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Abstract

The combinatorial dimension relative to an arbitrary fractional Cartesian prod-
uct is defined. Relations between dimensions in certain archetypal instances are
derived. Random sets with arbitrarily prescribed dimensions are produced; in
particular, scales of combinatorial dimension are shown to be continuously and
independently calibrated. A combinatorial concept of cylindricity is key.

1 Definitions, statement of problem

The idea of a fractional Cartesian product and a subsequent measurement of com-
binatorial dimension appeared first in a harmonic-analytic context in the course of
filling ”analytic” gaps between successive (ordinary) Cartesian products of spectral
sets [2, 3]. (Detailed accounts of this, and much more, appear in [5].)

Succinctly put, combinatorial dimension is an index of interdependence. At-
tached to a subset of an ordinary Cartesian product, it gauges precisely the inter-
dependence of restrictions to the set, of the canonical projections from the Cartesian
product onto its independent coordinates. We can analogously gauge the interde-
pendence of restrictions to the same set, of projections from the Cartesian product
onto interdependent coordinates of a prescribed fractional Cartesian product. We
thus obtain distinct indices of interdependence associated, respectively, with dis-
tinct fractional Cartesian products. A question naturally arises: what are the
relationships between these various indices?

To make matters precise, we first recall, and then extend basic notions found in
Chapters XII and XIII of [5]. Let Ei,..., E, be sets, and let F C Ej X --- X E,.
(We refer to Ey x --- x E,, as the ambient product of F'.) For integers s > 0 define

Up(s) =max {|FN (A x - x Ap|: A; C By, |Aj] < s, € [n]}, (1)
where [n] = {1,...,n}. For a > 0, define

dp(a) =sup{Up(s)/s* :5s=1,2,... }. (2)



The combinatorial dimension of F is
dim F = sup{a : dp(a) = 0o} = inf{a : dp(a) < oo}. (3)

Next we define the fractional Cartesian products. For S C [n], let mg denote
the canonical projection from Fy X --- x E, onto the product whose coordinates
are indexed by 5,

ms(y)=Wi:i€8), y=Wi,...,¥n) € E1 X --- X Ep.

Let U= (S1,...,5m) beacoverof [n](ie., S1 C[n],...,S, C[n],and J;L, S; =
[n]), and define a fractional Cartesian product based on U to be

(El X XEn)U: {(71'51(}’),~-,7['Sm(}’))ZYEEl X XEn}

We view (E; x - x E,)u as a subset of B x --- x ES" and measure its com-
binatorial dimension by solving a linear programming problem ([4, 8]): if Ey, ...,
E,, are infinite sets, and

n
oy = max in:zizo, inglforje[m} ,
=1 i€S;

then
dim(El X oo X En)U = ay. (4)

Examples

1. (Mazimal and minimal fractional Cartesian products) For integers 1 < k < n,
let U be a cover that is an enumeration of all k—subsets of [n], and let V be
a cover of [n], all of whose elements are k—subsets of [n] such that for every
i€n],| {SeV:ieSt| ==k Then ay = ay = n/k, and (taking
E, =---=E, = N) we obtain from (4)

dim(N")y = dim(N")y =

=3

The ambient product of (N")y is (Z)—dimensional, and the ambient product
of (N™)y is n-dimensional. Generally, if k and n are relatively prime, then the
dimension of the ambient product of any 7-dimensional fractional Cartesian
product is at least n, and no greater than (Z)

2. (Random constructions) Fractional Cartesian products are subsets of ambient
products typically of high dimension. To wit, there are no non-trivial frac-
tional Cartesian products in N2, whereas for arbitrary o € (1,2) there exists
an abundance of random sets F C N? with dimF = « [6, 7]. How to produce
deterministically ' C N? with dimF = «, where a € (1,2) is arbitrary, is an
open problem.



3. (An application) From ay = 3/2 in the archetypal case n = 3, U = ({1, 2}, {2, 3}, {1, 3}),
we obtain that that tlée number of ”triangles” formed from s given edges in
a graph is less than s2. More generally, following a canonical identification
of a complex on n vertices with a cover U of [n], we obtain from (4) that
the number of complexes formed from s given simplices is bounded by s“U.
These results are closely related to the Kruskal-Katona Theorem (drawn to
our attention by Joel Spencer); see [10, 9].

