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Abstract

Motivated from Gaussian processes, we derive the intrinsic volumes of the
infinite-dimensional Brownian motion body. The method is by discretization to
a class of orthoschemes. Numerical support is offered for a conjecture of Sangwine-
Yager, and another conjecture is offered on the rate of decay of intrinsic volume
sequences.

1 Introduction

As is well known, intrinsic volumes of convex bodies are conveniently normalized versions
of quermassintegrals and are important in many settings ([8], [10]). Unfortunately closed
form expressions are known in only a handful of cases ([3], [4], [5], [9]). Here we present a
new example. Original motivation came from the theory of Gaussian random processes,
where intrinsic volumes have been a useful tool, for instance, in using the mean width
of a compact convex body in a Hilbert space to characterize the so-called GB ( Gaussian
Bounded) sets ([1], [11], [12], [13], [14], [15], [16]). The intrinsic volume of an infinite-
dimensional convex body in Hilbert space is defined to be the corresponding
supremum of intrinsic volumes over all included finite-dimensional convex
bodies.

Of all Gaussian processes, Brownian motion is arguably the most important. The
corresponding convex body Kpg, called the Brownian motion body, is the closed convex
hull of a so-called crinkled arc B, which maps [0, 1] continuously into Hilbert space such

that B(0) = 0 and ||B(t) — B(t)|| = \/t —t for 0 <t < < 1 (which entails the crinkled
property: for any 0 < t; <ty < t3 < t4, [B(t2) — B(t1)] L [B(ts) — B(t3)]). By isometry,
any such map B(+) can be taken: one example is where B(t) is the indicator function of
the interval [0, ¢] regarded as an element of Ly[0, 1]; then K is the set of non-increasing
functions in Ls[0, 1] that are bounded between 0 and 1.

We will show that in the case of the Brownian motion body the sequence of intrinsic
volumes has a particularly attractive form:



Theorem 1 Fork=1,2,...,
Vk(KB) = wk/k‘ 5

where wy, = /2 /T (k/2 + 1) is the volume of the k-dimensional unit ball.

Remark Note that the intrinsic volume sequence is infinite, as is the case for general
non-finite-dimensional convex bodies. We return to this point in the final section.

The argument for Theorem 1 is by discretization and, in fact, nearly all the work will
be to establish the following:

Theorem 2 InR", let K be the simplex with vertices (0,0, ...,0),(1,0,...,0),(1,1,0,...,0),
(1,1,1,0...,0),...(1,1,...,1). For1 <k <n,

1 1
Va(K) = —
k( ) ]'{?!EA:\/l1><l2><"’><lk7

where A = {(l1,la, ..., lg) : Zici li <, 1 <3 1 < i < k)

In the next section, we make some preliminary comments and then exhibit direct
constructions for Theorem 2 in low dimension. Section 3 carries the proof of the general
case and numerical support for a conjecture of Sangwine-Yager. Section 4 gives the (im-
mediate) deduction of Theorem 1 from Theorem 2 and a conjecture on the tail behavior
of intrinsic volume sequences.

2 Preliminary Comments and Direct Constructions

We begin by recalling some facts: for 1 < k < n, let J = {ig,i1,12,...,1} be a set of

positive integers, such that 0 < iy < iy < iy < --- < i, < n. Let F; be the k-dimensional

face of K that contains P, = (1,1,...,1,0,0,...,0), ¢ € J, and let A; denote the k-
-

volume of F;. Then A; = \/(zk —ig—1)(ig—1 — ig—2) - -~ (i1 —ip)/k!. Tt is well-known

(e.g., [6]) that

Vi(K) =Y (mes, Fy)3; =>_ AsB;,
7

J
where (3, is the Gaussian measure of the normal cone N (F;, K) at F;, and the summation
is over all k-dimensional faces of K. To distingush it with §;, we use I'; to denote the
surface area measure of the solid angle formed by N(F;, K).
The evaluation of high dimensional solid angles is typically difficult. For three dimen-
sional solid angles, the following old formula (probably due to Euler) can be helpful (see

e.g. [2])
Proposition 1 Let a, b ,c be the unit vectors of the three extreme rays of the solid angle

E in R3. Then
la- (b x c)|

l+b-c+c-at+a-b’
where I' is the spherical area measure of E.

tan(T'/2) =



We proceed now as follows: when n = 3, we compute V;(K) by a direct computation;
when n = 4, we use Proposition 1 to compute the required solid angles. The computation
in n = 4 is instructive, although a more elaborate argument will be used for general
dimension.

