Comparison Theorems for Small Deviations of
Random Series

F. Gao? J. Hannig'and F. Torcaso?

December 17, 2003

Abstract

Let {&,} be a sequence of i.i.d. positive random variables with common distri-
bution function F'(x). Let {a,} and {b,} be two positive non-increasing summable
sequences such that [[>7 (a,/b,) converges. Under some mild assumptions on F,
we prove the following comparison
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is the index of variation of F'(1/-). When this result is applied to the case &, = | Z,|F
and {Z,} is a sequence of i.i.d. standard Gaussian random variables, it affirms a
conjecture of Li [9].
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1 Introduction

Let {&,} be a sequence of i.i.d. positive random variables with common distribution
function F'(x) and {a,} a positive summable sequence. It is of great interest to know the

small deviation probability of the sum

V= i ann.
n=1

For example, in the study of the natural rates of escape of infinite-dimensional Brownian
motions, it is crucial to understand probabilities of this type (see, eg., Erickson [6] page
332, also see Cox[4]).

When &, = Z2 where {Z,,} is a sequence of i.i.d. standard Gaussian random variables,
by the Karhunen-Loeve expansion, V is just the square of the L? norm of a centered Gaus-
sian process on [0, 1] with {a,} being the sequence of eigenvalues of the corresponding
covariance operator. In this case Sytaja [13] gave a complete description of the small
deviation behavior in terms of the Laplace transform of V.

Lifshits [11] considerably extended this result to a large class of i.i.d. positive random

variables that satisfy the following condition:

Condition 1. There exist constants b € (0,1), ¢1,c2 > 1 and € > 0 such that for each

r < ¢ the inequality ¢, F(br) < F(r) < coF(br) holds.
Denote the Laplace transform of & by
I(s) = / e dF(x)
[0,00)
and the cumulant generating function of &; by
f(s) =log I(s).

We can state the following result of Lifshits [11]:
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Theorem 1. (Lifshits, 1997) Under Condition 1, if the sequence {a,} is positive and

summable, then as e — 0T
Pr(V <e) ~ (2n9*h(1) " exp {7e + ha(7)}

where
ha(7) =log E (exp{—V}) = > f(any) (1)

and v = ~y(g) satisfies

=0 /Ry ()

Here and in what follows z(e) ~ y(e) as ¢ — 0 means lim._ z(¢)/y(e) = 1.

h/
i YETY ()

Although Theorem 1 is extremely useful, it may be difficult to apply directly for a
specific sequence {a,}. This is because one would need to know to some extent the
Laplace transform of V. The fact that v is defined implicitly is just a matter of inconve-
nience. A useful method for obtaining closed form expressions for the Laplace transform
E (exp{—7V}), especially in the case where &, = Z2, is outlined in the recent paper Gao
et al. [8]. Therefore, at least in situations where the method of [8] applies, the problem
of obtaining the small deviation probability is simplified. However, closed form expres-
sions for Laplace transforms are rarely obtained in general, and this greatly restricts the
usefulness of Theorem 1.

By using Theorem 1, Dunker, Lifshits and Linde [5] obtain similar results when the

random variables satisfy the following additional condition:
Condition 2. The function sf’(s) = sI'(s)/I(s) is of bounded variation on [0, c0).

The advantage of the results in [5] over Theorem 1 is that the asymptotic behavior
of the small deviation probability of V' is expressed (implicitly) in terms of the Laplace

transform of &; instead of the Laplace transform of V.



However, their results assume the existence of a function ¢ that is positive, logarith-
mically convex, twice differentiable and integrable on [1,00) such that a, = ¢(n). In
applications {a,} often oscillates along a sequence that satisfies these extra assumptions.
For example, if V' is the square of the L? norm of an m-times integrated Brownian motion,
then a, = [1(n—1/2)+e,]"?®"*2) where the varying oscillation e,, decays exponentially.

The purpose of this paper is to provide a method that enables one to compute small
deviations for a general sequence {a,} such as the one mentioned above. One of the first

results in this direction is the following comparison theorem of Li [9]:

Theorem 2. (Li, 1992) Let {a,} and {b,} be two positive non-increasing summable
sequences such that > " |1 —a,/b,| < co. Let {Z,} be a sequence of i.i.d. standard
Gaussian random variables. Then as ¢ — 0

Pr (Z anZg < €2> ~ <H bn/an> Pr <Z anfl < 52> ) (2)
n=1 n=1

n=1

This comparison theorem is a very useful tool (see, e.g., [10]). Typically, b, = ¢(n)
so that one can compute the small deviation asymptotics on the righthand side of (2) by
using the results of [5]. {b,} can also be chosen so that one can find the exact expression of
the Laplace transform of the corresponding series using the method of [8]. Recently Gao
at al. [7] improved upon Theorem 2 by replacing the condition Y>>, |1 — a,/b,| < oo
by the convergence of the infinite product [[ ~;(a,/by).

