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Abstract
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1 Introduction

Let X,,(t), 0 <t <1 be a usual (m-times) integrated Brownian motion:

X (1) :/Ot/osm---/OSQB(sl)dsl dsy - - - dsy, (1)

where B(s) is a standard Brownian motion and m is an integer. In this paper we will be
interested in understanding the behavior of the probability that X,,(¢) stays in a small

ball of radius ¢ around the origin:
P (|| Xnl <¢). (2)

As ¢ tends to 0, this probability clearly tends to zero - the question is, at what rate?

Questions of this type fall into the realm of what has become to be called “small ball”
probabilities. The asymptotic analysis of small ball probabilities for Gaussian processes
has received much attention in the literature (see, for example, the recent survey of Li
and Shao (2001)).

To be specific, we will be interested in understanding the asymptotic behavior of (2)
with the Ly norm. This question was previously studied by Khoshnevisan and Shi (1998)
and Chen and Li (2001). They prove the exact logarithmic asymptotics of the small ball
probability of m-times integrated Brownian motion for m = 1 and m > 1 respectively.
Actually Khoshnevisan and Shi (1998) achieve more. They find an explicit representation

for the Laplace transform:

1/2
2
) (cosh2 V0/2 + cos? \/49/_2> ‘

Motivated by this result, Chen and Li (2001) obtained the following: as ¢ — 07,

! 2m + 1
log P (/ X2 (t)dt < £2> ~ — m2+ <(2m + 2) sin
0

92 1
E exp <—5/ Xi(t)dt) =
0

_ 2m+2

2m—+1 2
> e, (3)

2m + 2



That is, they are able to find the exact logarithmic small ball asymptotics for all inte-
grated Brownian motions. The calculations performed show that the Laplace transform
of || X,,][3 for m > 2 is extremely complicated, whereas in the case m = 0 and 1 it has a
relatively nice form.

In this paper we extend their result beyond the logarithmic asymptotics, and, more
importantly, we show that our result is true for a larger class of processes we call general
m-times integrated Brownian motions. Informally, a general m-times integrated Brown-
ian motion is a C[0, 1] process defined as in (1) with B; replaced by B;_s or with some of
the limits of integration changed from (0, s;) to (s, 1). Formally, we define the general
m-times integrated Brownian motion as follows: Consider the following Sturm-Liouville

problem:

AfEMD(E) = (1) f (1), 0<t<1 (4)

with the boundary conditions

f(to) = f/(tl) _ f”(tz) — = f(2m+1)(t2m+1) —0 (5)
where
2m—+1
t; € {0,1} for each j, and Z tj=m+ 1. (6)
§=0

We say that the boundary conditions of (5) are antisymmetric if for each 0 < j < m,
t; =1 —top1—;. Integrating (4) with antisymmetric boundary conditions leads to the

following integral equation:

AF(t) = Af() = / K (s,1)f(s) ds (7)

where K(s,t) is a (uniquely determined) symmetric and positive definite kernel. Call
the unique centered Gaussian process X (¢) on [0, 1] with the covariance function K (s, t)
a general m-times integrated Brownian motion. We will call A the covariance operator

of X(t). It is easy to see that if the boundary conditions are not antisymmetric, then
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(4) and (5) do not lead to a symmetric, positive definite kernel, and will therefore lack a
probabilistic interpretation.

There are two important special cases. When the boundary conditions (5) are chosen
so that t; =0 for 0 < j < m and t; = 1 for j > m, then the resulting covariance kernel
is

L)Z /0 SM(S — u)™(t — u)™ du.

K(s,t) = (o

This is just the covariance kernel of the usual m-times integrated Brownian motion (1).
Suppose we choose boundary conditions so that ¢; = 0 for j even and ¢; = 1 for j

odd. The resulting integral equation leads one to the kernel

1 1
f(m(s,t):/ / (sAs1)(s1AS2) (S At)dsydsy---dsy,.
0 0

This kernel has the form [see Chang and Ha (2001) Theorem 2]

Ruto) = 0 s (B (557) - 2o (157))

where E,(x) is the nth degree Euler polynomial (see Theorem 1 below). In this case the

eigenvalue problem (7) is completely solvable and we get

A= (ﬁ)w

which allows us to calculate the exact small ball asymptotics (including all the constants)
for this process. We will call the corresponding process the m-times Fuler integrated
Brownian motion.