Definition 1. For F C Ey x -+ X E,, and a cover U = (S1,...,Sn) of [n], let

Fy={(rs,(%)....,7s,,(y) : y€ F},

and write
dimy F' = dim Fy. (5)

We consider dimy as a gauge of interdependence of 7g, |r, ..., 7s,, |F (projections
mg, restricted to F'). By (4), for infinite F,

1 < dlmUF < ay. (6)
We continue to write dim F' in the extremal case U = ({1},...,{n}).

Problem 2. Let Ey,...,E, be infinite sets, and let U be a cover of [n|. For
F C Ex...x E,, what are the relations between dim F' and dimy F'?

In this article we analyze the first nontrivial case: n = 3, and U = (51, 52, 53),
where S1 = {1,2}, So = {2,3}, S3 = {1,3}. Throughout, for convenience (and
with no loss of generality), we take Fy = Fy = F3 = N.

2 General bounds

Theorem 3. If F C N? and dim F > 2, then

dim F' < di < 2dim F
R Ty N

(7)

We will prove the right-side inequality in (7) (the non-trivial part of the theo-
rem) by the use of Littlewood-type inequalities in fractional dimensions.
Let Ey,..., E4 be sets. Consider scalar d-tensors on Fy X --- x Ey with finite
support
b= (bx:X: (acl,...,xd) e by x--- XE'd),

and define (the d-fold injective tensor-norm of b)

1bllg, = D bkt @ @1y (8)

xEF XX FEq oo



where 74,,...,7;, are Rademacher functions indexed by FE1,..., E4, whose respec-
tive domains are {—1,1}%1, ..., {—1,1}F¢; e.g., p. 19in [5]. For ' C Ey x---x Ey,
and t > 1, define

=

Cr(t) = sup Yo Ibkl"] cllblle, <1y 9)

X:(Qil,...,xd)EF

The relation between the harmonic-analytic measurement (z and the combinatorial
measurement dp is

Cr(t) < 0o == dp <2it) <0, t€L,2). (10)

(See Th. XIII.20 in [5].) To prepare for an application of (10), we define

1bll g, = Zbijkrij@”“jk@nk ; (11)

ik -

for b = (bijx : (i,J, k) € N3) with finite support. We observe
L3y (i1, 82, 83, 44, 05, 56) = Ery, (W1) 735 (w2)7i (w2)7ig (W3) 75 (W1) 736 (w3),

where 1 denotes indicator function, and E denotes expectation over wi,ws,ws.
From this we deduce (an instance of Corollary XIIL.7 in [5])

Lemma 4. If b = (b : i € N2 x N2 x N?) is a real-valued 3-tensor with finite
support, and B
by =b je N3,

TSy (j)7T52 (j)7r53 (j),
then }
[lley < [1bllg,- (12)

We require also a decomposition property, which follows from Lemma XIII.21

in [5]: if ¢ € [°°(N"), and
1
ca(@) =sups — Y o) :s €N, A, CN,|A|=s,v€[n]p,
s i€EA; XX Ap

then there exists a partition {Q1,...,Qn} of N such that for v € [n],

sup Y. e, () < ely),

1671';1{]6}

where 7, is the v canonical projection from N™ onto N.



Lemma 5. If ¢ € [°°(N") is supported in F' C N", then there exists a partition
{Q1,...,Qn} of N" such that for v € [n], and p > 1,

) 1
sup Y (i)1g, (i) < dr(p)rllelly, (13)
keN, %5
iem, {k}
1 1 _
where > + i 1.

Proof. For s € N, and s-sets A, C N (i.e. |4,] = s), v € [n], we estimate (by
Hélder’s inequality)

1 . 1 1
- > @ < S 1N (A< ... x An)[F [[@llg.

icA1x--xAp

1
Then ¢, (¢) < dr(p)?[|¢llq, and the lemma follows from the decomposition property
above. O

Lemma 6. If F C N3, a > 2, and dp(a) < oo, then

i (5o ) <o (14)

3a+1

Proof. Following Lemma 4 and the definition of (r,(a), we need to verify that if
b= (bijk : (i,7,k) € N3) is a scalar 3-tensor with finite support, and bllg, <1,

then -
Z |biji| 3+t < K,
(i,5,k)EF
where K depends only on F' and a. To this end we use duality, and the “fractional”
mixed norm inequalities

Z(Z|b¢jk2)5§)\, Z(Zwijky) <\, Z(wak’ )% A (1)

where A > 1 is an absolute constant; see Lemma XII.1 in [5].

