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Abstract
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different but related settings: Gaussian processes under the L? norm, multiple sums
motivated by tensor product of Gaussian processes, and various integrated fractional
Brownian motions under the sup-norm.
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1 Introduction

For a given continuous random process X (t), t € [0, 1], the small deviation probability
concerns the asymptotic behavior of P (|| X|| <¢) as ¢ — 07, where || - || is a norm on
the space C([0,1]). In the literature, small deviation probabilities of various types are
studied and applied to many problems of interest under different names such as small ball
probability, lower tail behaviors, two sided boundary crossing probability and the first exit
time, etc. The survey paper of Li and Shao [18] for Gaussian processes, together with its
extended references, covers much of the recent progress in this area. In particular, various
applications and connections with other areas of probability and analysis are discussed.
In this paper, we study the log-level comparison of the type

log P (|| X[| < &) ~ ClogP([[Y]| <)

or
log P ([[X]| < Ce) ~log P([[Y][ <€)

under easy to verify conditions on centered Gaussian processes X and Y, where the
constant C' = C(]| - ||, X,Y) € (0,00). It is important to note that the main results in
many works in this area determine only the log-level asymptotic behavior up to some
constant factor in front of the rate. So it is very interesting and useful to find log-level
comparison results with explicit constants. In many applications, one needs the small
deviation rate and constant at logarithmic level. Our main results are in three different
but related settings. Our methods of proofs are all different and can be applied to various
related problems.

In the first setting, we consider the Ly norm || - |2, arguably the simplest and well-
studied case. By Karhunen-Loéve expansion, we have || X||3 = > °7 | \,&2 where ), are
the eigenvalues of the associated covariance operator. and &, are i.i.d. standard normal
random variables. Once the eigenvalues are known, the small deviation probability can
be estimated (at least in principle) using a result of Sytaya [21] see (2.1). However,
eigenvalues are rarely found exactly. Often, one only knows the asymptotic approximation.
Thus, a natural question is to study the relation between the small deviation of the original
process and the one with approximated eigenvalues M. This line of research started in Li
[15] and continues in Gao et al. [9], [11]. See also [13] and [7]. Roughly speaking, the small
deviation probabilities under L, norms are comparable if the infinite product [[ A,/ A
converges. Although under certain assumptions, there are complex analytic methods
that enable one to find the aforementioned infinite product directly, without computing
the eigenvalues (cf. [8],]9]), the typical case is that one has some rough estimate of the
eigenvalues, which is not good enough to ensure the convergence of the infinite product.
This is particularly true for multi-parameter processes. In section 2, we show that the
log-level comparison with constant holds under comparable finite rank approximation.

In the second setting, we consider multiple sums motivated by tensor product of
Gaussian processes. The methods presented are general enough to handle nonnegative
random variables other than squared Lo-norms of tensored Gaussian processes. Similar
question has been studied by Karol, Nazarov and Nikitin [13] and Fill and Torcaso [7] for
tensored Gaussian random fields under the Lo-norm. However, our probabilistic argument
allow us to handle the case that has been left open by using their methods.



In the third setting, we consider the comparison of small deviation under the sup-norm
which is usually harder and more interesting. There seems to be no known method that
handles the general case. So we only deal with the comparison among various integrated
fractional Brownian motions which were studied recently under the Lo-norm in [4], [7], [9],
[10], [13], [19] and [20]. Our method here works for general norms such as the sup-norm
and the L,-norm. It is a combination of techniques developed in [17], [16] and [4]. More
details are given in section 4. In general, our method provides a systematic approach to
log-level comparisons under general norms.

2 Ly-norm

Given a continuous Gaussian process X (t), t € [0, 1], we have by Karhunen-Loéve expan-
sion

X015 =D Ag
n=1

where A, are the eigenvalues of the associated covariance operator.

Kf(t) = /o o(t,s)f(s)ds, o(t,s)=EX(t)X(s),

and &, are i.i.d. standard normal random variables. Once the eigenvalues are known, the
small deviation probability can be estimated (at least in principle) by using the following
result of Sytaya [21]. Namely,

P (Z ané? < 52> ~ (=27t2h"(t)) "2 exp{th'(t) — h(t)} (2.1)

where h(t) = 2 57 log(1 + 2A,t) and €2 = #'(t). This is the starting point of our result

in this section.