n=3

We have Py, = (0,0,0), P, = (1,0,0), P, = (1,1,0) and P; = (1,1,1). There are three
edges of length 1, namely PyP;, PP, and P,P;. The (interior) angles of the simplex at
those edges are respectively 7/4, 7/2 and 7/4; the exterior angles are respectively 37 /4,
/2 and 37/4, and the Gaussian measures of these exterior angles are respectively 3/8,
1/4 and 3/8. There are two edges of length v/2, namely Py P, and P, Ps, the corresponding
exterior angles are w/2 and 7/2 and the Gaussian measures 1/4 and 1/4. There is one
edge of length /3, that is PyPs. The corresponding exterior angle is 27 /3. The Gaussian
measure is 1/3. Thus,

3 1 3 11 1 11
K:— — —_ 27 — ~—:1 _ —_
Vi(K) =2+ 45+ V20 + )+ V32 IV RV

The case n = 4 next will isolate an idea used later for general dimension.

n=4

Here the simplex has four edges of length 1, namely PyP, P, P>, P,P; and P3P,. Let us
consider first edge PyP;. There are three 3-dimensional faces of K which contain FyP;.
They are Fy123, Fo124 and Fyq 34, where Fj; 23 means the face containing the vertex
.P()7 P17P2 andP3.

It is easy to check that the outward normal vectors of these faces are (0,0,0,—1),
(0,0,—-1/4/2,1/4/2) and (0, —1/4/2,1/+/2,0) respectively. Embedding these vectors into
a three dimensional hyperplane {(w,z,y,z) : w = 0} and applying Proposition 1, we
obtain tan(Tg;/2) = —v/2 — 1, which implies I'y; = 57/4. The Gaussian measure is
Bo1 = 5/16. Similar computations lead to the following:

edge length =1 | By =5/16 (12 =3/16 (o3 =3/16 (54 =5/16
edge length = /2 | Bps = 3/16 B3 =1/8 [y = 3/16
edge length = /3 | o3 = 1/6 By = 1/6
edge length =2 | Byy =1/4
Therefore
Z AiiBii = 1x (Bor+ Pra+ Pog + Faa) + V2 x (Boz + B3 + Pa4)

0<i<j<4

+\/§><(503+514)+\/‘_1><ﬁo4
5 3 3 5} 3 1 3 1 1 1
= (24242 2 (24242 i R
<16+16+16+16>+\/_(16+8+16>+\/§<6+6)+2

1 1 1
= 1+—=+—+—=
V2 V3 4



3 General Dimension

In this section, we find intrinsic volumes of K in arbitrary dimension. In evaluating
> 7 A8, we can no longer use Proposition 1. So, another approach is required. Note
though that for the case n = 4, what we really used were the sums 3y, + B12 + o3 + (34,
Boz + P13 + Ba4, and so forth. This suggests grouping the angles and finding the sums of
their measures within groups. To this end, let us first see what those angles are.

For 1 < i < n, define u; to be the n-dimensional vector whose i-th coordinate is
—1/4/2, (i + 1)-st coordinate is 1/4/2, and the other coordinates are zeros; let also
uy = (1,0,0,...,0) and u, = (0,0,...,0,—1). Fix J = {ig,41,...,9}. It is not hard
to check that the extreme rays of N(F}, K) are the vectors u;, i ¢ J. A good way to
present this solid angle is to put the extreme ray vectors in the following matrix form:

S
S

|
SIL

S~

Sl
S

‘ =
1Y)

SIL

Si
S

|
M‘)—A
Sl
[~}

Sl
S

S
L

where the lines in the middle indicate the missing vectors u;, ¢ € J. This is a matrix with
(k 4+ 1) small matrices putting in the diagonal. The k£ — 1 small matrices in the middle
are of the same form, but possibly different order. Call them B;, Bs, ..., By_y. First,
let us look at By. It is an (i; — 49 — 1) X (i — ip) matrix. The rows of B; are (i; — ig)-
dimensional vectors. We denote them by vy, v, ..., v;;_;,—1. They can be thought as the
extreme rays of an (i; — ip — 1)-dimensional solid angle. For convenience, simply call B;
an (i —ig — 1)-dimensional angle. The main idea is to produce (i; —ip) angles such that
(i) each has the same measure as By, and (ii) their union can be regarded as a partition
(no common interior points) of R ~%°~1, To see this, for 1 <1 < 4y —ig— 1, we delete the
I-th row of B; and add the (i; — 49)-dimensional vector v, _;, = (1/v/2,0,...,0,—1/1/2)
at the bottom. Then we move the first [ — 1 rows to the bottom. Call the new matrix



Bt. To see that it has the same measure as a solid angle as By, we display the matrices:

