
Lecture 18 – Species-Tree Estimation 
 

I. Causes of Incongruence - In our previous discussion of phylogeny estimation from multiple 
data sets (partitions and mixtures), we’ve made the assumption that all the data have the same 
history. 

 
However, there are several important reasons that phylogeny estimates from separate genes 

might be incongruent. 
 

1. Phylogenetic uncertainty – For much of the semester we’ve been dealing with methods 
for assessing and accommodating uncertainty. This may be simply the result of sampling 
or stochastic error, or it may be the result of one or more of the data sets being subject to 
systematic error. What’s critical, though, is that these involve a common true history. 

 
2. Coalescent stochasticity – Even if there has been only vertical transmission of genetic 

material, stochastic sorting of ancestral polymorphism (i.e., lineage sorting) may well 
lead to incongruence among gene trees. That is, there may be multiple true gene trees that 
have evolved within the same species tree. 

 
3. Hybridization (eukaryotes) and/or horizontal gene transfer (prokaryotes) – If there is a 

history of non-vertical transmission of genetic material (and evidence has accumulated 
that this may be pretty common), incongruence among gene trees may be reflecting 
different true histories. 

 
These are actually listed in an order that suggests a sequence of testing to ascertain the cause of 

incongruence (from Reid et al. 2012. Syst. Biol.). 
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Hudson et al. 1987) using the program HKA (Hey
2004). Because we have a priori reason to expect some
of the incongruence at Cytb is due to introgression,
we excluded it from these analyses. Upon examina-
tion of nuclear gene trees, we note that analysis of the
Zp2 locus yielded a gene tree with many partitions
having very low branch support values. We therefore
excluded it from our STEM and MDC analyses because
of the much higher probability that it will violate the
assumption that gene trees are estimated without er-
ror. We conducted *BEAST analyses with and without
Zp2 in order to compare results across methods. We
assigned each individual to species following bacular
morphology, pelage characteristics, and distributional
information when available. It was clear from mul-
tilocus genotypes and locality information that three
museum specimens (Table A1; MSB84515, MSB90785,
and MVZ199281) were potentially misidentified or have
been subject to taxonomic revisions not reflected in
current museum records (e.g., MVZ199281, T. rufus)
and we assigned these specimens in analyses to their
proper taxon. We also conducted species-tree analyses
with these three specimens excluded. In other cases,
we noted spatially defined populations that exhibited
highly divergent genealogical patterns from the taxon
to which they were assigned (specifically T. amoenus cra-
tericus, and T. minimus grisescens). For coalescent-based
species-tree estimation, we assigned them to new taxa
assuming that it would be better to erroneously split a
single true species than lump two nonsister taxa. STEM
requires the user to input a value for θ, which it assumes
is constant across all branches in the tree. We used the
program LAMARC (v 2.0; Kuhner 2006), a coalescent
genealogy sampler that estimates parameters (includ-
ing θ) from sequence data, and conducted several inde-
pendent runs on nuclear data from several species with
high intraspecific sampling in order to obtain a range of
estimates of θ.

Assessment of Hybridization
The Cytb genealogy is strongly discordant with the

genealogies estimated for the three nuclear loci. This
discordance could have three main sources: mutational
variance, coalescent variance, and hybridization (Fig. 1).
The first results in phylogenetic error (when the esti-
mated tree differs from the true tree due to sampling
error), whereas the latter two generate truly discordant
gene trees. If we can reject the first two, introgressive hy-
bridization is left as the likely source of discordance. In
order to test the hypothesis that mutational variance is
the source of phylogenetic incongruence, we performed
parametric bootstrapping (e.g., Goldman et al. 2000;
Sullivan et al. 2000). Briefly, we conducted ML searches
with the Cytb genealogy constrained to match the esti-
mated ML species tree from STEM. We then calculated
the difference in likelihood scores between the con-
strained and unconstrained ML trees as our test statistic
and generated a null distribution for this test statistic by
simulation. One thousand DNA sequence data sets were
simulated on the constrained topology with character-
istics that matched the empirical data (using SEQ-GEN;
Rambaut and Grassly 1997). We then conducted ML
searches that were both unconstrained and constrained
to match the species tree, and calculated test statistics
for each replicate.