Theorem 2.1 Let X and Y be two Gaussian processes with eigenvalues aqy > ag > -+ >
an > -+ and by > by > --- > b, > -+ respectively. Suppose Y.\ Gy ~ C? Y onan On ~
r(N), where v is a decreasing function satisfying

: (o)
lim =1 and r(x)=0(zr'(z)) as z — 0.
(c,x)—(1,00) T/(l‘) ( ) ( ( ))

Then
log P([| X |l2 < Ce) ~ log P([[Y]|2 < €).

Proof: We first need some analytic facts based on our assumptions. Given a > 0, a # 1,
let N be large enough, so that [aN] # N. If a > 1, then

[aN]
> = (V) = r([aN]) + o(1) - r(N) = ([aN] = N (3N) + o(1) - (V)

n=N+1



where 1 < < a. Because {a,} is non-increasing, we have

r(N)

ay > —1r'(BN) 4+ o(1) - N= N

Letting N — oo, and then o« — 17, we have

/
lim inf _av > lim liminf r'(BN)

=1
N—oo —71/(N) = am1t N—oo 71/(N)

If « <1, then
3 an = (N = [aN])(ON) + o(1) - 7([aN])).
n=[aN]+1

Using the monotonicity of a,,, we have

r([aN])

ay < —TI(QN) -+ 0(1)]\]——[0(]\”

Letting N — oo and then o« — 17, we obtain

/
N
lim sup < lim limsup r'(6N) =1

N—oo —7’/( ) a—1" Noco T’(N)

Hence, ay ~ —r'(N). Similarly, we have by ~ —C~2r'(N). Therefore a,, ~ C?b,,.
Next, we show that a, ~ C?b,, and r(x) = O(zr'(z)) imply

log P (|| X[l2 < Ce) ~logP([[Y[|2 <€)

as ¢ — 0%. To this end, we note that by the result of Sytaya mentioned earlier, we have

= 1
log P (Z anéy < 52) ~ YHL(7) = ha(7) = 5 log (271" (7). (2.2)
n=1
Because h” < 0, and A" > 0, we have

wmw—mw=—Aﬁmwﬁz—ﬁﬁmwwz—fMMM.

Thus, the third term on the right hand side of (2.2) is of smaller order, and we have

log P (Z anéy < 62> ~ Yhg () = ha()- (2.3)

n=1

By otherwise considering a,,/C?, we can assume a, ~ b,. For any small ¢ > 0, let ¢ and
s be chosen such that 1/ (t) = hj(s) = 2. Note that h}(s)ds/dt = h!/(t). By L’'Hospital’s
rule, we have

logP (307 a2 < €?)  —shy(s) + ha(s)  —shy(s)ds/dt s

n=1 2~

ogP (3% ané2 < 2)  —th!.(t) + ha(t) —th(t) ¢

n=1
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provided that we show t ~ s.
To show t ~ s, we study the equation A, (t) = hj(s), that is,

o0

— a;l—l—Qt—;b;l—l—Zs' (24)
For 0 < § < 1. Because a,, ~ by, there exists Ny such that for n > Ny, |a,* — b, < db,;*.
For t fixed, choose Ny, Ny, so that t < a]_vi < 2t, and s < b&l < 2s. Without loss of
generality, we assume N; < No. Thus, s < 2(1 + §)¢t. By choosing t large enough we can
assume N; > 2N, and a,, > r'(n) for n > Nj.

From (2.4) we have

= |t — s = lat — b1
2.7 < 2
a4+ 2t)(b; 1 + 2s) (a;t +2t) (b1 + 2s)

n=1 n=1

No(ay! +byh) §
2 No © NoZ Z

< %
- 4ts = a,t+ 2t
No(ay: + byl) 5
< et Q—t +>,
n<Ni n>Ny
_ Nolay, + )

At s +(5N1GN1 +5T’(N1)

Because a,, ~ —r'(n) and r(n) = O(nr'(n), there exists M > 0 such that

S t NO(“N +by,)
1—- < 2 © + MoNjay,. 2.5
‘ — (a, +2t)(b,! +2s) Ats i LM (2:5)
Note that
00 Ny
t t
(a;t + 2t) (b1 + 2s) = Z (a; '+ 2t)(b;1 + 2s)
n=1 n n n=Ng+1 * 7 n
S Ny — Ny
— 16(1+0)t
1
> @NIG/Nl
Also, it is easy to check that
No(ay, +by.) _ i
Ats ayt +2t) b1+25)'

n=1
Thus, from (2.5) we obtain
limsup |1 — —’ < 128M.