Suppose 6 is an element in the unit ball of Ja-1 (N?), and that 6 is supported in F.
Apply Lemma 5 with p = a and ¢ = ||, thus obtaining a partition {Q1, @2, Q3}
of N3, such that for v =1,2,3,

sup ST 180)'1, () < drp(a)a.

1€7r51{l}

For I € N, and v = 1,2,3, let Fj, = F N Q, N, {l}. For convenience, designate
T = {2,3}, 7o = {1,3},173 = {1,2}. For each | and v, apply Lemma 5 with
p=2, F = F, (viewed as a subset of N?), and ¢ = |0|? - 15, (viewed as a function
on N2), thus obtaining partitions {Pj1,, P2, } of Fj,, such that

1
sup > (10 1py,) omr,)(i,5) < dp(a)ee,
leNieN o

sup > (0] 1p,,) omp,)(i,j) < dp(a)a. (16)
leNieN ;o



(In applying here Lemma 5, we used dp,, (2) < 1.) For v = 1,2, and v = 1,2, 3, let

Puv = U Pluva
leN

and then write

Sheo@) = > (X b0 1p,0).

ieN3 uef{l,2},ve{1,2,3} ieN3

(17)

By applying to each of the six sums on the right side of (17) the mixed-norm
inequalities (15), together with (16) (via Cauchy-Schwarz and Holder), we obtain

< 6Adp(a)ts.

‘.Z bi - 0(i)

Therefore (by duality and definition of (),

4a 1
< 6)d 1a,
CFy <3a+1> < 6Adp(a)3

Proof of Theorem 3. Let A, B, C be arbitrary s-subsets of N. Then

Up,(s?) > |[Fyn(Ax B)x (BxC)x(AxC)|
= |[FN(AxBxCC)|.

Maximizing over A, B, C, we obtain

Upy(s%) > Wr((s),

which implies
dFU(%) > dp(a), a>0,

and hence the left inequality in (7).

If a > dim F, then dp(a) < oco. By Lemma 6, (g, (52%) < oo. By (10),

3a+1
2a

dFU(QQ—fl) < 00, which implies dim Fy < 2%,

(7).

3 Cylindrical sets
For FC N3, v=1,2,3,and k € N, let

Fy(k) =n, Y {k} N F.
Also, for E € N? and k € N, we denote

By = {({:0U,k) € E},
By = {(j:(k,j) € E}.

and hence the right-side inequality in

O



Definition 7. F C N? is cylindrical in direction v (v =1,2,3) if for all a > 2
dp(a) < oo = sup{dp,(a—1):k €N} <oo.

F is cylindrical if it is cylindrical in at least one direction, and doubly-cylindrical

if it is cylindrical in at least two directions.

We say F' C N3 is a cylinder if F = E x H for E C N? (base) and H C N (height).
For such F, dimF = dim F 4+ dim H. Note also that cylinders are obviously
cylindrical, but cylindrical sets need not be cylinders.

Theorem 8. (i) If F C N? is cylindrical with dim F > 2, then
dim F . 1

<d F<2— ———. 1
= U = ST gimE 1 (18)
(ii) If F C N3 is a cylinder with infinite base and infinite height, then
. 1
(iii) If F C N3 is doubly-cylindrical with dim F > 2, then
dim F’
dimy F = “2— (20)

2

Proof. (i) The left inequality always holds (Theorem 3). We proceed to verify the
inequality on the right, under the assumption that F' is cylindrical in direction 3.
Suppose a > dim F' > 2, and

supdp,py(a —1) < K < oo, (21)
keN

Let A, B,C be arbitrary s-subsets of N2, and define
1
H = {k:max{|Bis|,|C14|} > soT1}.
Then, |H| < 2s(@=2)/(@=1) "and

ZZlF 1,7, k)1a(2,5)1p(7, k)1 (i, k) Z |A| <25a = (22)

keH i, keH

From (21) we obtain

Z Z 1F(i7j7 k)lA(Zvj)lB(jv k‘)lc(l, k)

k¢H ij
k¢H 1,5
<> dpyy(a— 1) - max{|By " |CLl* )
k¢H
a—2
< Kso 1> (Bl +[Crl)
k¢H
2a—3
<2Ksgat.