We used coalescent simulations similar to those used
by Buckley et al. (2006) to test the hypothesis that
coalescent stochasticity is causing the observed in-
congruence. We treated the STEM species-tree esti-
mate as the model tree and used MESQUITE
(Maddison and Maddison 2009) to simulate genealo-
gies on it to match our sampling under two tree depths,
with 10,000 trees for each depth. One depth was es-
timated from nuclear data, and another was 4× the
depth, corresponding to an expected reduction in effec-
tive population size (Ne) for the mitochondrial genome.
Simulated gene treedistributions also account for the

FIGURE 1. Testing hypotheses of lineage sorting and introgression in Tamias.
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II. Lineage Sorting of Ancestral Polymorphism – Cause 2: Coalescent stochasticity. 
 

Let’s look at an ancestral population. Some sites will be polymorphic at the time of the first 
speciation event (that is, there may be more than a single allele). 

 
If the polymorphism persists through a second speciation event (which is called incomplete 

lineage sorting), there’s a possibility that it will be sorted in a manner that is incongruent with 
the phylogeny, in this case ((B,C),A). 

 
This has long been called incomplete lineage storing (ILS), but that’s imprecise. More precise 

terms are anomalous lineage sorting or hemiplasy, the latter of which was coined by Avise & 
Robinson (2008. Syst. Biol., 57:503). 

 
In these cases, we expect there to be more than a single true bifurcating history. One of these will 

represent the sequence of speciation (this is called the species phylogeny) others represent the 
history of lineage sorting for the particular gene. This is called the gene phylogeny. 

 
In such a situation, the probability that there will be a conflict between the gene tree and the 

species tree is proportional to the length of time the polymorphism persists. This is, in turn, 
proportional to population size, so groups with large ancestral populations will be more 
susceptible to this type of conflict, especially for speciation events close in time. 

 
Under simplifying assumptions, we expect ILS to lead to the other incorrect gene tree 

((A,C),B) with the same frequency. 
 

 
II. Lineage Sorting of Ancestral Polymorphisms.  

 
Let’s look at an ancestral population. Some characters will be polymorphic at the time of the 

first speciation event.  
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If the polymorphism persists through a second speciation event (which is called incomplete 

lineage sorting), there’s a possibility that it will be sorted in a manner that is incongruent 
with the phylogeny.  

 
This is sometimes called incomplete lineage storing, but that’s imprecise. More precise terms 

are anomalous lineage sorting or hemiplasy, the latter of which was coined by Avise & 
Robinson (2008. Syst. Biol., 57:503). 

 
In these cases, we expect there to be more than a single true bifurcating history. One of these 

will represent the sequence of speciation (this is called the species phylogeny) the other is 
the history of lineage sorting for the particular gene. This is called the gene phylogeny. 

 
In such a situation, the probability that there will be a conflict between the gene tree and the 

species tree is proportional to the length of time the polymorphism persists. This is, in turn, 
proportional to population size, so groups with large ancestral populations will be more 
susceptible to this type of conflict.  



 
Again, in this situation, we expect some gene phylogenies to reflect the species phylogeny and 

others to conflict with it. This is because even with persistence of ancestral polymorphisms, 
there’s a chance that the polymorphisms will sort in a manner congruent with the species 
phylogeny ((A,B),C). 

 
 
So, the probability of anomalous lineage sorting is dependent on the persistence of ancestral 

polymorphisms for at least two consecutive speciation events, as well as post-speciation 
fixation in a particular manner. 

 
Obviously, the length of the internal branch of the species tree will impact this probability. If 

it’s a long branch, the probability of anomalous lineage sorting will be lower than if the 
internal branch is short. 

 
Furthermore, the persistence time of neutral polymorphisms is proportional to the (effective) 

size of the ancestral population. So, species with large population sizes will be more 
susceptible to anomalous lineage sorting than will species with relatively smaller population 
sizes. 

 
 

 
Again, in this situation, we expect some gene phylogenies to reflect the species phylogeny 

and others to conflict with it. This is because even with persistence of ancestral 
polymorphisms, there’s a chance that the polymorphisms will sort in a manner congruent 
with the species phylogeny.  
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So the probability of anomalous lineage sorting is dependent on the persistence of ancestral 

polymorphisms for at least two consecutive speciation events.  
 
So obviously, the length of the internal branch of the species tree will impact this probability. 

If it’s a long branch, the probability of anomalous lineage sorting will be lower than if the 
internal branch is short. 

 



 

 
It turns out we can model these probabilities with coalescent theory. 

 
 

III. Brief Introduction to Coalescent Theory 
	

A. Within a single population. 
 
In 1982, J.F.C. Kingman provided an insight that flipped population genetics on its head. 
 