In general we could have chosen any antisymmetric boundary conditions. It turns
out that these processes are not very different from each other from an eigenvalue point
of view. We prove the following result:

Theorem 3 For the general m-times integrated Brownian motion
1
P (/ X2 (t)dt < £2> ~ Cemmrr(ITko(2m+2)) exp{—Dm{%ﬂ}
0
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where
_2m+2

2m—+1
<(2m + 2) sin 2m7r+ 2> ,

C' is a positive constant, and ko is an integer. Furthermore, kg = 0 for m < 30.

_2m+1

Dy,
2

The authors conjecture kg = 0 for all m > 0. It is not difficult to show ky = 0 for
m < 2; however, to show ky = 0 for all m > 0 would require a general statement about
the spectral function for higher-order Sturm-Liouville problems. Roughly speaking, one
would need to show the asymptotic equivalence of the spectral functions for certain
Sturm-Liouville problems with “permuted” evaluation points.

We prove Theorem 3 by approximating the eigenvalues of the covariance operator
of general m-times integrated Brownian motion. These approximations will be sharp
enough to achieve the exact small ball probability rates. Since centered Gaussian pro-
cesses are determined uniquely by their covariance kernels, what we shall see is that
m-times integrated Brownian motions can be understood through the analysis of the
corresponding Sturm-Liouville problem.

Let A be the covariance operator of a general m-times integrated Brownian motion.

Theorem 2 The eigenvalues \, of A are

1 2m+2 1 T
e =|+—"7F— — —k s
k ((ko—i-k—%ﬁr) +O<k2m+3 exp( 7rs1n(m+1))>

where kg = ko(A) is an integer.

For example if we consider the usual 1-time integrated Brownian motion it turns out

that the eigenvalues A\ of A satisfy

1 1
cosh (W) Ccos (m) =—1 (8)

(see Courant and Hilbert (1937) page 296 or Freedman (1999)), but as m increases so



does the complexity of this defining equation. For example, for m = 2 we get

1 o 1 1 V3
4 4+ 4 cos (W) + cos (W) + 8 cos (W) cosh (W)
1 V3
4+ cos (m) COSh (W) = 0. (9)

In the case m = 1 it is not difficult to see that in order for a small A to be an eigenvalue

the cosine needs to be very close to zero:

1 c
oS (W) =0 <exp (_W>> :
As we shall see later A\, = (m(k — 1/2))* + O(e™*") as k — oo. It turns out that this
asymptotic is very sharp, and, with the help of a representation theorem of Sytaya (1974)
and comparison theorems of Li (1992), we can get the exact asymptotic behavior of the
Ly small ball modulo a constant. In fact, what we will see later is that for m large the
complexity of the processes is coming from only the first few eigenvalues after which the
eigenvalues behave very much like a fixed function of the zeroes of cosine.

The remainder of the paper will be organized as follows: In section 2 we relate the
two definitions of the general m-times integrated Brownian motion introduced earlier and
prove the exact small ball asymptotics of the m-times Euler-integrated Brownian motion.
In section 3 we obtain the exact asymptotics of the eigenvalues of the covariance operator
A of any general m—times integrated Brownian motion, and in section 4 we state the
exact asymptotic formulations for all m-times integrated Brownian motions and show
that ko(A) = 0 for m < 30. We also provide some compelling graphs which suggest

ko = 0 for all m.

2 General and Euler-Integrated Brownian motions

In this section we first study the connection between the “intuitive” and formal definitions

of the general integrated Brownian motion. Then we continue with a more detailed study
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of the Euler-integrated Brownian motion.
The following notations will be convenient: Let T and T be operators that act on

functions in Ls[0, 1] by

Tof(t):/otf(s)ds and Tlf(t):/t £(s)ds.

By Fubini’s theorem (f, Tog) = (11 f, g), that is, Tj is the adjoint operator to 7;.
Let X (t) be a continuous centered Gaussian process with the covariance operator A.

Then
¢ 1
/0 X(s)ds =Ty X(t) and /t X(s)ds =T1X(t) (10)
are continuous centered Gaussian processes. It is easy to check that the covariance
operator of T; X (t) is T; ATy ;.

