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Abstract

If {X;}er is a process with tail probability

Aju
Pr(|X; — X,| > u) <exp (—min{Htuw, 1 §i§d}>,
— S ’il

where A; and «; are positive constants, and || - ||;, 1 < ¢ < d, represent d
different norms. Suppose a3 = min{a;}. Then there exists a constant K
depending only on d and «;’s, such that

d
—1/ay
< Xl + B DA 0, (T - ),
Yaq i=1

sup | X, |
teT

where ty € T, and 7,, are the majorizing measures of 7'.



This is an extension of the corresponding result in [T2], where d = 2 was
considered. Some techniques we use here are similar to that of [LT], though
the latter contains an error. After this paper had been written, the author
learned from Talagrand that the result had appeared in [M]. The author have
not got the access to [M]. But according to Talagrand, the method of [M] is
a rewriting of [T2]. So, our methods should be different. Also, we deal with
Orliz norm, which is a stronger result.

A few weeks after a preprint of this paper was sent to Talagrand, the
author receiwved a preprint [T4] from him, which contains a different (and
simple !) proof of this result. The author noticed and informed Talagrand
that by regrouping the summation in our approach, the main result of [T4]
can be recovered. However, the approach in [T}] is superior. So the author
decide not to submit this paper for publication.

Lemma 1 seems to be new. It gives a quick proof of the theorem for the
case d = 1 with Orliz norm. (For example, the sub-Gaussian case.) This is
the main reason to make this paper accessible to public.

0.1 Introduction

Consider a process { X, }ier with tail probability

Aju®
Pr(|X: — Xs| > u) < exp (—min{”:lﬁiﬁd}), (1)
— S Z.Z
where A; and «; are positive constants, and || - ||;, 1 < ¢ < d, represent d

different norms. It is of interest to study sup | X;|. In this note, we will prove
teT

Theorem 1 If {X,;}ier is a process satisfying (1) with oy = min{ey; : 1 <
i < d}, then there exists a constant K depending only on d and «;’s, such
that

d
-1/
< Xl + KOS AT Y (T 1),
Yoy i=1

sup | X |
teT



where tg € T, and ~,, are the majorizing measures of T. (See the definition

below.)

For a bounded (not a singleton) set 7' in a normed space (X, || - ||), the
majorizing measure v, (7, || - ||) is defined by

1 1/a
——| e, 2
e 2
where B(t,¢) is the ball in X with center ¢ € T and radius € > 0; p is a
probability measure on T'; and u(B(t,¢)) is understood as p(B(t,e) NT).
The infimum in (2) is taken over all probability measure p. We note that
the right side of (2) remains the same if we replace 7" by any dense subset
T' C T. Tt can easily be proved that

2T, - 1I) = inf sup [mg
K teT JO

1 T

) 1/a
1
“Ya(T) <sup Y rFllog———=| < o(T
Tfy( )_tlel'll?k:br [ g“(B(tyr_k))] _7’—17( )

for r > 1, where b is an integer satisfying r—® > diam(T).

0.2 An Equivalent Definition

In this section, we introduce “net ordering” to explain majorizing measures.
The idea of net-ordering was developed by analyzing [T1] when the author
was assigned as a course project for a probability course in early 96. Later
on, we learned that [T3] more or less contained a similar idea, but not the
same. We believe this “net-ordering” enables one to understand majorizing
measures better, at least in the author’s case. We also had realized that by
regrouping the summands in the definition, one could obtain a simpler form
as in [T4]. However, we will then lose some useful information about the set.
Also, the current formulation itself well explains the relation between and
Dudley’s metric entropy condition.

For € > 0, an e-net N(¢) of T is a set such that for every ¢ € T, there
exists a point s = s(t) € N(e) satisfying ||t — s|| < e.

An ordering of a finite set S is a one-to-one map from S onto {1,2,...,[S|},
where |S] is the cardinality of S.