Combining this with (22), we obtain

|F1Um(‘4><-B>< C)| = E 1F(7’7]7k)lA(Za.])lB(jak)lc(Zak)
i7j7k‘
2a—3

< 23% 4+ 2Ks a1,

Therefore, Up, (s) < (242K )525%13, which implies

dimU F < 2 — L,
a—1
and hence the right-side inequality in (18).
(ii) We can assume F' = E x N with dim £ > 1, and proceed to verify dimy F' >
2—1/(dim F —1). Fix 1 < a < dim E. Then for arbitrarily large positive integers
s, there exist s-sets A; C N, As C N, such that

|EN(Ar x Ag)| = Ms“,

and M > 0 is as large as we please. Let A = FN(4; x A3), B = A; x [m] and
C = As x [m], where m is the integer satisfying m — 1 < s%~! < m. Then,

|FuN (A x B xC)| = |Am ~ Ms* 1.

Therefore, g, (Ms®) > Ms?*~1, which implies dg,(2 — 1) = oo, and hence the
desired conclusion.
(iii) For v = 1,2, we assume

supdp,ky(a—1) < K < oo (23)
keN

(F cylindrical in directions 1 and 2), and proceed to show

im F
dimy F < d”; . (24)

Fix a > dim F, and let A, B, C be arbitrary s-subsets of N2. We decompose A into
two disjoint sets G and H, such that max; |Gy ;| < /s and max; |[Ha;| < /s (e.g.,
G =U{A2, : [A2i| > s}, H=U;{Az;: |Az] < V/s}). We write

|[FuN(Ax BxC)|=|FunN(HxBxC)|+|FyunN(Gx B x ()|, (25)

and rewrite the first term on the right side of (25) as
igik

= ZleQ,Z(J)]‘B2'L(k)1C(j’ k)lF(zaja k) (26)
7,k

i



Let D = {i: |By;| < |H2;|}. By applying (23) in the case v = 1, we estimate
ZZ]'HQZ 1B21 k)lc(-]7 k)]‘F(Z7J7 k) S ZZ]'H21 1B2L k)lF(Z7]7k)

i€D j,k €D j,k

K | Hau|" . (27)

€D

IN

For i ¢ D, let m; be the largest integer such that

| Bail
m; < AN | 28
7 ‘HQ,i‘ ’ ( )
and decompose B ; into pairwise disjoint sets Ei, ..., Ey,, such that |E,| < |H2;|

for u € [m;]. By applying (23) and (28), we estimate

SO 1wy, ()1s,, (W)1c( k) Lr(i, 4 k) < ZZZIHN (k)L1r (i, j, k)

€D 3,k igDu=1 jk
< KZ |Boi||Ha "2 + |Hoy|* L
i¢D

Combining with (27), and then using [Ha;| < /s, >, |B2i| =s, >, |H24| < s,
we conclude that

|[FuN (H x B x ()]

IN

)
Ks'7 (Z |Haul+ > |Bail + |H2,i|>

ieD ieDe
< 2Ks3.
By a similar argument (based on (23) in the case v = 2), we obtain an identical

estimate for the second term on the right side of (25). Combining the two estimates,

we deduce
IFun(Ax BxC)| <4Ks2.

Therefore, dp, (§) < 4K, which implies (24). O

4 Random constructions

Next we produce random sets (cf. [6, 7]), demonstrating that the dim-scale and the
dimy-scale implied by Theorem 7 are continuous, and are independently calibrated:

Theorem 9. (i) For all x € [2,3] and y € [%,22=3], there exist cylindrical sets
F Cc N3 with dim F = x and dimy F = y.

(ii) For all x € [2,3], there exist doubly cylindrical sets F € N3 with dim F = x
and (hence) dimy F = £

The proof uses random constructions based on the following instance of the
Prokhorov-Bennett probabilistic inequalities (e.g., [1]):

9



Lemma 10. If (X, : i € N) is a sequence of (statistically) independent {0, 1}-valued
random variables with mean &, then for all n € N,

n 42
P(‘;Xi—n5‘>t> < 2exp(%), t € (0,nd), (29)
P((izn;)(i—m‘n) < 2exp(—£log(%)), t > 2n6. (30)

In what follows below we use the notation |A| X m to mean m/K < |A] < Km.