Let By be a standard Brownian motion and B; the process By(l — s). It is well
known that the covariance kernel of By is min(s,¢). Thus, the covariance operator of B;
is T;T7_;.

Fix an integer m and take a sequence I = {i,,,%p_1,...,%}, where i, € {0,1}. In
accordance with (10) define X!(t) = T;  ---T;, By, (t). It follows from the observations

made in the previous two paragraphs that the covariance operator of X(¢) is
Af(t) =T, - TiTi—ig T, f(2). (11)

Consider the eigenvalue problem Af(t) = Af(t). Upon successive differentiation we get

the following differential equation:
AFETER(L) = (=1 f(8)
with boundary conditions

flim) = flimt) =+ = f(m)(io) — f(m+1)(1 —dg) == f(2m+1)(1 — i) = 0.



This is exactly the Sturm-Loiuville problem with antisymmetric boundary conditions.
The process X’(t) is then a general m-times integrated Brownian motion. This explains
the intuition behind the definition, since each T is an integral operator. Notice in par-
ticular that X {90} is the usual m-times integrated Brownian motion and X {%1.0:1-} ig
the Euler-integrated Brownian motion.

In the rest of this section we restrict our attention to the Euler-integrated Brownian

motion. We prove the following theorem:

Theorem 1. Let X (t) be the m-times Euler-integrated Brownian motion. Then

(i) the process X (t) has the following covariance kernel

mtl 92(m+1-j)

Kon(s,t) = (=1)" Z (25 — DI2(m + 1 — j)]!<3 A Y By (2 . t) (12)

where E,(x) is the n-th Euler polynomial;
(i) the eigenvalues of the covariance operator are A\, = ((k — %)7?) _27”‘27.
(iii)
P (/1X2(t) dt < 52) ~ Oy £T07T exp {_Dmgzﬁﬁ}
0

where

om -9 \ /2
Cp = 2m+/2 <L> [(Zm +2) sin
7r

m+1/(2m+1)
(2m +1) ]

2m + 2

and
2m—+2

T 2m+1
<(2m + 2)sin 2m7r+ 2) .

Dm:2m—|—1

We need the following lemma.

Lemma 1. Suppose k > 1 is an integer, then

ﬁ L+ ( x >2k] B ]i—[l [cosh (masin(Z 7)) + cos (rx COS(%W))] V2
n=1 j

2n—1 2

J=0



Proof. Let ¢; = exp(ﬂm) be the 2k-th roots of —1. Then ¢; = —cj4;, and we have

() B s - 2]

j= ]:0

Using the infinite product expansion of the cosine function

cos(mz/2) = H( 2n—21)>

we obtain

o) 2 2k k—1 oo
g 1+<2n—1) ]: , OH
1

[1 (27?_01 Hcos wre;/2)

)2

n=1

> <

||
—

[cos(mxe;/2) cos(macy_1—;/2

Il
— o

1/2

ol <.

lcosh (7r:1: sin (%ﬂ)) + cos (7r:1: cos (2J2—J,gl7r))
2

o

j=

Remark 1. When k = m+1 and = = 2(20)"/?™*2) /1 we obtain the exact Laplace trans-

form Eexp( 0 fo X2( ds) of the squared L, norm of the m-times Euler-integrated

Brownian motion.

Proof of Theorem 1. (i). The authors proved the formulation (12) before we discovered

the formulation (13) in Chang and Ha (2001). We just need to check that either kernel

representation for A will lead to the correct differential equation. The following facts

regarding Euler polynomials will be useful in this regard (see Abramowitz and Stegun

(1972) page 805): For n > 0 an integer
E/(x) =nE, 1(z) and E,(0)=0.

The verification is straightforward and we omit the calculation.



(ii). Notice that (11) implies that the covariance operator

Af(t) =C™ (1),

where C' is the covariance operator of the standard Brownian motion. Recall that the
operator C' defined on Ly[0, 1] has eigenvalues v, = (m(k — 1/2))~2 for k > 1 and corre-
sponding eigenfunctions ¢ () = v/2sin(m(k —1/2)t). The eigenvalues and eigenfunctions

of A now follow via the relation:

Ag(t) = C™H () = ().

That is, we see the eigenvalues of A are A\, = 1" = (7(k — 1/2))~?"*2) and we have
exactly the same eigenfunctions.