For r > 1 and integer k, let N; be an r—*-net of T, and let I; be an
ordering of Ny. Because T is bounded, there exists the largest integer b, such
that N, contains only one element, say tg.

Fix n > b. For each t € N,,. We denote m,(t,n) = t, and select 7, _1(t,n),
Tn—2(t,n), ..., me(t,n), ... in order, so that m(t,n) € Ny,

lmi(t,n) =t < v 7%,

and Iy (mi(t,n)) is as small as possible. The procedure stops when we reach
mp(t,n) = to. Thus we have the expansion

n—1

t:to—i-kz:bﬂ'k+1(t,n)—ﬂ'k(t,n>. (3)

In general, (¢, n) may depend on n. When there is no confusion, we simply
denote it by ().
We also denote

Mo (r,m) = sup 3 r* [log Iu(mu(t))]"/*.

teENy, k=b
Clearly, M, depends on nets Ny, and their orderings I, b < k < n. Define

Ou(T,r) = inf sup M, (r,n), (4)
n>b
where the infimum is taken over all choices of nets Ny and all the orderings
of these nets.
The following equivalent condition will be used later.

Theorem 2 There exist a constant K depending only on v, r > 3, and «

such that ]

K
Proof: (i) Without loss of generality, we assume 7" be compact. Suppose
Ya(T) < 00. There exists a probability measure p on 7', such that

(T) < O0u(T, 1) < K7a(T).

1/
< r?y,(T).

1
—k
su E r lo
tETI? k>b g M(B<t7 T_k_1>>



For each k£ > b, we let N, consist of elements sq, s9,...,S;, ... chosen succes-
sively, such that

lsi — sl = 7~ (5)

for i # j, and p(B(s;,r~%71)) is as large as possible. (The maximum can be
reached by assuming 7' be compact.) Let [ be the natural ordering of N.
That is Ij(s;) = 1.
For each n > b and t € N,,, by (3) we have the expansion
n—1
t= to + Z 7Tk+1(t) - Wk(t),
k=b

where m,(t) = to, ..., mg(t), ..., m(t) =t satisfy mg(t) € Ny,
() =t <o

and I (mg(t)) is as small as possible.
Suppose I(mi(t)) = m. By the selection of m(t), if s € N}, satisfies
I(s) < m, then

s —t|| > 7. (6)
Therefore, by the selection of m(t), we have
p(B(t,r™71) < p(B(m(t), r7). (7)

We also note that by (5), the sets B(s,r*71), I;(s) < m, are pairwise
disjoint, and each of them satisfies

p(B(s,r™71) = u(B(m(t),r=7). (8)

Therefore 1 .
B(m(t),r F )< — = —— .
HBrlt). 1) < o= s

Plug into (7), we obtain

1
p(B(t, r=+1))

I (mi(t)) <

4



Therefore

M,(r,n) = sup Zr [log I, (my(t ))]l/a

tENn L—p
1 1/a
< sup r~* 1o
Sup 2 r |8 )
< r27a<T)v

which implies O, (T, 1) < K7,(T) for K = r2.
(ii) Suppose O, (T, 7) < 0o. There exist nets Ny and their orderings Iy,
such that for all n > b,

sup Zr [log Iy (g (t ))]1/0‘ < 204(T,r).

tENn |—p

We take a discrete probability measure p such that for eachn > bandt € N,,,

p({me(t)}) > (72)2 [(k) —b+ ll)fk(ﬁk(t))

Because ||t — 7 (t)|| < r~%, we have m(t) € B(t,r~%). Therefore

2

n—1 1 1/a
sup Z r~* |log r—’f))]

tENn L—p L /L(B(t,
n—1 . r 1 1/a
< sup r— " |log ]
P2 [ LD
n—1 6 1/
< sup Y r* 210g ( ) +2log(k — b+ 1) + 2log I (mx(t))
t€Nn L—p
n—1
< Kir+ K, sup Zr [log Iy, (mx (¢ ))]1/0‘
tENn L—p
< KOW(T,r),

where in the last inequality we used the assumption that 7" is not a singleton.