We would like to extend Li’s theorem to random variables that satisfy Conditions 1

and 2. Note that the Conditions 1 and 2 guarantee ([5], page 62) the existence of a finite

negative constant

a:= lim log F(1/z) _ lim sf'(s) = — lim s*f"(s) = L lim s° f"”(s). (3)

T—00 log T 5—00 5§—00 2 §—00

The constant « is called the index of variation of F'(1/-) and arises in the theory of

regular variation (see [2]).



In this paper, we prove

Theorem 3. Let {&,} be a sequence of i.i.d. positive random variables having cumulative
distribution function F(x) satisfying conditions 1 and 2. Let {a,} and {b,} be positive,
non-increasing, summable sequences that satisfy Y - |1 —a,/b,| < 0o. Then ase — 0

Pr <i nn < a) ~ (ﬁ 2—) Py (ibnsn < a) ,
n=1 n n=1

n=1

where « is defined by (3).

Under a slightly stronger assumption on the distribution of &, we can replace the

convergence of Y >° | |1 — a,/b,| by the convergence of [[°7 (ay,/by,).

Theorem 4. Let {&,} be a sequence of i.i.d. positive random variables having cumulative
distribution function F(x) satisfying condition 1 and 2. Let {a,} and {b,} be positive,
non-increasing, summable sequences such that [[7_ (an/bn) converges. Further suppose

sI"(s)/1'(s) and sI"(s)/1"(s) are of bounded variation on [0,00). Then as e — 0F

Pr <fj 1 < e> S (ﬁ 2—) Pr (ibnsn < e) ,
n=1 n n=1

n=1

where « is defined by (3).

Remark 1. Though the conditions on bounded variation might seem difficult to check
often it is not so. In fact there are many examples of random variables &, that satisfy the
conditions of this theorem (see Section 5). For a useful survey of results on the theory

of bounded variation see also Section 5 of [5].

A particularly interesting example is when &, = |Z,|P where {Z,,} is an i.i.d. sequence
of standard Gaussian random variables. In this case F(1/x) ~ ~/?,/2/m and the con-
ditions of Theorem 4 can be readily verified. The following corollary affirms a conjecture

of Li [9)].



Corollary 1. Let {Z,} be a sequence of i.i.d. standard Gaussian random variables,
and let {a,} and {b,} be two positive, non-increasing summable sequences such that
[, (bn/an) < 0o. Then for anyp >0 ase — 0F

0o o 1/p IS
Pr <Zan|Zn|p§6P> ~ (H Z—") Pr <anyzn|1’ gé’).
n=1 "

n=1

The following interesting fact proved in [7] shows that one can often calculate the

product [[°2,(bn/an) < 0o explicitly.

Proposition 1. Let f(z) and g(z) be entire functions with only positive real simple zeros.

Denote the zeros of f by ay < ap < az < --- and the zeros of g by 1 < Po < B3 < ---.

If
f(2)
9(2)

where the sequence of radit vy tending to oo are chosen so that (B < ry < Bri1 for large

=1

lim max
k—o00 |z|=rf

k, then
ﬁ o _ ‘f (0)‘
= B 19(0)
The rest of the paper is organized as follows. In Section 2 we show how such a
comparison can be used to find exact small deviation rates. A short proof of Theorem 3
is supplied in Section 3. The proof of Theorem 4 is more involved and given in Section 4.

The last section provides a proof of Corollary 1 and comments on how to verify the

conditions of our theorems.

2 An example

Consider the random variable



where {Z,} is a sequence of i.i.d. standard Gaussian random variables,

o ['(n+d)
" T(dT(n+1)

and —1/2 < d < 0. This process is an example of a fractionally integrated ARMA

process that has been used to model many so-called long memory time series such as

annual minimal water levels of the Nile river and internet traffic data (see, for example,

section 10.5 of [3]).