(iii). It follows from the Karhunen-Loeve expansion of X () that

P (/OIXQ(t) dt < 52) =P (i::Akfi < 52)

where ¢, are independent N(0,1) random variables. We use the following result from
Sytaya (1974):

00 2 7% 00
P (kz:; MR < 52> (47?2 (1 ‘:\;z\lﬁ) ) exp {527 — %Zlog(l + 2)\w)} (14)

k=1

where v satisfies the following relation:

=y (15)
P 1+ 2)\16’}/
Define
1 oo
h(y) = ;log li[l(l +2X7)-
Then

1 o0
ey — 5 D log(L+ 2\ky) = 7H' () = h(v);

k=1

ARY ?
— _9 211 .
Z (1 +2)\k’y> ™)

k=
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Applying Lemma 1 with x = 2(27)ﬁ /m, we have

2 ) / 2m—+2

f'}/ 2m+2 s

— —1 1

8 1;[ + ( 2% — 1 )

tog T [ cosh (2(27)1/@+2 sin 2j+1
o 2m + 2

2j + 1 m+ 1
2(2 1/(2m+-2) I o 1 92
+ cos( (27) cos | 5 o7 7 log

-1

It is not hard to check that

+1
h — 9-1(9~)1/(2m+2) @ _m log 2
(7) (27) ese(— +2) 5 log
O _9(9~)1/(2m+2) Q .
+ (exp( (27) sm(2m+2)
1 T
/ — 2—1 2 1/(2m+2)
YR (7) S (27) CSC(2m+2)
0 991/ (2m+2) ¢ m
+0 (exp (-2 Dsin( 1)) )
and
2m+1 1
2h// _ . Lo—1 2 1/(2m+2)
0 99 )1/ 2m+2) n ‘
+ (exp( (27) sm(2m+2)

On the other hand, by the definition of 7, €2 = h’(v). This implies that
—1/(2m+1)
) } o—2/C@m+1)

+ O(exp(—Ce™?/mHD)) - (16)

for some positive constant C'. Thus,

exp(Y'(7) = h(y)) ~ 20" D2 exp (D= mH)

and
~ 9m 4 9 1/2 - (m+1)/(2m+1)
—9 Qh// 1/2 ~ 2 2) si 1/(2m+1)'
[—2m72h" ()] @m+ r (2m 4+ 2) sin — e
The statement of the theorem now follows. O
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3 Eigenvalue approximations

In this section we obtain very sharp asymptotics of the eigenvalues for the covariance

operator A of all general m-times integrated Brownian motions.

Theorem 2. The eigenvalues A\, of A are

1 2m+-2 1 T
= ——exp(—knsi
- ((ko k- %w) +0 <I<:2m+3 exp(—hmsin(Z— 1))>

where kg = ko(A) is an integer.

Notice that the error term is of exponential order. The only setback is the presence
of the integer kg, which we are not able to evaluate for general m. However, we shall see
that kg = 0 for all m < 30 (see section 4).

It is worth mentioning that, in the case of Brownian motion (i.e. m = 0), our formula
recovers the well-known exact solution. In the case of m = 1 we sharpen the result of
Freedman (1999), who proved that A, ~ (k7)~*. In fact, in his paper Freedman defines
a general class of priors which is an example that shows for a statistical problem with
infinitely many parameters the Bayesian and frequentist methods lead to totally different
results. Our result shows that general m-times integrated Brownian motions fall exactly

into the framework of his example.

Proof. For simplicity we first consider the usual m-times integrated Brownian motion.

We need to analyze the following Sturm-Liouville equation:
AFEE(E) = (1) () = ()™ (1)

with boundary conditions

FR©) = Fr (1) =0

for k =0,1,...,m. The eigenfunctions are the nontrivial functions of the form
2m+1
Ft)y=">" cje!
5=0
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with o = AV (2m+2)iwj and w; = exp(mj—:li) satisfying the boundary conditions. The
idea is to find the values of A which make nontrivial solutions possible. Thus, taking
derivatives, plugging in the boundary conditions, and dividing the kth row by (A~!/ (2m+2)i)k

leads to the following (2m + 2) x (2m + 2) matrix:

1 1 e 1
Wo w1 s Wom+l
M = w6”+1 wi”ﬂ e w%"mtl
m o m a1 . m+ a2 1
Wo €77 wyp o€ Wom 1€
Wfmlenn wimHeen L gm o

The key observation is that A is an eigenvalue if and only if det M = 0.