=L L 9 0 0 0]
%g €L 0 0 0
V2 V2
B1:
—1 1

0O 0 0 v 7?
0 0 0 0 7% 7 |
- . -
0 75 v 1o 0 0
0 0 5 % 0 0

Bl =
—1 1
7? 0 0 0 v
| 0 00 0 % |
. . _
0 0 5 % 0 0
2 —1 1
B = 7? 0 0 0 v
% 0 0 0 0 7
;—;% 0 0 0 0
. -
7 10 0 . 0 0 %
o v v 10. 0 0 0
Bil—lo—lz O%% . 0 O 0

—1 1

00 0 ... % 5 0

Each matrix B! is a column permutation of B;. Therefore the corresponding angle is
a reflection of the original angle. Thus the (i; — ig) angles are of the same measure.
To show that they form a partition of R~%~! let us first argue that they are disjoint
(no common interior point). For convenience, we denote BY = Bj. Note that, for
0<Il<m<i —ip—1, Bl and B™ do not have common interior point. In fact,
if x = (z1,79,-+,7,) is a vector in B!, then it is a convex combination of v, vy,
ce Vi1, Vg1, t oty Vii—iy, SAY

X=a1Vy + -+ @-1Vi—1 T Q1 Vig1 T Qi —ig Vi —ig -
Thus

1 1 1 1 1
Tip1+ T2+ T = <_@l+1\/§> + <Gl+1\/§ - al+2\/§> +oot <am1\/§ - am\/§>



On the other hand, if x is a vector in B{", then it is a convex combination of vy, vo,
5 Vm—1,Vm+1, **° Vii—ip, Say

X=b0vi+- -+ by 1Vt + b1 Vi1 + -+ biy—ig Vi —ip-

Thus

1 1 1 1 1
Tip1+ T2+ T = <az\/§ - al+1\/§> + <@l+1\/§ - al+2\/§> +oo-t <&m1\/§>

1
= aq—= > 0.
l\/§
But this is a contradiction. Therefore the Bl’s are disjoint. To see that they form a
partition of R“~~! we consider the (i; — 79 — 1)-dimensional hyperplane

Hil_io - {(xla Xy inl—io) s + T2 + -+ Tiy—ig = O}

Because the vector sequence vy, va, ..., v;_;, has rank iy — ¢y — 1, the hyperplane
H“~% is the linear span of these vectors. For any x € H*~%, x can be written as x =
C1V1 + CaVe + - -+ + Ciy iy Viy—ip- Without loss of generality, assume ¢; < cy <--- < ¢y,
Then

x = ca(vit+vet -+ vig) (2 —c))va+ - 4 (Ciy—ip — €1)Vii—ig

= (02 — Cl)Vz +--- 4+ (Cil—io — Cl)vil—io-

This means that x is in the angle B}. Thus By, Bi, B, ..., B~ form a partition of
i —io—1

Similarly, we look at block B,, 1 < p < k. We can produce i, — i, angles, each of
the same measure as the angle B,, such that they form a partition of R»~%-11,

Now we return to the big matrix. The row vectors from different blocks are orthogonal.
If we replace any small matrix By by B!, or By by By, ..., the new angle is a reflection of
the original one. Following the argument above, we can find (i —ig) X (ig—1i1) X+ - + X (i —
ir—1) angles with the same measure, such that they form a partition of Efgiio x Rix—to=F
where Ef(’fio is the (n — i + 9 — 1)-angle determined by the following matrix

I K
Sl

SIL
Sl-

s
Sl

Sl-

Sl
L



This matrix is obtained by deleting the middle blocks of the big matrix. For 1 <1 <
n —ix + i — 1, let w; be the (n — i + ip)-dimensional vector whose i-th coordinate
is —1/4/2, (i + 1)-st coordinate is 1/+/2, and the other coordinates are zeros; also, let
wo = (1,0,0,...,0) and Wy, 450-1 = (0,0,...,0,—1). Thus the extreme rays of Ef(’;_io
consist of all the vectors w;, except w;,. As we commented at the beginning of the
section, we only need to find the sums of the measures within groups. Here we will not
focus on finding the measure of each individual Efg ~ instead, we show that the angles

Eg™", BT, B0 form a partition of R0
First, these angles are disjoint. Suppose X = (21,Z2,...,Tp_j4+i—1) is an interior

point of both Eli’“_ZO and E%~% (<[ <m <mn—i,+iy— 1. Then x can be expressed
as an convex combination

X=aoWo+ -+ Q- 1W;—1 + Q4 1Wip1 + 0 Ay 1io—1Wn—ig+io—1-

Ifm<n—i,+1— 1, then

1 1 1 1 1
Tipr + T+ + Ty = <—@l+1\/§> + <Gl+1\/§ - al+2\/§> +oot <am—1\/§ - @mﬂ>

1 1
—Q1——= — Qpy——= < 0.
l+1\/§ \/§

Ifm=mn-—1i,4+1 — 1, then

1 1 1 1
Tip1 +Tpq2 + 0+ T = <_al+1 \/§> + <al+1\/§ - al+2\/§> +eeet <am—1\/§ - am)
1
—CLH_lﬁ — Ay < 0.