A simple calculation based on [1] (formula 6.1.47) shows that

1
_ —(1-d)
Tn F(d)(n+d/2+6") ,

where e, = O(1/n) and —1/2 < d < 0.
If we let

o= g4/,

then [[>°, m,/pn converges, and Corollary 1 allows us to estimate the small deviation
probability of (4).

Before continuing with this example, we first establish a small deviation result for
> bn|Z,|P, where {Z,} is a sequence of i.i.d. standard Gaussian random variables and
by = (n+c)~* with A > 1.

For simplicity of notation we define

0o 2 00 I
K=— / VAL /It dt,  where  I(t) \ﬁ / gy (5)
0 T Jo
Notice I(t) is the Laplace transform of the random variable £ = |Z;|P and K is a well
defined constant depending only on A and p. However, although K can be calculated
rather easily for p = 2, we are not aware of a closed form expression for K whenever

p#2.

The following lemma is a straightforward consequence of Corollary 3.2 of Dunker,

Lifshits and Linde [5].



Lemma 1. If b, = (n+c¢)~4, then as e — 0%,
A
e p—A(1+2c) K\ A1 P
p bulZ|? < & | ~ C(c, A)e 20D —A-n (= —ay
r(;lj 2, _e> (e, A)e exp( a-n (%) )

7372c+% A42Ac+p—2Ap A42Ac—Ap 71+2c+%
2 I A 2p—24p K —2p+24p 1

A

1ic 3
P(1+ )2 T(1+e)" VA1
When p = 2 this lemma has been proved recently by Nazarov and Nikitin [12]. For a

where

C(c,A) =

calculation of the constant Cy below see [12].

Proof. Using the notation of [5]:

o(t) = (t+¢)™,

Io(u) = —(1 +¢)log(\/2/m I((1+ ¢)~Mu) — Ku'/ + All+c) + o(1),
I (u) = —%ul/A + % +o(1),
Iy(u) = —K(A _ 1)u1/A + o(ul/),

A2
Cyp=A {logF(l +c) — (% +c)log(l4+c¢)+ (1+¢) — %log(%r)} :

A
K\ AT
‘e (A_sp)

as u — oo (and, thus, as ¢ — 07). The lemma now follows by plugging these quantities

into Corollary 3.2 of Dunker, Lifshits and Linde [5]. O

Combining Corollary 1 and this lemma one easily verifies

Corollary 2. For m, and Z, defined above
d—1
s 1—d2—p K Td P
p n Zn Pl ~C d| —— d |
(St ze) <o (a(515) )

) o0 (1 +n) v
C=0C(d/2,1— d)g <p(d+ n) (n + d/2)1_d) ’

C(-,-) was defined in Lemma 1 and K was defined in (5).

where




3 Proof of Theorem 3

We begin with some lemmas that will be used. From (1) we define

ha(x) =Y flanz)  and () =) f(be).

Lemma 2. Suppose the cumulative distribution function F' satisfies conditions 1 and 2,
and let y = y(x) be chosen to satisfy hl(x) = hy(y). If > oo |1 — an/by| converges, then
as r — 0o

[whty(x) = ha(@)] = [yhy(y) = l(y)] — —alog [ | -

where « is given by (3).

Proof. Without loss of generality, we assume z > y. By the mean value theorem, for any

continuously differentiable function g on (0, 00),

o) =) = [ 1501 it =10 (£) 85/0) )

for some 0 between = and y. Applying (6) to the function g(¢t) = ¢f’(t), we have

o

thy(x) = xhi(z) = Y [anaf'(anz) = bpz ' (bu)]

n=1

= > () 24700 + 0,70 )

where 6,, is between a,,z and b,,z.
Since sf'(s) is of bounded variation, s*f”(s) + sf’(s) — 0 as s — oo. Also, since we
are assuming » >~ |1 — a,,/b,| < 0o, we have Y | |log (a,,/b,)| < co. Therefore, by the

bounded convergence theorem (7) converges to 0 as x — 0.

On the other hand, by Mean Value Theorem, hy(y) — hy(z) = (y — z)h}(n) for some



1 between x and y. Thus,

whi, () — xhy(z) = ﬂﬁ()—h%)]

= anas )b f" (b))

[e.e]

x
= @h%ﬁﬁFEZﬁfﬂww)
n=1
Because sf”(s) — —a > 0 as s — oo,
D> £ (bun) — oo,
n=1

On the other hand, we have shown that (7) converges to 0. This implies that = ~ y,

which in turn implies that
) - 2 11
——Q a) — 0 8
(3 -1) St (5)
for any 7, between a,x and b,y as r — oo.