t—o0

Because § is arbitrary, we have ¢t ~ s. This proves the theorem. O



We would like to remark that in Theorem 2.1 the two conditions on r(z) are weak, and
can be easily satisfied in most of the applications. Indeed, the first condition essentially
says that r(z) does not go to 0 too slow (at logarithmic level); while the second condition
requires that it does not go to 0 too fast (exponentially). Readers interested in operator
theory may have noticed that (V) is closely related to the so-called s-number, and is a
measurement of the compactness of the covariance operator. When r(N) decreases slowly,
the operator is less compact, the corresponding Gaussian process is “less continuous”, and
has smaller small deviation probability; when (V) decreases fast, the covariance operator
is closer to a finite rank operator, the corresponding Gaussian process is “smoother” and
has larger small deviation probability.

Two cases that are not covered by the theorem above are: (a) a, ~ Cn~t[log(n + 1)}°
with 3 < —1; and (b) loga, ~ —Cn®[log(n + 1)}°. The former case, the small deviation
is super exponentially small, thus does not have sufficient interest in application. For the
latter case, we have the following

Theorem 2.2 Let X and Y be two Gaussian processes with eigenvalues aqy > ag > - -+ >
ap, > -+ and by > by > -+ > b, > -+ respectively. Suppose loga, ~ —n*J(n), where
J(x) is a slow varying function, then

a2l ogl/otly /e
a+1[J(log"* 1/e)] /e

log P ([| X[l < &) ~ —

Thus, if logb, ~ C'loga,, then
logP(||Y ]|z < &) ~ C~Y* 1ogP(|| X || < €).

Proof: For 0 < § < 1 and large ¢, let N be smallest integer such that ay' < §t. Then

N
N 1 N
<y —— <
(2+6)t‘za 120~ 2

-1
n=1 "

Because log a,, ~ —n®J(n), we have N*J(N) ~ log(ét), which implies
] 1/a
N o < ogi(ét) ) .
J(log"/*(5t))
Also, note that

N
1 1 1
Za1+2t_7;van Olan) = O() =ol1)- 3 gy

n>N T

Thus,

140(1) ( log(at) \"* L+o(1) ( log(st) \"*
(2+0)t (J(logl/a(ét))) =hall) = = (J(log”‘*(ét))) ’



Because ¢ is arbitrary, we conclude that

1 logt L
B (t) ~ — (—W ) ;
2t \ J(log"/“t)

atly

which implies that
Q log

hlt) ~ 2(a+1) [J(logl/a(t))]l/a'
Clearly, th'/(t) = o(h(t)). Thus, by (2.3) we have

log P (|| X[l2 < &) ~ —h(t),

where ¢ satisfies I/, (t) = €2. By the asymptotic estimate of k() obtained above, we have

. 21/a_11( log1/e )l/a
e2 \ J(log"* 1/e) '

Hence
a2l/e Jogtotly /e

o+ 177 (log "™ 1/ /e

log P ([| X[l < &) ~ —

3 Multiple Sums

In this section we present a probabilistic comparison arguments for multiple sums of
independent random variables. This is motivated by the study of the small deviation
probabilities for tensored Gaussian random fields under the Ly-norm. Suppose we have
two centered Gaussian processes X (t) and Y (¢) on [0, 1] with continuous covariance func-
tion ox(s,t) and oy (s,t), respectively. Then the tensored Gaussian process X ® Y (1, t2)
on [0, 1] has mean zero and continuous covariance function

oxey((s1,52), (t1,t2)) = ox(s1,t1) - oy (sa,ta), 0 < s1,89,t1,t0 < 1.

It is well known that X ®Y (¢y,t5) on [0, 1]? is continuous if X (#) and Y (t) are continuous on
0, 1], based on work initiated in Chevet [5], [6], see also Carmona [3] Detailed information
can also be found in Ledoux and Talagrand [14].