Lemma 11. For every o € (1,2) there is mno(a) = ng > 0, so that for every
N > ng there exists E C [N]? such that for u = 1,2,

|Ewsl & N* forall1 <i <N, (31)

and for all s-sets A C [N], B C [N],
|[EN(Ax B)| <5s°. (32)
Proof. Fix N > 1, and let {X;; : (i,4) € [N]?} be a system of independent {0, 1}-

value random variables with mean N®~2. Consider the random set E = {(i, ) :
Xi; = 1}. The probability that E fails to satisfy (31) is no larger than

N N
d>p ( > Xy - Nt
=1 =1

which, following (29), is no larger than 1/3 for all N > ng for sufficiently large ng.
Also, the probability that E fails to satisfy (32) is no larger than

N
oY Pl Y XN 457

s=1|A|=s,|B|=s (i,j)EAXB

N N
> Na—1/2> + Y P> Xy - N >N 2,
j=1 j=1

which, following (30), is no larger than
N 2
N 2N 1
) (2 — a)s%log | - -
;<S> exp(( a)s og<8>><3

for all N > ng for sufficiently large ng. We thus conclude that E satisfies the
requirements of the lemma with probability at least 1/3. O

Lemma 12. For every a € (1,2) and every 8 € [0, — 1) there is no(a, ) =
no > 0, so that for every N > nq there exists F C [N]? satisfying the following:

(i) there exists E C [N]? with |E)| 2 N, such that for all k € [N],
{(0,9) : (i.4,k) € F. (i.4) € E}| ~ N*~7; (33)

10



(ii) for all s-sets A C [N] and B C [N], and for all k € [N],

[F N (Ax B x{k})| < 255*7; (34)
(iii) for all s-sets S C [N] x [N], and for all C C [N] with |C| < s'=1/e,

|[F N (S xC)| <bps?t/abla (35)

Proof. Choose E as in Lemma 11. If 8 = 0, then we simply let F' = E x [N].
For B € (0, — 1), let {Xjjx : (4,7) € E, 1 < k < N} be a system of independent
{0, 1}-valued random variables with mean N 2. Then, by argument similar to the
one used to prove Lemma 11, we conclude that F' = {(4,7,k) : X;j, = 1} satisfies
the requirements of the lemma with positive probability. O

Proof of Theorem 9. (i) For # = 2, take F = N? x {1}, and for z = 3, take
-2
F =N3. For z € (2,3), let a = < T and 3=a+1—x. Then, 1 < a <2, and

0<pB <a-—1. Let ngp = ng(a, B) be as in Lemma 11, and for each integer n such
that 3" > ng, let F}, be the set F' obtained from Lemma 11 for N = 3™. Define

F= Cj {(37,3",3") + F,}.

n=ng

Claim 1: dimF = x.
For all s-sets ACN, BCN, C CN,

IFN(AxBxC)| = i 1((3™,3™,3™) + F,) N (A x B x C)|

n=no

= Y |Fan((A=3") x (B=3") x (C—3M)|

n=ng
o0
T
< E 258,
n=ng
where

sn = max{|(A —3") N [3"]], [(B = 3") N[3"]], (€' =3")N[3"]},

and the inequality follows from (34).

Note that

;sﬁ < <Z sn>
< (Z(!Aﬂ(3”+[3”])\+130(3”+[3”])|+|Cﬂ(3”+[3"])|)>
< (JA]+1B|+[C)" = 3"s".

11



We thus conclude
Up(s) <25-3%s". (36)
On the other hand, choosing A = B = C' = 3" + [3"], we obtain from (33)

1 1
[F O (Ax BxC)| =|(8",8",3") + Fy| = [Fy| = 7(3")°7*1 = 2(3")".

Therefore U p(3") > 1(3™)%, which, together with (36), implies dimF = z.

Claim 2: dimy F = y.
We let A € N2, B C N2, C C N? be s-sets, and estimate |Fy N (A x B x C).
To this end, let
H={k:|Big| > s/ or |Co, k| > s'/?}.