Now, applying (6) to the function sf’(s) — f(s), we obtain

[he () = ha()] = [yhy(y) = ho(y)]

= Y lanaf (@,2) = flane)) = Buyf (b.9) = F(bay)

n=1

= Zl (”) (e
= Zlog( ) G2 f"(G) + log(x/y) ZCf” Ca).

From (8) the second series on the right hand side converges to 0. The lemma then follows

by applying the bounded convergence theorem on the first series on the right. O]
Lemma 3. Under the assumptions of Lemma 2, we have z*h!/(x) ~ y*h}(y) as x — oo.

Proof. Because z?h!/(z) = Y7  a22?f"(a,x) is bounded away from 0, we just need to

show that 220/ (x) —y*h}/(y) — 0 as * — oo. Applying (6) to the function g(t) = ¢*f"(¢),

10



we have
PH) =) = D (oS ) By ()
n=1
- (1 - %) iazﬁf”(anx) og(z/y) ana?f"(anr) — bry® ' (buy)

n

1= @22 f"(ayr)(log z — logy)

n=1
_ v\ N " log(x/y) taf"(tn) + 263 f" (tn)
= (1 — E) z:lailjf (anx) . 1— % : aixzf”(anx) )

where t, lies between a,x and b,y. The second and third factors in the summation on
the right hand side are bounded. In fact, the third factor goes to 0 as © — oo (see (3)).
What remains is exactly the sum in (8) and converges to 0 as © — oo. Therefore, the

series above converges to 0 as x — o0. ]

Proof of Theorem 3. From Theorem 1 we have

PO anén <e) <$2hi{(ﬂf)
PO b <e)  \y2hi(y)

The proof now follows easily from Lemmas 2 and 3. O]

~1/2
) exp {— ([h(2) — ha(2)] — [yhy(y) — M)} -

4 Proof of Theorem 4

The proof of Theorem 4 is a little more involved. It is more convenient to use the function

I(s) instead of f(s).

Lemma 4. For all s > 0 and |e| < 1, we have

[(J)(s) - [(J)(S)
Proof. Note that IV)(s) = (—1) [ t/e™*'dF(t). Taylor’s theorem gives

e forj=0,1,2.

2
](j)(s +es) = ](j)(s) + ](j+1)(x)58 + %](jﬂ) (€)
Thus,
T1UFD(s)

> 14—
=T

ES.

11



Lemma 5. Suppose Y -, ¢, converges, and suppose g has total variation D on [0, c0).

Then, for any monotonic non-negative sequence {d,},

> engldn)| < Dsup icn
k

n>N k>N n=

This lemma is a consequence of Abel’s summation formula. The proof is elementary

and we omit the details.

Lemma 6. Suppose {a,} and {b,} are two positive, non-increasing summable sequences

such that HZO L(ay/by,) converges, and suppose sIUtD(s)/1U)(s) are of bounded variation
(a x)

) (bn)
Proof. Set Cj(s) = sIUTV(s)/I1W(s) and let a,, = (1 + €,)b,. Then > °° &, converges.

on [0,00), 7 =0,1 and 2. Then, H

converges to 1 uniformly as N — oo.

Since C}(s) is bounded, there exists M; > 0 and N € N, such that for n > N and s > 0,

|C;(s) - €n| < Mjlen| < 1. By Lemma 4, we have

©))
H%> H (14 Cj(bpx)en).

n>N n>N

Applying Lemma 5 with ¢, = ¢,, and d,, = b,z and g(z) = C;(z), we obtain

ZC’ (bpx)en, ik

n>N
Thus, Y, .y Cj(bpx)e, converges to 0 uniformly (in x) as N — oo, which implies that

< Dsup
k>N

[I,-n(1—=Cj(byx)ey,) converges to 1 uniformly as N — oo. Thus,

li f >
Nl—rgo xelr()loo H I -
Similarly,
19 (b,x)
li inf >,
Nlir(l)oxel(%,oo) H I0)(a,x) —
The lemma follows. O

Lemma 7. Under the assumptions of Lemma 6, as x — oo we have

12



a’n
1. ha(w) = hy(w) = alog ]| 5.
2. zhl (x) — zhy(z) — 0, and
3. 2*h!(z) — 2*h)(z) — 0.
Proof. First,

hate) — () = log T 722

The fact that I(s) ~ I'(1 — a)F(1/s) implies for any fixed N
N-1 N-1 «
H I(a,x) . H an
o L(bnz - bn

as £ — o0o. The first statement of the lemma now follows from Lemma 6.