In particular, we have the following series representation. Assume the well-known
Karhunen-Loeve expansion

X(0) = Y alee)

n>1
Y(t) = ) b 6uhm(t)
m2>1



where & denotes as usual i.i.d N(0, 1) sequences, {e,(t),n > 1} and {h,,(t),m > 1} are
complete orthonormal bases in L;[0, 1]. Then we have Karhunen-Loeve expansion

X@Y(tta) =Y Y a0y *Eumen(tr) hun(t2)
n>1 m>1
with
IX @Yt 6)E =SS aubnél,
n>1 m>1
where ;; denotes as usual a doubly-indexed i.i.d N (0, 1) sequences.
There are various study recently on Ls-norm small deviation for the above tensored
Gaussian random fields via different analytic methods, see e.g. [15], [13] and [7]. The main
goal of this section is to present a simple probabilistic argument for the small deviation

probability
log P (Z Z Ao X < 5)

n>1m>1

where X,,, > 0 are i.i.d random variables. Of course, our probabilistic method works
also for multiple sums. To really make the basic ideas clear, we also restrict ourself to
Xonn = &2, since similar arguments works for more general situation. Even in this tensored
Gaussian random fields setting, our result covers a variety of interesting parameter ranges
for sequences a,,, b,, and thus fills a gap left open from the spectral methods used in [13]
where many interesting examples can be found.

As discussed above, we assume for the remaining of this section that we are in the
Gaussian setting. And it is easy to see that all our arguments work in general setting.

There are several ways to obtain the exact asymptotics at the logarithmic level. One is
given in Li [15] based directly on Sytaja’s Tauberian theorem and analytic computations.
Another is given in a recent work by Karol, Nazarov and Nikitin [13] based on spectral
asymptotics for tensor products of compact self-adjoint operators. One of the most power-
ful technique is the Mellin transform developed by Fill and Torcaso [7]. Our probabilistic
arguments below are different but depends on some canonical known analytic results.

We start with a well known Exponential Tauberian theorem that connects the asymp-
totic Laplace transform of a positive random variable V' with the small deviation behavior
of the positive random variable V' near zero. Namely, for & > 0 and § € R

logP(V <¢) ~ —Cype|logel’ as e— 0T
if and only if
log E exp(—AV) ~ —(1 + a)! P/ et e/ (ra) ol /(Fe) ya/(4a) (1o ) )A/(1+0) g X — 0.

A slightly more general formulation is given in Theorem 4.12.9 of Bingham, Goldie and
Teugels [2] and is called de Bruijn’s exponential Tauberian theorem. Note that one direc-
tion between the two quantities is easy and follows from

P(V<e)=P(=AV > —Xe) < exp(Ae)E exp(—AV),

which is just Chebyshev’s inequality.
As a simple application of the Tauberian theorem, we have the following lemma for
sums of independent random variables.



Lemma 3.1 If V;, 1 < i < m + 1, are independent nonnegative random variables such
that
—logP (V; <€) ~ die | logel?, 1<i<m,

and
—logP(V; <e) =0 (e |logel’), m+1<i<m+]I

for0<a<oo, BE€R and 0 < d; < oo, then

m—+l m 1+a
—logP <ZV,~ < 5) ~ (Z dﬂ“*‘”) e*|logel”.
=1

i=1

Proof: We can first write down equivalent statements for both assumptions and con-
clusions in terms of the asymptotic behaviors of Laplace transform by using the above
exponential Tauberian theorem. The desired result then follows from

m-l m+l
log E exp(—)\z Vi) = ZlogE exp(—AVj)

i=1 i=1

for independent random variables V;, 1 <i < m +1[. [J

Our second lemma is a well-known fact and a detailed proof can be found in [13] in
the case § > 0. In general, it follows simply from Theorem 2.1. Below we give a simple
and direct argument which also serves as a warm up for the proof of Lemma 3.3.

Lemma 3.2 Assume as n — oo,
A ~ On™(logn)?

forv>1 and 6 € R. Then we have as € — 0,

log P(|| X|| < &) = logP (Z A2 < 52> ~ =D - CYOD=2 0D og £/
n=1

where
D = ((y = 1)/2)7 /0D oy ase(m/)) /0. (3.1

Proof: By Theorem 2.1, it suffices to estimate the probability logP (V < ?), where

V=3 n " flogln+ 1.

n=1
Note that as A — oo,
1 [e.9]
logEexp(—=AV) = —5 Z log[1 4 2n"(log(n + 1)) ]
n=1

1 o0
~ / log[1 + 22~ (log(z + 1))’ A]d
0

1 o0
I log ) /0 £ og(1 + 2/t)dt

= oVl cse(m/v) - Al/v(log )\)9/7.
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Hence Lemma 3.2 follows from the exponential Tauberian theorem. [

Our next lemma follows from similar arguments outlined in Li [15] and/or the much
more powerful Mellin transform techniques developed in by Fill and Torcaso [7] in the
case when 60, and 6, are non-negative integers. Here we give a direct argument based on
estimates of Laplace transform and the exponential Tauberian theorem.