Classical population genetics use recursion equations to describe allele frequency change 
over time, starting at the present, t0, and going forward. 

 
Coalescent theory starts at the present and looks back 
in time. Say we have a diploid population of 10 
individuals, so 20 gene copies. Coalescent theory 
addresses ancestry of these copies and allows us to 
make inferences about the historical processes that 
have shape current genetic variation. 
 
Assumptions (Ideal population). 

Constant Ne 
Discrete generations 
Random mating 
No selection 
Mutations occur regularly across time. 

 
These make it simple to calculate the probabilities that two gene copies have descended from 
the same parent.  
 
The probability that any two offspring have the same parent (i.e., they coalesce) is 1/(2N). 
 
If we know N and have a sample of k copies, the expected value of the time to coalescence 
for the k copies is: 

T = 4N (1 - (1/k)) generations. 
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size
Branch long and narrow:
Deep coalescence unlikely

Branch short and wide:
Deep coalescence likely

FIGURE 4. Lineage sorting (deep coalescence). Described in a time-forward sense as lineage sorting, an
ancestral polymorphism at ** is retained through a lineage to the next speciation event at *, where different
forms are sampled in different descendant species. Described in a time-backward sense as deep coalescence,
two gene copies from species B and C meet at * but fail to coalesce until deeper than the speciation event at
**, at which point the gene from C coalesces first with the gene from D. Failure to coalesce is more likely the
shorter (in generations) and wider (in effective population size) the branch is between ** and *.

(from species C and D, respectively) as
most closely related. This process can oc-
cur, of course, whether or not the various
gene copies differ in nucleotide sequence,
although without differences the process
would be undetectable.

It may be easier to visualize and de-
scribe this process as if it operated back-
wards in time, in the tradition of coales-
cence theory in population genetics
(Kingman, 1982; Hudson, 1990). One ad-
vantage of a coalescence perspective is that
its implicit focus on a sample of gene cop-
ies obviates the need to equivocate about
loss versus failure to sample. The source of
discord between gene tree and species tree
would then be viewed as a problem of deep
coalescence instead of lineage sorting; i.e.,
common ancestry of gene copies at a single
locus extends deeper than speciation
events. Going back in time, the ancestors
of the sampled gene copies B and C in Fig-
ure 4 find themselves in the same ancestral
species at the point marked by the single
asterisk. Chances are that the ancestral
copies of B and C will not share a common
ancestral gene copy in the first generation
in which they find themselves together in
the ancestral species (i.e., in a time-forward
sense, in the generation immediately be-
fore the speciation event). In fact, if the
population is large, the ancestors of these
gene copies may take many generations

before they happen to find each other and
"coalesce" into a common ancestral copy
(Tajima, 1983; Hudson, 1990). If by chance
they have not yet found their common an-
cestor by the previous speciation event,
marked by two asterisks, then suddenly
they find themselves sharing the gene pool
with the ancestral copy of D. At that point,
before B and C coalesce, one of them might
first coalesce with D. This would generate
discord between the species and gene
trees, for the gene copies from sister spe-
cies B and C would not be sister copies.

The larger the effective population size
and the shorter the phylogenetic branch,
the greater the chances are that the ances-
tral copies will fail to coalesce before
reaching the deeper speciation event (Pam-
ilo and Nei, 1988). Thus, looking at Figure
4, one can say that the probability of deep
coalescence generating discord is greater
as the width of the branches (measured as
effective population size) approaches the
length of the branches (measured in num-
bers of generations). Long narrow trees are
nearly immune to deep coalescence (bar-
ring balancing selection and other such
processes), whereas short wide trees may
show many genes with deep coalescence
"problems."

Gene Duplication/Extinction
Like deep coalescence, the process of

gene duplication generates multiple gene

 by Jack Sullivan on A
pril 23, 2013

http://sysbio.oxfordjournals.org/
D

ow
nloaded from

 

t0



 
Assume that we have a random sample of three gene copies from this population: N = 10, & 

k = 3. 
 
Expected T (TMRCA) for N = 10 and k = 3 is: 
 

T = 4N (1 - (1/k)) = 40 (1 - (1/3) = 40 (2/3) = 26.67 generations. 
	

	
Some samples of three copies will have very short time 
to coalescence, and other samples will have much 
longer. 
 