Second,

) sy = 3 (Llenn) b b))

=1

B i (anxl’ ) by :z:]’ b, )

n=1

bl (byx) (ay ( nt) 1(bp)
2 Tl (E’ Tna) Tanz) 1)

n>N

3

+

In light of (3) it is easy to see the finite sum vanishes as x — oco. To see that the tail

sum vanishes let us denote

an I'(apz) I(byz)
by, I'(byx) I(a,z)

First, by Lemma 6, the infinite product [] ¢, converges to 1 uniformly as N —

n>N
oo. Thus, Y .y (¢, — 1) converges to 0 uniformly as N — oo. Second, note that by
assumption the quantity

bpxl'(byx)

I(b,x) = Colbu)

13



is of bounded variation on [0, 00). Applying Lemma 5 with d,, = b,z and ¢, = ¢, — 1 we

obtain

byl (bpx) (an, I'(apx) I(byx)
(o) (E' Tone) Tanz) 1) —0

n>N

uniformly as N — oo.

The proof of 221 (x) — z*h}/(x) — 0 is similar. O
Lemma 8. If y = y(x) is chosen to satisfy h!(x) = hy(y) then as x — oo we have

1. x ~vy;

[e.e]

2. [whi(x) = ha(2)] = [yhi(y) — hy(y)] — —alog [ | 72
3. hll(x) ~ hj(y) as x — o0

where « is given by (3).

Proof. To see that x ~ y we notice from the last lemma

why(y) — xhy(z) = why(r) — xhy(z) — 0 (9)

as © — oo. Moreover, by the Mean Value Theorem hj(z) — h,(y) = (z —y)hy(€), we have

s (bnxl’(bnx) bnxl’(bny))

why(x) —ahy(y) = Y

2\ I(byz) 1(bny)
= anx-bn(l’—y) <%) |s=bne
_ (1Y) Zwm?-"“"Q”?Zfzng)”’““5” .

Since
1"(s)I(s) = [I'(s))?
I2(s)

[2hi(y) = whi(@)] > 1= 2| () (0r6).

= f"(s) > 0 for all s > 0,

14



Combining this with (9) and the fact that s?f”(s) — —a > 0 as s — 0o, we have y ~ x
as r — 00.

From Lemma 7 and (9) it is enough to prove
A= [zhy(x) — hy()] = [yhy(y) — mo(y)] — 0 as z — oo. (11)
By the Mean Value Theorem,
Al = [z —y) 0 hy(0)]

2 7 (00) 1(0a0) — [I'(09))?
= |x—y|€an 20,0) :

Lemma 4 and the assumption of bounded variation (Condition 2) guarantee the existence

of a constant M > 0 such that by the triangle inequality

159 ()

Assume for now that there exists 0 < ¢ < 1, such that for all |£/0 — 1| < ¢

" (b0)1(ba8) — [I'(0u0)]* _ £
T7(b, &) 1 (0,8) — (b, O)P = (”K’ ID )

for some constant K. Then, since £ ~ 0, we eventually obtain

A <’ y’ZbQQ (I I;fb)g)[]/(b"g)] 2[1+K‘——1H [1+M‘——1
-

where in the last equality we used (10). Thus, we have shown (11).

T

= |ahl(y) — ahj(z)| - [1+K‘——1H {1+M‘——1

To see (13) observe

B(2) = I"(2)I(z) = [I'(2))* = /0 h /0 Oo(t — 5)%e AR (t)dF (s).

Clearly

9 (2 / / (t4 s)I(t — 5)2e*UT)qF(t)dF(s)

15



and a similar argument as in Lemma 4 gives us

O(0E) - b b0) (€
o0.0) = 0.0 (9 1)’

for all |£/60—1| < 1. Thus, in order to prove (13) it is enough to see that b,0¢'(b,,0)/¢(b,.0)

is bounded. We will do more and prove that the function z¢'(2)/¢(z) is of bounded
variation.