Because | N, is dense in T, we have
n>b

i 1 1/0& n—1 i 1 1/0{
sup ) " | — =supsup » r " |log ———— _
ter %‘3 LKB@ T_k))] n>b teN, kZ::b [ g n(B(t, r‘k))]

5



Thus 7, (1) < KO (T, 7). [ |

0.3 Nets and Their Orderings

Fix r so that r > 3% for all 1 < i < d. By homogeneity, we can assume
that A; = 1 and 7, (T, || - ||l;) < r~=3/% for all 1 <4 < d. By Theorem 2, for
any 1 <i < d and k > 0, there exists a r~—%/®-net N,gi) of (T, - ||l;) and an
ordering 1,9, such that, forall 1 <i<dandn >0

/ey

sup 3 M log I (P ()] < ¥, (V- ). (9)

te N k=0

Denote

End
+
=

500 = 3 (105 1= 1) "

1

<.
Il

Then, (9) implies that

n—1 ]
sup Y Mg (8) < ¥, (T ) < 1 (10)
teN{) k=0

foralln >0and 1 <7 <d.
Fix n > 0. For each 1 <7 < d, consider NQ(;) For each u; € NZ(;) and
0 < k <n,let m;(k,u;) be an integer depending on k and wu;, and to be fixed
later, such that
kE<m;(k,u;) <2k,

and
m;(k,u;) > mi(k —1,u;) for 0 < k < n.
Denote
B,(:)(ui) = {t erT: Ht — ng)l(uzk)(uz) i < 27’_"“(1“’“1')/0”} )
Because

B(w) > {teT:t—uwll, <t/
> {teT: |t —ul, <r 2/},

6



we have U B,ii)(ui) covers 7.

U»LENQ(;)
For each u; € NS), 1 < i < d. If the set N Bg)(ui) is non-empty, we
i<d
randomly select a point from this set, and denote it by mp(u1, us, - -+, ug). We

further assume that if
N B (w) = N BY (u)
i<d i<d
then
7Tk(u1, Ug, - Ud) = Wk(uﬁ,uéy T U/d)

Thus, 7 (uy, ug, - -+, uq) is determined by m;(k,u;) and 7rm (s k)( u;), 1 <i <
d.
Denote

Nk:{ﬂk(ul,u%---,ud):ui GNz(:L),l Sigd}.

Next, we give an ordering to N;. We define I} so that if

Tk (ug, g, . . ., uq) € Ni and mg(uy, uy, ..., ul) € Ny
satisfy
d
(Z) 0
then

Ik(ﬂ-k(ubu% te aud)) > Ik(ﬂ—k(ulhuéa cee 7“21))

We prove that under such an ordering, we have

O [CRE) U IS C)) IR
To see this, let
U= H ‘['r(:Lz kyu;) ml (k ul)(ul)%
and suppose
d



For each ¢ < d, m;(k, u;) has no more than k+ 1 choices; and when m;(k, u})
fixed, 7, (k) (u;) has no more than U choices. Because my,(uy, uj, -+, ug) is

7(2(“17,6) (uf), 1 < i < d, we conclude that there
are no more than (k+1)?U? different my,(u}, uj, - - -, u};) satisfying (12). This
implies (11).

Fix n > 0. For each t = m,(u1,us, -+, uq) € N,, denote

determined by m;(k, u;) and 7

(1) = mp(ug, ug, -+ -, ug) for 0 < k <n.

Because we can assume Néi) be a singleton for all 1 <7 < d, we can assume
that 7y (t) does not depend on t. We denote my(t) = to. Now we can write

sup | Xy
teNn d)al
n—1
< ||Xt0||¢a1 + ||sup Z ‘Xﬂ'kJrl(t) - Xﬂk(t)'
31
n—1 n—1
< [ Xellpo, + sup S ault) + ‘ ap 3 (o) (13
tENR — tENn 0 Yy
where N
Ye(t) = (| Xra = Xmuo] = 1(8))

To estimate the last term in (13), we use the following lemma.