Lemma 3.3 For any fized positive integer K,

log P ( Z Z n~"(log n)ea -k~ (log k)abfik < €2>

n=K+1 k=K+1

D (55 ey ke (log k) i) 1o 00T g2/ Jog el Gy >, > 1
— DoV log |0 Hat )/ O=1)yf =y, =4 >1 and 6,,0, >0

where
Dy = ((ya = 1)/2)0 %7V @y ese(m )/ 00 7Y (3.2)
Dy = (2/(y = 1)t/ (B4 0,/7,1+ 0/7)my ese(r /7)Y (3.3)
and B(z,y) is the Beta function.

Proof: First, assume v, > v, > 1. Let

Vi= > n(logn)’&y and V=Y k"(logk)"V;.
n=K-+1 k=K+1

Pick integer A ~ X", where (v, —1)/(v — 1) -7, ' <n <, '. Then,
1 < M %(logA)% and A" (log A)% < AV,

By the proof of Lemma 3.2, we have

logEexp(—AV) = Z log E exp(—AV})

k=K+1
A
~ _21/“fa—1%—0a/7a7rCSC(W/%) Z ()\k_'Yb(logk)ab)l/"/a[1Og()\k:_’7b(1ogk)eb)]ga/’Ya
k=K+1

— Z Z n~(logn)% - k= (log k)% \.

n=K+1 k=A+1

Because the second term on the right hand side is of order O(AA~(log A)%), which is
lower than the first term, by letting A — oo we obtain

log E exp(—AV)
~ —21/%‘_1%_9“/7%csc(w/%) Z k% (log k)f)b/va . /\1/7a(log )\)ea/’Ya.
k=K+1

9



When v, =7, = v > 1, the argument is slightly different.

1
logEexp(—AV) = ~3 Z Z log[1 + 20"k~ (log n)’ (log k)% A]

n=K+1k=K+1
1 o o

——/ / log[1 + 2277y~ (log )% (log y)? N dzdy.
2Jk Jk

Let logy = % log()\z) and logx = 1_—“’ log(Az), then

log E exp(—
2% (1 — log \z)0a+0s
~ _—/ / log (1 + W )9 (90g ) )7_2)\1/7,21/7_1 log Az dwdz
K27 /X zyPatle

2w (1 — w)% (log \)%+%

- A2\ 1/y—1

—37 A 71og/\/ / log (1—1— o 277 dzdw

a+9b)/

log A !
= —o1Ig csc(w/v)/\lm (_og ) / web/7(1 — w)e“/V dw
Y 0
- _ol/r1p CSC(W/,Y>,7—1—(9a+9b)/’YB<1 +0,/7,1+0,/7) - AL/ (log )\)l+(9a+9b)/’y ‘
The lemma now follows from the exponential Tauberian theorem. O
Theorem 3.4 Assume as n — oo,
a, ~ Cyn~ 7 (log n)ea, b, ~ Cyn~ " (log n)%

for vy > v, > 1 Then we have as € — 0,
(i). for vy > v, > 1,

.= 00 Ya/(Ya—1)
log IP’(Z Z anbp€2, <e%) ~ —Dj- C';/(vrl) (Z bllﬁ/%) 672/(%71)’ 10g€|9“/(%’1)

n=1 k=1 k=1

where the constant Dy is given in (3.2).
(7). for vy =v,=v>1 and 0,,6, >0,

logP() > " anbplly < ) ~ —Dy(CoCy) 0D/ log g #0001

n=1 k=1

where the constant Dy is given in (3.3).

Proof: We first treat the case (i). For the upper bound, we have for any positive integer
K>1

log P (i i anbré2, < 52>
n;l l~c:1Oo

< logP (Z be Y anéay < 62>
k=1 n=1

K Ya/(Ya—1)
~ —D,CY0e"D (Z b,lg/%) e=2/0a=D)| Jog g|fa/(a=1) (3.4)

10



where the last line follows from Lemma 3.1 and the fact that for each 1 < k < K,

log P(by, Zan&k < e?) ~ =Dy (Coby) e 72/ 0= | Jog g|fa/ (e =)

n=1

based on Lemma 3.2. Note that we had to be careful here since we have £2 rather than
just € in the Lemma 3.2. Taking K — oo, we obtain the desired upper bound in the case
Y > Y > 1.