Notice that 1 (2) I'(2)
2¢'(2) _ T~ FT10) (14)

I
1o I'e)  I'(x)
oG-

By assumption both the numerator and denominator of the right-hand-side of (14)
are of bounded variation. To prove that z¢'(2)/¢(2) is of bounded variation it is enough
to show that the denominator above is bounded away from 0. However, for all z > 0 we

have

Moreover,

1) TG) e T TG)(EX
) T —a—1 ~ b amd M omes T T By

where X is a random variable having distribution F'. If both of the expectations are oo
the limit can be shown to be 0. Thus, the denominator of the right-hand-side of (14) is
bounded away from 0, and z¢'(z)/¢(z) is of bounded variation.

To see hl(z) ~ hj(y) as  — oo recall |x?h!/(x)| — oo as z — oo and, Lemma 7
implies h(x) ~ hj(z). Therefore, it is enough to show hj(x) ~ hj(y). However, by
replacing 6 and ¢ with x and y, respectively, in both (12) and (13) we obtain

J"(bn)
f"(bny)

2
xr X

hy(z) >0 b f" (bu) Y y
=&l < (1 K’——1’ 1 M’——l
h(y) oo B2 (buy) —< TR )( M

)

16



Thus, limsup, , .o Ay (2)/hy (y) < 1 and hj(x) ~ hj(y) follows by reversing the roles of x
and . O]

Proof of Theorem 4. This is just a consequence of Theorem 1 and the last two lemmas.

]

5 Proof of Corollary 1

Proof of Corollary 1. We will prove that if & = |Z;|P, p > 0, where Z; are independent
standard Gaussian variables, then s/U+)(s)/1U)(s), j = 0,1,2, is bounded and decreas-
ing, and thus of bounded variation on [0, c0).

Let g;(s) = s7P/2IU+D(s7P/2)/JW)(s7P/2) ) < s < oo. Since s7?/? is a monotone
function, sIU+Y(s)/I19(s) is of bounded variation if g;(s) is of bounded variation. Thus
it suffices to prove that g;(s) is a bounded increasing function. We show g’(s) > 0. By
making the change of variable u = s~/?t, we have
fooo[sil/Qt]jZ’*pe*sfp/Qtpe*tQ/zdt

fooo [8—1/2t]jp6—s*1’/2t1’e—t2/2dt

o0 4 —uP  —su2
fo wIPtPe—? g=sut/ 2y,

o0 . 2 .
fo uiPe—uP e=su?/2y,

9i(s) = —

A direct calculation gives

_ fooo fooo(ujPer — PP (P2 — tjp+2)e_up_SUQ/Qe_tp_StQ/Qdudt

4 UOOO ujpe*“”*SUQ/Qdu] 2

g;(s)

To prove that g; is bounded, use (15) and the bounded convergence theorem to obtain

' [ uiPtPe=" du L(j+1+1/p) ,
lim g;(s) = —%— = — =—(Jj+1/p).
oo I () Jo~ wre du L'(j+1/p) (G +1/p)

Together with monotonicity, we obtain |g;(s)| < j + 1/p.

Finally, &« = —1/p follows from the observation that

o= lim sf'(s) = lim go(s~ %) = —1/p.

S§—00
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Therefore, Corollary 1 follows from Theorem 4 with o = —1/p. O]

Remark 2. The same proof will work for any & = X!, where {X;} is a sequence of
independent non-negative random variables having a density F’(z) that is continuously

differentiable, non-increasing, and —oo < F”(0) < 0.

Remark 3. If we assume the cumulative distribution function £ satisfies both conditions 1
and 2, then F(1/z) = 2*l(x) where a < 0 is the index of variation and [(z) is a slowly
varying function. On the other hand, if F'(1/z) = z®l(x) and I(z) = ¢ + dz” + o(z") as
x — 00, where ¢ > 0, d # 0 and p < 0, then conditions 1 and 2 hold (cf. [5] page 73).
Now, if we suppose F(1/x) = z%(c 4+ da” + o(x”)) as © — oo then we can actually
verify that sIU+1)(s) /1) (s) is of bounded variation on [0, 0o) for any j such that E&/+! =

J, @It dF (x) < oo. Indeed,

IV (s) = (—1)j/ e dF(x).
0
Thus 10+ (s)/I1W)(s) = I'(s)/I(s) where I(s) is the Laplace transform of a random

variable &€, where & has the distribution function
_ Jy s7dF(s)

An integration by parts gives

_ Ve 27 [ —ac  —(«a
F(1/z) = Eifﬂ (F(;J/ ) _/o jsI T E(s) ds) = Fo <j — + j<_;_p>pdx" —l—o(xp))

so that sI’(s)/I(s) is of bounded variation, and therefore sIU+1)(s) /I (s) is also.
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