On the other hand, because x is also assumed to be an interior point of £~ x can be
expressed as a convex combination

X =bowo + -+ + D1 W1 + b 1 Wit + -+ Dy pio— 1 Wi rig—1-

Thus, if [ > 1, then

1 1 1 1 1
Tip1+ T2+ + T = <az\/§ - al+1\/§> + <a1+1\/§ - al+2\/§> +oet <am—1\/§>
1 1

'V2 V2
If I =1, then
1 1 1 1
Ti41 + Tpy2+ -+ Ty = al_@lJrlﬁ + al+lﬁ_al+2% + e+ CLmAﬁ
1
= a;+ ayp_1—= > 0.
l 1\/5



In all cases, we obtain a contradiction. This means that the angles Eé’“fio, Eikiio, ey
B0, -1 are disjoint. o

Now, we prove that those angles form a partition of R"~%**%~! Because the vector
sequence {w;}, 0 < i < n — i, +ip — 1, has rank n — iy + ig — 1, their linear span is
R %+~ For any x € R" T~ x can be written as

Co Cn—ip+ig—1
X=—"F%=Wog+CWi+CWoy+ -+ ——F——Wy_j 1i—1-
V2 V2

Without loss of generality, we assume ¢y < c¢; <cg < -+ < ¢pjy4io—1- Then
V2 V2

+(c1 — co)W1 + -+ (Cnmiprio—1 — €0)Wn—ij+ig—1

= (g —co)wi+---+ (Cn—iptio—1 — €C0O)Wn—ij+ig—1-

w Wi—ig+io—

This means that x is a convex combination of w;, 1 <7 <n — iy + 79 — 1, which implies
that x is in the angle Eg . Thus we have proved that Fg=, Fix=" E;k:iioﬂoq
form a partition of R~ Fio—1,

If we let Gauss(Ef(’fio) be the Gaussian measure of Efgiio, then the angle and angle
measure identifications we have shown above imply that

1

(11 —dg) X (19 — 1) X -+ X (I — ig_1)

By = - Gauss(Ej} ),

and for any fixed 7, — g,
n—igp+io—1 ) )
> Gauss(E* ) =1.
=0
To conclude the proof of Theorem 2, it remains to observe that

(11 —dg) X (dg —d1) X+« X (i — ig_1)
>
1

Z 1
gt B VI X XX

By

Y A =
J

J

Remark 1 Sangwine-Yager [8] has conjectured that if K is a convex set in R™ and if
a1 < as < --- < a, are the real parts of the roots of

then 0 < a; <r < R < a,, where r and R are the radii of K relative to the n-dimensional
unit ball B,,. Using the formula of Theorem 2, we have confirmed this numerically for
dimensions n < 21. An interesting point is that the calculations indicate that the roots
are actually real in all cases. We do not have an explanation for this.



4 Proof of Theorem 1 and a Conjecture

The convex hull of a discretization of a crinkled arc K,, =: conv{0, B(1/n), B(2/n),...,B(1)}
is, up to scaling by y/n, precisely the polytope K in Theorem 2. Because

1 k/2 ]
lim
e <\/ﬁ> l1+l2+§~--:+lk<n \/ll X l2 XX lk

dxy dze - - - dzy

// /(1 T X X a ct
("'k'j

we have Vi (Kpg) > wy/k!

To prove the other direction of the inequality, it is enough to prove it for
any convex polytope L,, with vertice B(t,), B(ts), ..., B(t;,). Furthermore, we
can assume that all the ¢;’s are rational numbers, say t; = k;/n, 1 < i < m.
Then L,, is a subset of K, treated above. The inequality is thus clear.

We conclude with a conjecture. Following McMullen [7], one knows that the sequence
mg = (k+ 1)Vii1/Vik, k=1,2,...is decreasing in k. Recently it has been shown that
limit 0 corresponds to the local, or GC'=Gaussian Continuity, property: V;(KNB(t,¢)) —
0 as e — 0 for every t € K ([17]). Kp is known to satisfy the latter condition but only
barely, and an easy consequence of Theorem 1 is that m;, ~ constant-k~'/2. We conjecture
that this rate is extremal:

Conjecture For any infinite dimensional convex body with Vi < oo, either limy_.o, my >
0 or my = O(k™1/2).
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