For the lower bound in case (i), we split the summation region into three disjoint parts
so that we have three independent sums. For any > 0 small, there exists positive integer
K such that for any n,k > K + 1,

(1—0)Con " (logn)? < a, < (1+6)Cyn 7 (logn)’ (3.5)
(1 —08)Cok™(log k) < by < (1+6)Cok™(log k) (3.6)

With § and K defined above, we have by the independence of three disjoint sums

oo 00 K 00
(ZZCL bié2, < e ) >P <Z kaanfik <(1- 52)52> :
k=1 n=1

n=1 k=

1
K o] 00 o]
P (Za > b < 2—152g2> P ( Y)Y anb < 2—15252> :

n=1 k=K+1 n=K+1k=K+1

Thus we have again by Lemmas 3.1-3.3, with ¢(g) = £2/0a=1|log g| 0/ (a1

hm 1nf¢ )log P (Z Z anbp2, < 82>

n=1 k=1

K o]
lim inf ¢(c) log P (Zb > an < (1- 52)s2>

k=1 n=1

+lim inf ¢(c) (Zan Y & <27'6% 2)

n=1 k=K+1

AV

+lim inf (e) ( > Z (14 6)2Cyn~"(logn)% Cyok~ " (log k)% €2, < 2716% 2)

n=K+1k=K+1

K Ya/(Ya—1)
— _Dl(ji/(’yrl) (Z bilg/%> ( 52) 1/(va—1) +0

00 /(va—1)
_D1(20 Cb)l/ 'Ya_l)(]_ + 6 )2/ Ya—1) ( Z L0/ Ya (10g k,)@b/'ya)

k=K+1

Taking K — oo first and then § — 0, we obtain the lower bound in (i).

11



Next we turn into the more interesting and harder case (ii). For the upper bound, we
have for any positive integer K > 1 determined in (3.5) and (3.6),

logP i i anbré?, < €2>
n=1

k=1

log P i i anbkggkgs2)

n=K+1k=K+1

IN

< logP Z Z (1 —6)?Cyn " (logn)?Cyk ™ (log k)% €2, < 5)

n=K+1k=K+1
~  —Dy(C,C)V ™I (1 — )0 e2/0=1)| Jog g|(1H0at00)/ (1)
where the last line follows from Lemma 3.3. Taking § — 0, we obtain the desired upper
bound in the case v, =7, =v > 1.
For the lower bound in case (ii), we again split the summation region into three disjoint
parts like we did in the case (i) but with different weights on their contributions. For any

d > 0 small and K large such that the relation (3.4) holds, we have by the independence
of three disjoint sums,

K 9]
P ( anbpE2, < 52) > P (Z b Y anély < 215252> :
k=1 n=1
an > bl < 2—152g2> P ( Y b <(1- 52)52> .
1 k=K+1 n=K+1 k=K+1
Thus, we have again by Lemmas 3.1-3.3 with 1(g) = €2/~ |log g|~(+0a+0)/(va=1),
hm mfz/J ) log P (Z Za bré2, < €2>

> 11m1nf¢( log P (Zb Zanéfbk < 2_15252>
+lim inf ¢ (e (Z an Z bet2, < 2—15252)

n=1 k=K+1

5 L[]8
MNiM%@

n

+lim inf (e (Z Z (14 6)2Cyn " (logn)? Cyk " (log k)?€2, < (1 — 6°)e )
n=K+1k=K+1

= 04+0—Dy-((1-38%)7 (1+68)2C,C) """

Taking 6 — 0, we obtain the lower bound in (ii) and hence finish the proof. 0J
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4 Sup-norm

Consider integrated fractional Brownian motion processes
51, ] B A
Wit (®) = WH 20 = (-0 [ [ [ttty - dty
m m—1 /61

on the interval [0, 1] where any ) equals either zero or one. There has been a lot of study
recently for the Brownian motion case H = 1/2 under the Ly-norm, see Gao et al. [10],
Nazarov and Nikitin [19], [20]. It is known that

1
lim "/ ) Jog P ( / Wt (8)[Pdt < 52) = —Kpm,
E—0OQ 0

where |
(m+ H) [['(2H + 1) sin(n H)] 2m+27

KH,m - 2m+2H+1

[(2m + 2H + 1) sin( 2mt2H

2m+72rH+1 )]

is a positive constant independent of the choices of §;. Our goal of this section is to deal
with the sup-norm case, which we only know the existence of the constant.