We claim det M is either real or pure imaginary. To see this, we notice W; = —wp,41—;
and €% = e*+1-i. Furthermore, M = DMR where D is a (2m + 2) x (2m + 2)
matrix with entries dy; = (—1)%0;; R is a (2m + 2) X (2m + 2) matrix with entries
ryj =1lifk+j=m+3ork+j=3m+5, and r,; = 0 otherwise. This implies that
det M = (—1)™det M. Thus, det M = 0 if and only if Re(i™ det M) = 0.

Multiply the last m columns of M by e®, e*2, ..., e®" respectively, and use o; =

— Q4145 to obtain the following matrix N:

1 e 1 1 e e edm
aq Qm
Wo o Wy Wm+1 Wm42€ crr Wom41€
— m .. m m m a ., m o
N =1 wy » wr : wmﬂ wmﬁe w%ﬁle m
m (o™ - m+1 m —ag m L. m
wO € wm e wm—i—l € wm+2 w?m—i—l
2m—+1 o . 2m+1 o 2m+1 _—ap 2m—+1 . 2m—+1
Wy € W €T Wiy € Win+2 Wom+1

Note that e - 02 ... e0m = ¢~ amya) sinlapin) ™™ " pyg det M = 0 if and only if

Re(i"™ det N) = 0. Further notice that for 1 < j < m,

le% | = exp [ =AY+ gin I —0as A — 0T
m+ 1
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Therefore, we have

det N = det Ny + O (exp (—)\_1/(2m+2) sin (L))> , (17)
m+1

where N is the matrix obtained from N by replacing all the entries containing e®/,

1 < j <m, with 0. That is,

1 1 T 1 0 e 0
wo Wy Wy Wit 0 0
— m m m m
No=1 +1 e om wmﬂ 0 +1 0 +1
m @0 ce m —ao m Ce m
Wy € 0 0 Wnt1€ Win+2 Wom+1
2m—+1 _ag . 2m+1_—ap 2m+1 2m+1
wp e 0 0 wpire Win+2 Wom+1
It is now easy to see that det Ny = e~*°det(U) - det(V') — e*det(U’) - det(V”), where
m+1 m+1 m+1
1 1 T wm% Wm+% w%fél
m+ m-+ m
| wo w1 ot W _ | W1 Wiy 0 Wop
U - ) V - )
m m m 2m—+1 2m—+1 2m—+1
Wo Wi o Wny s B N

U’ is the matrix obtained by replacing the first column of U by the column vector

(1, w1, Wi H)T, and V' is the matrix obtained by replacing the first column of
V by the column vector (wg™, w2, -+ wa™)T,

We will now manipulate det(U’) (resp. det(V”)) in such a way that we get a constant
times det(U) (resp. det(V')). Notice that the first column of the matrices U" and V' is a
natural successor of the last column. Thus, for 0 < 57 < m by factoring w{ = wj from the

j-th row of U’ and factoring w]"*'* = Wint1+; from the j-th row of V', we obtain

2m+1

det Ny = e *det(U) - det(V) — e®det(U) - det(V) [ w;
= det(U)det(V)(e™* 4 e™). (18)

Further, det(U)-det(V) # 0. By checking the conjugate, we have det Ny = (—1)™ det N.
So, i"det(U) - det(V') is a non-zero real number. Thus, by (17),

cos(A"YEm2)) = O <exp (—/\_1/(2m+2) sin (mj— 1))) : (19)
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and the right hand side of (19) is real.
Choose Ao small enough so that absolute value of the right hand side of (19) is less
than 1. If A\, is an eigenvalue, applying the intermediate value theorem for real continuous

functions, we obtain, after some simple algebra,

M = [(k— 1/2)7] 2" 2 4 0 <ﬁ exp <—k7r sirl(m7jr 1)))

for some integer k.