In fact, we actually expect there to be a lot of variation 
in the times to coalescence. This is what we mean by 
coalescent stochasticity. 
 
The scale of the variability that this stochasticity 
generates is shown below. The figure illustrates nine 
different outcomes of the same coalescent process of 20 
copies.  
	
	

	

	
	

	
This	is	a	simulation.	However,	these	different	coalescent	histories	could	also	apply	to	

different	genes	from	the	same	set	of	10	individuals.	We’ll	come	back	to	this	in	
species-tree	estimation.	For	now,	we’ll	note	that	this	indicates	that	we	should	treat	
single-gene	phylogenies	with	caution.		

	
	
	
	



B. Mulitspecies Coalescent.  
 
We can extend the coalescent to more than one species to model evolutionary divergence. 
We’ll start with an ancestral species, in which the coalescent has been operating, and model 
a divergence event, at time Tdiv, that spawns two daughter species. 
	

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
So, now we have a coalescent process occurring across speciation. 
 
For genome-scale data, we can think of gene trees evolving within the species tree. 
 

Here, we’ve omitted individuals, and trees of different colors represent different gene trees.  
 
For each of gene, the independent coalescent process is occurring along each branch in the 
species tree. 

 
III. Hemiplasy in deep time. 
 

There’s a somewhat widespread view that the effect of coalescent stochasticity on phylogeny 
estimation is only relevant to studies that examine relationships among closely related 
species. 

 
While it may be true that its effects are most pronounced in such cases, coalescent stochasticity 

can cause incongruence (both between gene trees and species trees & among gene trees 

Simple multispecies coalescent model. 

Pop.1 Pop.2 

Ancestral Population 

T
div

 

Parameters: 
  Ne1 – Effective size of population 1. 
  Ne2 – Effective size of population 2. 
  NeANC – Effective size of ancestral population. 
  Tdiv – Divergence time. 



themselves) even in cases where relatively ancient relationships are being examined. This is 
demonstrated below following Avise & Robinson (2008. Syst. Biol.). 

 

 
 

It’s therefore not the case that coalescent stochasticity will not affect deep relationships, the 
length of the internal branches affected will represent an increasingly short branch as the 
depth of the tree increases. However, it’s not likely that clades B & C will be incorrectly 
inferred to be sister taxa with any strong support. 

 
IV. Species Tree Estimation from Multiple Gene Trees 
 

A. Parsimony Based Approach - MDC. 
 
For any combination of estimated gene tree and putative species tree, we can use tree 

reconciliation approaches to assess how many deep coalescence events are required to 
resolve any incongruence. 

 
This can be illustrated as shown below (From Tan & Nakhleh. 2009. PLoS Comp. Biol. 

5:e1000501). 

 
So, in the reconciliation, two incongruent deep coalescent events are required. 
 
The gene-tree reconciliation for each gene in a data set is evaluated on a putative species tree 

and the number of deep coalescences required is summed across all genes. 
 
The species tree that requires the fewest incongruent, deep coalescences is the MDC estimate 
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FIGURE 2. Another depiction of how alleles at a gene (or alternative states of any polymorphic trait) can be misleading with respect to the
tree topology for the species in which the alleles are housed. Shown is a polymorphism that traversed successive speciation nodes only to sort
idiosyncratically and later become fixed in the descendant species in a pattern that at face value would appear to be discordant with the species
phylogeny.

FIGURE 3. Diagrammatic representation of how an ancient discor-
dance between a gene tree and a species tree can be perpetuated indef-
initely and thereby retained as a permanent incongruity between the
gene tree and the species tree of descendant taxa (after Avise, 2000).

likely resolution being sister-taxa status for Homo and
Pan to the exclusion of Gorilla (e.g., Stanyon et al., 2006).
Not all homoplasy-free gene trees or sets of character
states are expected to match this composite species topol-
ogy, however, if some polymorphisms happen to have
traversed the adjacent evolutionary nodes before sort-
ing idiosyncratically into various pairs of the descendant
taxa (Takahata et al., 1995). For example, Chen and Li
(2001) reported that whereas DNA sequences from each
of 31 independent loci support the Homo-Pan clade, 12
appear to support a Pan-Gorilla clade and 10 appear to
support a Homo-Gorilla clade; and in a more extensive
recent analysis, Ebersberger et al. (2007) reported that
about 23% of 23,210 DNA sequence alignments in the
great apes implied at face value that chimpanzees are
not the closest genetic relatives of humans (see Patter-
son et al., 2006, for comparable findings based on 20
million base pairs of aligned human and chimpanzee
sequence). In the human-chimpanzee case, the causes of
these discrepancies are not fully understood (and may in-
clude postspeciation introgression; Patterson et al., 2006).
However, at least in principle, each gene tree could be
correct in the sense of providing valid genealogical sig-
nal (i.e., without homoplasy) for the specific portion of
the genome that it represents.
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Notations
Let X be a set of taxa. A phylogenetic tree T= (V, E), where V and