Theorem 4.1 There exists a constant Cy,,, € (0,00) independent of the choices of By, €
{0,1}, 1 < k <'m, such that

lim '/ (m+H) Jog P ( sup |[Wym(t)| < 8) =—Chm. (4.1)
e—0 0<t<1

Furthermore, we have

(m+ H)[[(2H + 1) sin(rH)| == _
omt2H+1 — “Hym
[(2m + 2H + 1) sin( e

s ) 2m+2H
2m+2H+1

<mem (m + H) [[(2H + 1) sin 7 H] 77271

<3 2m+2H—1 °
[(2m + 2H — 1) sin(

(4.2)

2 s )} 2mt2H
2m+2H—1

Proof: Our proof consists three steps. We first show the limit in (4.1) exists for the
special choice of G € {0,1}, 1 < k < m, i.e. the so-called standard m-th integrated
fractional Brownian motion. To be more precise, define

Wi (f) = /0 t /0 L /0  Worlto)dty - dtyyy = ﬁ /0 (= ) W (s)ds.

The key fact is the scaling property

Wipnet) = W, (1), 120

13



in distribution as processes, for any fixed constant ¢ > 0. This allows us to show the
existence of a constant C'y,,, € (0, 00) such that

lim '/ (m+H) 1og P ( sup [Wi,,(t)] < 8) =—Chm. (4.3)

e—0 0<t<1

The arguments are similar to those given for the first time in Li and Linde [17] for the
existence of small deviation constant for fractional Brownian motion and the related
Riemann-Liouville type processes fot (t — 5)*dB(s). To be more precise, we use the very
useful representation

Wy(t) =ag (Xu(t)+ Zu(t)), t>0, (4.4)

where

Xult) = m / (t — 5)"1/2dB(s),

Zult) = w9 = () )

and the constant

0 -1/2

ag =1'(H +1/2) <(2H)1 + / ((1— )12 — (—8)H1/2>2d8) . (4.5)

— 00

Furthermore, Xp(t) is independent of Zg(t). Observe that the centered Gaussian pro-
cess Xp(t) is defined for all B > 0 as a fractional Wiener integral. Hence we have the
independent sum representation

¢
Wit =agXpu(t) + 4 / (t —s)™ 1 Zy(s)ds. (4.6)
’ (m—=1)! Jo

From Li and Linde [17], the small deviation constants exists for the process X, (%)
under the sup-norm. The estimates for the part fot(t — 8)™ 1 Zy(s)ds can be found in
Belinsky and Linde [1]. We omit details since these are well-known arguments now.

Our second step is to show the limit in (4.1) is the same for all choices of g, € {0,1},
1 <k < m. We compare Wy, (t) with Wi (t). Let us assume that not all 8, = 0 and
define

j=inf{k: B =11<k<m}, 1<j<m.

14



Then we have

t tm—1 t1

/ / - WH(to)dto coedt,
tj—1
=1
tj+1
- —/ / / / WH to dt() dtm 1
Bm Biv1 YO
t Jj+1 1 j—1

+/ / (// /Wgtodto dtjl>dt cdty

ﬁm ﬁ +1 0

J

t ti+1
_ _/ / / / Wi(to)dto- -~ dtm 1 + gm_;(1) - Y
/Bm IB]+1 0 0
where
J+1 1 tj,1 t1
P / / bty o, yj:// / Wit(to)dto -~ dt;_. (4.7)
- Bt o Jo 0

Note that the function g,,—;(¢) is a polynomial of degree m — k and Y; is a Gaussian
random variable.
Repeating the above procedure, we obtain the representation

BH— +ﬁm/ / . WH(to)dto dtm 1_WHm Z ﬂ:gm ]
m ﬁm 1 /81 ]ﬁjzl
(4.8)
Note that
su +g,,— Y| < su m— Y;| < max su Y,
P, Z 9= ;10§t£1'9 O W51 < e, sup low(®)]- 3 Y|
=

and hence there exists a constant d,, > 0 small such that

P [ sup Zj:gm i) Y| <e ZIP’(max sup |gx(t)] - Z|Y}-|§£>Z(5mem

1<k<m 0<t<1
j=1

for € > 0 small. This implies

lim e/ ™+ ) Jog P | sup Z +g,, (1) Y;| <e ] =0.
e—=0 0<t<1 |52
g

Thus (4.1) follows from a very general theorem below, which is given in Li [16] based on
a weaker Gaussian correlation inequality. The key point is that the two Gaussian random
elements X and Y are not necessarily independent but with different small ball rates.