0.4 A Lemma

Lemma 1 Let ¢ be a Young function satisfying

O ay) < Ko~z (y)
and
v 2?) < Ky~ ()

for some constant K. Let Fy be a finite set of random variables of 1¥-norm
bounded by 27%, and let J,, be an ordering of F),. Suppose S is a subset of



{ZYkYkEFk,kZO} Then

k>0

supz | Y|

k>0

S
¥ k>0

where Cy, 1s a constant depending only on 1.

Remark 1 The following weaker result was proved in [AG/:

sup | Zy|
k>1

< Cysup H@ﬁ_l(’f) : ZkHw
b k>1

Proof: Without loss of generality, we assume

C’wsupzw (Vi) + K+ 1) [[Yall, <1

k>0

where C), is a constant to be determined later. For v > 1/2,

A: = { (supZ|Yk) }
= LSJ {kZ Yyl > o7t )}
= L};y{w > Cytp ™ (Je(Y) + K + 1) [ Yall, 4
Therefore

Pr(d) < 3" Pr(|Vel > Cutr  (J(Ya) +k + 1) | Vil v~

k>0 Fy

< Cy supZ@/} (Je(Y)) ||Yk||¢v

(14)

()}
<u>}.

'(u))

< S5 (v (L) 5 v (o g+ ke pe )

k>0 Fy, ||¢

1
S L ) kT DY W)




1
SN N ARSI

(providing Cy, large enough)

k>0 Fy,

< 1

— 4u?’
Thus,

E [ sup 3 [V <1+/ L
su - ——du =
pkzo M =9 1/2 4u?

proving the lemma. [ |
0.5 Proof of the Theorem
Now we turn back to (13). For each t = m,(uy,---,uq) € N,. We choose a

small e, (t), such that [|Yy(t)]ly,, < Kr~* for some constant K depending
only on «;’s. A proper choice is

d
Sk(t) = Zr*(mi(k»“i)*k’)/(ai*m).
=2

(When «; = ay, we omit the corresponding term in the summation.) In fact,
under such a choice

Pr ([Yi(8)] > s)

d
Pr (‘chﬂ(t) - Xnku)\ > s+ T(mi(k’“i)k)/(aim))
=2

IN

g™ kami(k,ui) o

S 1
< exp|—min —, a_,2§i§d}>.
< {\|7Tk+1(t) = me @I mrra (8) — m ()15

Because

Ims(t) = el |
Hﬁk(t) - szi)i(k,ui)(ui) ;T HWT(:L)i(k,ui)(Ui) — U

< ZT—ml(k,ul)/az + T—ml(k,ul)/al — 3T—mz(k,ul)/al

— Y

IA

and similarly,

1 (8) = il < 3rmertedon < gpmmihion

10



we have
g (1) — T (2)]]s < G milkuad/e

Therefore
Pr (Y. (t)] > s) < exp (— min {6”"7”’“30‘1}) :

1<i<d
which implies that
1Yt g, < Ky, (15)
Next, we define the ordering of Yj(¢) so that if Y, (¢) and Yy (') satisfy
L1 (M1 (8) - Lo(mi(8) > Tia (masa (8)) - Li(mi(t)),
then Ji(Y%(t)) > Ji(Yi(t')). Under such definition, we have
Te(Ye(t)) < [ (i (1)) - T (i ()] (16)