Then, |H| < 2s'71/ (because Y (| B x| + |Cax|) = |B| + |C| = 2s). We note that
|Fu N (A x B x C)]| is less than or equal to

S PN (Cop x B x {k}+ D [F N (A x {k})]. (37)

k¢ H keH

To estimate the first sum in (37), we observe that for every k € N,
F N (Cop x Brg x {k}) = ((3,3",3) + F) N (Cox x Biy x {k}),
where 3! < k < 31 By (34),
((38,8',3) + F) 01 (Cape x Bug x {k))|

= AN ((Can — 8 x (B =8 x (k) — 3]

< 25 (max{|By s/, |Coxl})* 7.
Therefore,

S IF N (Cop x Bug x {k})| <> 25 (max{|Byl, [Co|})*

k¢H k¢H
< 25 (max{|Byl, [Coxl}) (s7/*)* 07

k¢ H

< 25.2s5. gt (1A /e
= 505210/, (38)

To estimate the second sum in (37), denote

A = An (@, 3+ 3] x[3]), HY=HnE+[3).

12



Then

SN IFn(Ax R} = erl 3,3) + Fin (AO x HO)|
keH
= fiu%m«A@—«§36>xuﬂ”—§»L (39)
=1

By (35), each summand in (39) is bounded by

1

5lAD-3—% if]HZ|<\Al]1*§
5IHO|-5-2/0-2) if |HO| > |AO|1-3,

Therefore,

S UFnAx R < S o5lA0P e £ 3 5 HO G e D/0-
keH =1 =1
0 2_é_ o] (
5 (Z |A<l>|) +5 (Z \H(’)|>
1

< 5|APA2 45| A D/0-h)

< 5(1_‘_2&71)5 —a—? (40)

. 2 -B)/0-2)

IN

where the last inequality holds because |H| < 2s'~1/%. By combining (37), (38)
and (40), we conclude that

Wy (s) < (50 + 5(1 + 20/ Dy)g2-1/a=B/e — 511 4 go/(@= D)y gy (41)

which implies dimy F' < y.

To obtain the opposite inequality, for n > ng, let m be the integer such that
m—1< (3! <m. Let A = (3",3") + E,,, where E, = E is obtained from
Lemma 12(i) for N = 3", and let B = (3",3") 4 [3"] x [m] and C' = (3",3") +[m] x
[3™]. Then |A| R 3" and |B| = |C] < 3*" 4+ 3™. Applying (33), we obtain

[FuN(Ax BxC)| = [{(i,5,k) € (3",3",3")+ F, : (3,)) € A, (j, k) € B, (k,i) € C}|
= {55 k) € Fu: (i,) € By, k € [m]}
e em
2 }(3an)y.

Therefore, ¥ (2 - 3°") > 1(3°m)¥, which implies dimyF > y.

Claim 3: F is cylindrical.
We have shown that dimF = a — 8+ 1. For every k € N, w3 1{k} N F # () only
if3l<k<2. 31 in which case

m kN F =y {k} 0 ((3,,3,3) + F) = (3,3,3) + my {k -3} n B,

13



By (34), dﬂgl{k}anl (a—pB) < 5forall 1 <k < 3L Therefore, dwg_l{k}mp(a—ﬁ) <5
for all k € N, and hence F' is cylindrical in direction 3.

(ii) The construction of (random) doubly-cylindrical sets with the desired di-
mension follows a blueprint similar to the one followed in (i). Indeed, if = € (2, 3),
then for all N > ng for sufficiently large ng, by using independent {0, 1}-valued
random variables with a prescribed mean, we can produce (random) sets Fiy C [N ]3
with the following properties: (a) for every positive integer s < N, s-subsets A and
B of [N], and every [ € [N],

|IFNN(AxBx{l}| < s [FyN(Ax{l} xB| <1 |Fnn({I} x Ax B| < s* 1
(b) for every I € [N],
|ENO(INPx {1} 2 N*71 [ En(IN]x (I} < [N]] 2 N1 | Fnn ({1} < [N]?| & N1

Then, FF = U2 (F3n + (3™,3™,3™)) is cylindrical in each of the three directions,

n=ng
and dim F' = x/2. The verification is similar to the proof given in (i), and is
omitted. O
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