E are its nodes and edges, is a tree with a bijection from X to its leaf
set L Tð Þ. Tree T is said to be rooted if the edges in E are directed
and there is a single internal node r with in-degree 0. Except when
explicitly stated, in this paper trees are assumed to be rooted and
binary. For a node vMV, we denote by T(v) the clade, or subtree of T,
rooted at v. The set of leaf labels of T(v) is called a cluster, denoted by
CT(v). Cluster X and single-element clusters are called trivial. For a
cluster A, we denote by MRCAT (A) the most recent common ancestor
(also known as the least common ancestor) of taxa in A in tree T. For two
clusters A, B, we say that they are compatible if either A#B, B#A or
A>B=Ø. Informally, it means that there exists a rooted tree that
induces, or contains, both A and B. A collection of pairwise
compatible clusters uniquely defines a rooted tree [18].

Counting the Number of Extra Lineages
In [9], Maddison introduced the concept of extra lineages and a

parsimony approach, which we call the ‘‘minimize deep coales-
cences’’ approach, for species tree inference based on minimizing
the number of extra lineages. We first define a mapping between a
species tree and gene tree which allows for a precise definition of the
number of extra lineages. We then prove that this number can be
computed independently for each cluster in the species tree.
Suppose we are given a gene tree T and a species tree T9 on the

same taxon set X. We fit tree T into T9 by mapping each node v of
T according to three rules below:

1. Each taxon (leaf) in T is mapped to the corresponding taxon in
T9.

2. Let v9=MRCAT9(CT(v)), and let u9 be the parent node of v9.
Then, v is mapped to any point pv, excluding node u9, in the
branch (u9, v9) in T9.

3. If w is a proper descendant of v, and w, v are mapped to pw, pv in
T9, then pw must also be a proper descendant of pv.

Figure 15 shows an example of such a mapping. In this figure,
we can see that for branch (u9,v9) there are two lineages, one being
the lineage of the common ancestor of species A, B, C, and one
being lineage D. In the case where T and T9 are identical
topologically, then we can easily see that there is only one lineage
in (u9, v9), that is one lineage for the common ancestor of A, B, C
and D. Therefore, for the branch (u9, v9) in Figure 15, the number
of extra lineages is 221=1. Formally, we define the number of
extra lineages in a branch of T9 as the number of lineages exiting it
minus 1, and the number of extra lineages for T9 as the sum of
those numbers in all of its branches.
Each pv in T9 that is the image of the mapping of an internal node

v in T is a coalescence event. In Figure 15, there are two coalescence
events in branch (v9, w9), but there are no coalescent events in
branch (u9, v9). We can establish a relationship between the number
of extra lineages and the number of coalescence events as follows.
Consider a branch (u9, v9) of T9. There are exactly |CT9 (v9)| species
in the subtree T9(v9). If there were no coalescence among those
species, then there would be |CT9(v9)| lineages exiting (u9, v9).
However, each coalescence event merges two lineages into one, and
we note that under the mapping’s conditions whenever there is a
coalescence among lineages from species in CT9(v9), it must occur
either in a branch of T9(v9) or in (u9, v9). Therefore, the actual
number of lineages exiting (u9, v9) is equal to |CT9(v9)| minus the total
number of coalescence events among species in T9(v9). We have the
following lemma.
Lemma 1. Let n(v9) be the number of coalescence events occurring among

species in CT9(v9). Then, the number of extra lineages in branch (u9,v9) is

CT ’ v’ð Þj j{n v’ð Þ{1: ð1Þ

We note that this lemma may not be true without the conditions of
the mapping defined above. If we do not have Conditions 2 and 3,
then lineages A, B, and C in Figure 15, for example, need not
coalesce in branch (v9, w9). They can coalesce at a branch above u9,
and in this case there are four lineages (and therefore, three extra
ones instead of one) in (u9, v9).
As we have seen, the number of extra lineages reflects the

amount of incongruence between two trees. It is small if two trees
are quite similar, and in fact zero if they are identical topologically.
Given a set of gene trees, one approach to inferring the species tree
is to minimize the number of extra lineages:
Problem 1 (Species Tree Inference Using the MDC Criterion).
Input: A set of gene trees G.