Applying Lemma 1, and then using (15), (16) and (11), we can bound the
last two terms of (13) by

d n—1
Z sup Z p—(mi(kui)—k)/(ai—an)
i=2t€Nn p—0

n—1
+Ky sup > (log Ji(Yi(1))) V™

t€Nm o
d n—1 n—1
< Z sup Z = (mi(kui)—k)/(ai—an) + Kor Z rk/ [log(k + 1>]1/a1
i=2 t€Nn k=0 k=0
- ke (i) (i) 1/en
+ K % tse%i ];] r [log Imi(k—i-l,ui) <7Tmi(k+1,ui) (Uz))]
n—1 1/a
+K;y sup Y pH/e [log ]Sl)(k+1,u1)(7ﬂ(ii(k+1,ul)(Ul))} o
teNn 120
d n—1
< Z sup Z p(milkui)—k)/(ei—a1) 4 K;

i=2 u; € NS k=0
d

n—1 B ; ; 1/an
+K3Z sup ZT ke {log [r(ni(k—i-l,ui)(ﬂin)i(k-i-l,ui)(ui))}
i=2 u; NS k=0

11



n—1
—k/a (1) (1) e
+ K3 sup Z?” fon {log[ (k’-i-lul)( m1(k+17u1)<u1))}
u1€N2(:L) k=0

d n—1
< Z sup er(mi(k:w)*k)/(afal) + K (17>
i=2 u; €N k=0
d n—1 N 0 aifay
+EKy ) sup or (B () (18)

i=2 u; e NS k=0

n—1
—k/a 1) 1 1/en
+K; Sljﬁl) ’;)r / 1(1og1}n ) oty (T 3(k+17u1)(u1))) . (19)
ui€ on T

Now it is the time to choose m;(k,u;). We choose my(k,u;) = k. By
(9), we can bound (19) by K. For 2 < ¢ < d, we choose m;(k,u;) so as to
“minimize”

—(m Ui aj—Q —K/a 7 ai/al
et B e (50, )
and keep the conditions k& < m;(k,w;) < 2k and m;(k,u;) > m;(k — 1,u;) in
mind. A proper choice is to let m;(k,u;) be the largest integer, less than or
equal to 2k, such that for j < m;(k,w;),

b (0 )" <y

Y

or equivalently,

Thus, (17) + (18) can be bounded by

d n—1
Z sup er(mi(k,ui)fk)/(afm)
i=2 u-eN“) k=0

2n—2

< KZ sup ». Y.y ER/(eimen) (20)

i=2w;eNg,) 1=0 e p®

where D ={k :m;(k,u;) =1}. Let kg = min{k : k € Dl(i)}, we have
Z p =R/ (ima1) < = (milko,ui)—ko)/(ei—ax)

keDl@

12



On the other hand,

—(mi(koui)+1—ko)/(a;—a1) - T*(mi(’fo»ui)ﬂ)/aiﬂ@ (a;—a)

r mi(ko,ui)+1(ui) + TﬁkO/

< 7~—(l+1)/aiﬁl(21(ui)+r—1/2(ai—a1)’

Thus, we can bound (20) by

d 2n—2 )
Z sup pl/(@i—ai) Z [T—(Hl)/aiﬁl(j_)l(ui) +T_l/2(ai—a1) .
=2 u; NS 1=0

The theorem follows by applying (10).
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sor Ron Blei.

0.6 References

[AG] M. Arcones and E. Gine, On the law of the iterated logarithm for
canonical U-statistics and processes, Stochastic Process. Appl., 58 (1995),
no.2, 217-245.

[LT] M. Ledoux and Talagrand, Probability in Banach Spaces, Springer-
Verlag, 1991.

[M]

[T1] M. Talagrand, A simple proof of the majorizing measure theorem.
Geom. Funct. Anal. 2 (1992), no. 1, 119-125.

[T2] M. Talagrand, The supremum of certain canonical processes, Amer.
J. Math. 116 (1994), no. 2, 283-325.

[T3] M. Talagrand, Majorizing measures: the generic chaining. Ann.
Probab. 24 (1996), no. 3, 1049-1103.

[T4] M. Talagrand, Majorizing measures with no measure. (preprint)

13