15



Lemma 4.2 For any joint Gaussian random vectors X and 'Y in a Banach space satis-
Jying

lir%g7 logP (|| X|| <¢) =—Ck, linée“’ logP(||Y||<e)=0

£— £—
with 0 < v < 00 and 0 < Cx < 0o, we have

lirr(l)e'y logP (| X +Y| <¢)=—-Cx.

Our third step is the estimates given in (4.2). The lower bound for Cpy ,,, or the upper
bound for associated probability follows from the standard Ls-norm estimates. Namely,

1
P ( sup [Wyn(t)] < 5) <P (/ Wim()?dt < 52) :
0<t<1 0

Thus,

1
m+ H)|I'(2H + 1) sin(wH )|2m+2H
Coim > K = ( ) [I( ) sin( )]WHH.
[(2m + 2H + 1) sin( 2m2H

TnrorTi)]

The upper bound for Cp,, or the lower bound for associated probability follows from
a nice technique developed in Chen and Li [4], based again on a slightly different Lo-norm
estimates.

Let X and Y be any two centered Gaussian random vectors in a separable Banach
space E with norm ||-||. We use ||, to denote the inner product norm of the reproducing
kernel Hilbert space of u = £(X). Then the following general connection between small
ball probabilities is discovered in Chen and Li [4]. It provides a powerful tool to estimate
small ball probabilities under any norm via a relative easier Lo-norm estimate.

Lemma 4.3 For any A >0 and € > 0,
P(|Y] <e) 2 P(IX] < Ae)-E exp{—2-'A Y[} }. (4.9)

Now back to proof of (4.2) in Theorem 4.1. Let X = W (t), the Brownian motion. It
is well known that

logP ( sup V()] < ) ~—(rf8)e".

0<t<1
Take Y = W, ,(t) in Lemma 4.3. Because Wiener measure p(W) satisfies |f|2 =
fol(f'(S))st, Lemma 4.3 gives

P([[Winll <) 2P(IW@H] < Xe) E exp{ - %/0 [Wi{’m_l(t)]th}. (4.10)
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Taking ||-|| to be the sup-norm on C[0, 1] and A = A, = as?/Cm+2H)=1in (4.10) with a > 0
to be fixed later, it follows from the existence of the constants that

—Chm = lime/mH oo P ( sup [Wi,,(t)] < 5)

e—0 0<t<1

v

liy !/ og P ( sup [IW(#)] < ael/@m*zm)
e=0 0<t<1

E—

2 1
+lim gt/ (M) 150 B exp{ - %51/(m+H)2/0 [Wlfl,mfl(t)ﬁdt}

2 2 2H —1 m _ _ _
B _87T 2 QmiQH 5 ((m+ H —1)a2) /™20 (R, )11/ Cme2HD
(6% m —_

2 2/ (2m+2H-1) (D(2H + 1) sin WH)l/(2M+2H—1)

8a? 2 sin(

s
2m+4-2H -1 )

Now pick the best a > 0, we obtain

+

C < min
Hm Sar? 2 sin(

- a>0

< 72 @@mi2H-0 (T(2[ 4 1)sin 7Tl,—_[)l/(QMJr2H—1)>

s
2m+2H -1 )

<7r> Ym+H)  (m + H) [[(2H + 1) sin 7 H]702m 7
Y 2m+2H -1
[(2m + 2H — 1) sin( z

2 ™
STl -1 )] e

which is the upper bound for Cp,, in (4.2). O

Remark: If in the third step of the proof we let X = W (%), instead of X = W(t), we
will obtain an upper bound of Cy,, in terms of Cp,,—1. Such an upper bound is slightly
better than the one obtained in Theorem 4.1 However, either one is sharp. Finally, we
point out that similar results like Theorem 4.1 also hold for L,-norm, 1 < p < oo and
other related norms such as Holder norm. The proofs are also similar and we omit the
details.
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