Since the intermediate value theorem gives only the existence and not the uniqueness
of the root, we have to ensure that the det N as a function of A is monotone in an appro-
priate neighborhood of ((k — 1/2)7)~2™~2. To ensure this as well as the fact that these
eigenvalues have multiplicity 1, we need to compute % det N. Using similar arguments

as in the derivation of (17) we get

d d T
N = N, —(2m+3)/(2m+2) _\—1/(2m+2) ]
N det o det No + O ()\ exp [ —A sin | — 1

Furthermore, using (18) we get

% det Ny = det(U) det (V) sin( A~/ Gm+2)) \=(@m+3)/(2m+2)

This implies that there is a 0 < A{j < A, such that, at each eigenvalue A < A{ that is expo-

nentially close to ((k—1/2)7)~2™~2, < det N is exponentially close to (—1)*det(U) det(V)[(k—

"X
1/2)7w]*™ 3 which is bounded away from 0. The local monotonicity and the fact that the
eigenvalues have multiplicity 1 follows.

Since the covariance operator A is positive and compact, A has only finitely many

eigenvalues bigger than \j. We conclude that

e b2 50 (g (krsn (7)) )

for some integer k.
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For the general m-times integrated Brownian motion defined in the introduction, the

corresponding matrix M is changed into M= (my;), where my;

t satisfy (5) and (6).

:wje

k troy

, and where

By checking the conjugate, one can see the determinant of M

is still either real or pure imaginary. To estimate the determinant, we apply a similar

approximation. After some appropriate row permutations, we obtain

no ) 7o no e
Wy w; Wit Wiy 0 0
wy? wit wpt wply 0 - 0
No=| wim wym™ wpm W 0 - 0
lo Lag lo —ag lo lo
Wy € 0 0 Wm+1€ Wm+2 Wom+1
Whmeo () 0 whm, gm0 lm whm
0 m+1 m—+2 2m+1

where n; and [;

satisfy {ng,ni,...,n,} = {i:

t; = 0} and {lo,ll,...,lm} = {Z :

t; = 1}.

(Notice that antisymmetry implies the number of 0’s and 1’s is the same.) It is not hard

to see that det Ny = e~ *0det(U) - det(V) —

no

lo

e*det(U’) - det(V’), where

lo . lo

no no
Wy W Wi w’;n—f—l W?H—Q W%m+1
ni ni .. ni 1 1 c. 1
U—=| “% “ W, V=] “Ymtr “mi2 Wom41
) b
Nm, Nm, R Nm, Im Ilm Ilm
Wy Wi Wm W1 Wmao Wom+1

U’ is the matrix obtained by replacing the first column of U by the column vector

no

(Wi, wpl gy wpm )T and V' is the matrix obtained by replacing the first column of

V by the column vector (wl,wh,---

,wim)T . For 0 < j < m, by factoring Wy, from the
J-th row of U’ and factoring w;, from the j-th row of V', we obtain

2m—+1
det Ng = e *det(U) - det(V) — e det(U) - det(V) H W,
=0
= det(U) det(V)(e™ + e™).

Notice det(U) - det(V') # 0. Thus (19) remains unchanged. The rest of the proof is also

similar. O
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4 Exact small ball rates

We now restate the main theorem of this paper.
Theorem 3. For the general m-times integrated Brownian motion
1 1 2
P </ X2 (t)dt < 52) ~ Cezmi (Hho@mF2) oy, {—Dm€_2m+l}
0

where
2m—+2

T 2m+1
((2m + 2) sin 2m7T+ 2) ,

C' is a positive constant, and ko is an integer. Furthermore ko = 0 for m < 30.

Dm:2m—|—1

Proof. Let ay denote the kth eigenvalue of A, by = ((k — 3 + ko)m)">"2 and ¢, =
((k — $)m)~?~2. In the definition of by if ko < 0 then define by, ...,b_g, as 1. From Li’s

comparison theorem (see Li (1992) Theorem 2) we conclude
P (Z iy < 52> ~CP (Z biéiy < 52> : (20)
k=1 k=1

1/2
where C' = [[2, (Z—i) is a finite positive constant. In order to prove the theorem we
need to get from the by to the ¢ which can be done by Li (1992) Theorem 3. Namely,
P (Z b < 52> ~ Oyol2p (Z sl < 52) (21)
k=1 k=1
where C' is a positive constant and y ~ C’e=4m+1/2m+1) a5 in equation (16). Hence, by

combining Theorem 1 part 3 and equations (20) and (21) we conclude

P (Z akfi < 52) ~ Cgﬁ(1+ko(2m+2)) eXp{—Dmg_%H}.
k=1

This proves the first statement.
For each m there are 2™*! general integrated Brownian motions. Since each of these

processes has a conjugate process, that is, since the covariance operator of the process
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Xlioim} hag the same eigenvalues as the one for X 1—%1=im} it suffices to consider
only 2™ boundary conditions.

