of hypotheses. Recall in section 2.10 of the
text, where the concept of de�ning a full and a reduced model was presented
as a general way to conduct tests with linear models. With unbalanced
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factorial data, our sum of squares for a factor can depend upon what models
are de�ned as the full and reduced models for the test. We will use the
notation that SS(AjB) is the model sum of squares to test the e¤ect of A
while �adjusting�for e¤ect B. Thus SS(AjB) = SS(AB) � SS(B), where
SS(AB) is the model sum of squares for the model with both the A and B
e¤ects. For a two-factor model with interaction, we will use the letter C to
denote the interaction e¤ect, to avoid confusion with the AB model above.
With this notation we can explain the di¤erence between SAS Type I, II,
and III sums of squares. Suppose the model is written to SAS as: y = A B
AB, then the Type I SS are formed as:

SS(A) = SS(Aj�)
SS(BjA) = SS(AB)� SS(A)

SS(CjAB) = SS(ABC)� SS(AB)

The Type II SS are formed as:

SS(AjB) = SS(AB)� SS(B)
SS(BjA) = SS(AB)� SS(A)

SS(CjAB) = SS(ABC)� SS(AB)

The Type III SS are formed as:

SS(AjBC) = SS(ABC)� SS(BC)
SS(BjAC) = SS(ABC)� SS(AC)
SS(CjAB) = SS(ABC)� SS(AB)

The pattern that emerges is that Type I SS are sequential, Type III SS
adjust for every term in the model, and Type II SS adjust for all terms at
the same level or below the term being tested. There is an active debate
about whether Type II SS or Type III SS are more appropriate for tests with
unbalanced data, but most would agree that Type I SS are often not appro-
priate. Check the SAS code with this lecture to illustrate the computation
of these sums of squares.

3