Case m = 0: Trivially true.

Case m = 1: There are essentially only 2 integrated Brownian motions: the usual, and
the Euler-integrated. For the usual integrated Brownian motion we have from equation

(8), defining p = A~/4, the function
fo(p) = cosp coshp + 1.

Then it is easy to check that fy(p) > 0 and fo(p) < 0 for p € (2km, (2k + 1)7) and
€ ((2k—1)m, 2km) respectively for k = 0,1,2.... Furthermore, fi(p) < 0 and fj(p) > 0
for p € (2km, (2k + 1)m) and p € ((2k — 1), 2kn) respectively. Therefore, f; has unique
zeroes in the intervals (km, (k+ 1)7) for k = 0,1,2,.... For the Euler-integrated process
there is nothing to show. This proves m = 1.
Case m = 2: There are essentially 4 processes we need to consider: the usual, the
Euler-integrated, and the processes X {11 and X {001} Respectively, the determinant

functions are (p = )\—1/6)

fp

g1(p) = 48 + 48 cos(p) + 12 cos*(p) + 96 cos(g) cosh(~—=) + 12 cos(p) cosh(v/3p),

g2(p) = 108 cos®(p) 4 108 cos(p) cosh(v/3p),
f 3p

\/_p

g3(p) = 48 cos(p) + 24 cos(2p) + 96 cos(g) cosh(——=) + 48 cos(p) cosh(v/3p),

ga(p) = 48 cos(p) + 24 cos(2p) + 96 cos(g) cosh(~—=) + 48 cos(p) cosh(v/3p).

Remarkably, we find that g3 = g4. So we have reduced our work to showing ky = 0 for
only ¢g; and g3, since we get the Euler-integrated process for free. The proof is now a
straightforward calculus exercise, and we omit the details.

The authors ran computer calculations that show ky = 0 for m < 30, that is, A\, =~

((k — 3)m)~2m™=2 The main idea is captured in Figure 1. We display K det(N)(p) as

18



a function of p (p = A"Y/@m+2)) for a few usual m-times integrated Brownian motions.
The purpose of the K is solely to scale the graph to reasonably fit on the page. Each
zero of the graph of the determinant corresponds to an eigenvalue of A to the power of
—1/(2m + 2). In section 3 we proved that the scaled determinant should behave like a
cosine for large p. We can see this in the picture. However, the most important feature
that the picture shows is the following: There exists an integer {* > 0 such that the
number of zeroes of K det(N) to the left of I and the number of zeroes of cosine to
the left of {7 is the same for all integer [ > [*. By checking this for all m < 30 we can
conclude that ky = 0. The authors conjecture that ky = 0 for a general m.

]

One more remark is in order. It seems intuitively clear that, among the general
m-times integrated Brownian motions, the usual integrated Brownian motions have the
largest Lo-small ball probabilities while the Euler-integrated Brownian motions have the
smallest Lo-small ball probabilities. The authors could not formally prove this observa-
tion; however, it is supported by computer calculations. For an illustration we have in
Figure 2 graphs of K det(N)(p) for several 6-times integrated Brownian motions. No-
tice in particular that the first few zeros of K det(IN)(p) are decreasing as we progress
from the usual integrated Brownian motion to the Euler integrated Brownian motion.
This observation would imply that for any general m-times integrated Brownian motion
0 < ko < ki, where £ is the ky associated with the usual integrated Brownian motion.

This is in agreement with our belief that in all cases kg = 0.
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Figure 1: Scaled determinant and the limiting cosine of usual integrated Brownian motion
with m = 1,2, 6, 25.
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Figure 2: Scaled determinant and the limiting cosine for X {0.0.0.0.00.0} = x{0,1,0,0,0.0.0}
X{010.1000}  x{0.10,10,10} yespectively.
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