Figure 14. A tree that requires six extra lineages to reconcile
the three gene trees in Figure 12.
doi:10.1371/journal.pcbi.1000501.g014

Figure 15. Fitting a gene tree T into a species tree T9. Here, only mappings of internal nodes of T are shown.
doi:10.1371/journal.pcbi.1000501.g015

Species Tree Inference by MDC

PLoS Computational Biology | www.ploscompbiol.org 9 September 2009 | Volume 5 | Issue 9 | e1000501



of the species tree (Maddison 1997. Syst. Biol., 46:523). 
 

 

 
Tree space is searched using approaches we’ve already discussed, and the tree that minimizes 

incongruence is taken as the species tree. Note that this idea, maximizing gene-tree 
congruence to estimate a species tree, has been established for ~25 years. 

 
B. Maximum-Likelihood Estimation of Species Trees - STEM 

 
Kubatko and Degnan (2007. Syst. Biol. 56:17) pointed out that there are conditions in species-

tree space under which the most likely gene trees conflict with the species tree (which they 
called the anomaly zone). That is, there are combinations of internal branch lengths (of the 
species tree) and q (which is 4Neµ, and indexes population size), where concatenation will 
lead to inconsistent estimation (in the statistical sense) of the species tree. 

 
Furthermore, if we expect there to be a lot of incomplete lineage sorting, the tree that 

minimizes deep coalescences (i.e., the MDC tree) may not be a good estimate of the species 
tree. 

 
This suggests that we need to model the coalescent process in species-tree estimation. 
 
Recall that in our discussion of lineage sorting, we pointed out that we can calculate the 

probabilities of gene tree/species tree discord using coalescence theory. 
 
Recent approaches to species-tree estimation use this property to infer the most likely species 

tree from a collection of gene trees. 
 

, 

 
where the product is across all loci and the sum is across all possible gene trees. 
 

P(D |τ s ) = P(Dl |τG )*P(τG |τ s )
j=1

g

∑
i=1

l

∏

A B C D 
Gene	
Tree
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FIGURE 7. Assessing two different species trees for
deep coalescence. Both species trees require lineage
sorting (deep coalescence) to explain the gene tree
(A(B(C, D))), where gene copy A was sampled from
species A and so on. Bold lines mark coexisting gene
lineages that fail to coalesce, (a) The species tree
(A(C(B, D))) requires two gene lineages to coexist
along a branch, i.e., there is one extra lineage, (b) Tree
(C(B(A, D))) requires one branch with two extra lin-
eages and another branch with one extra lineage, for
a total of three extra gene lineages along branches.

on the species tree. The gene tree node can
be placed at that ancestor in the species
tree; it needs to have occurred at least that
deep in the species tree but need not have
occurred any deeper. Once the gene tree
has been fit onto the species tree, visit all
of the branches of the species tree and for
each branch count the number of gene lin-
eages minus one (to count "extra" lin-
eages). The sum of extra gene lineages for
each of the 15 possible species trees for the
four species A, B, C, and D and for each
of the three classes of gene tree are shown
in Table 1. The number of extra gene lin-
eages for a gene and species tree is 0-3.

There are two most-parsimonious spe-
cies trees, both requiring 10 extra gene lin-
eages counted over all of the gene trees.
One has the same form as the gene tree of
Figure 6b ((A, C)(B, D)), and the other is
the tree (A(C(B, D))). Other trees require
12-27 extra gene lineages on branches of
the species tree.

Duplication/Extinction
How would we assess the parsimony of

a species tree if the only process by which
the disagreement among our 10 gene trees
arose were gene duplication and extinction
(paralogous sampling)? There has already
been considerable work on this question.
Goodman et al. (1979) developed an algo-
rithm that counts duplication and extinc-
tion (failure to sample) events when a gene
tree is fitted onto (i.e., reconciled with) a
species tree. Page (1988, 1994a) has used
these methods also in biogeography and
coevolution.

I counted the minimal number of dupli-
cation and extinction events for the 15 spe-
cies trees and three classes of gene trees
(Table 1). The species tree requiring the
fewest duplication events over all of the
gene trees is (A(B(C, D))), which has the
same form as the gene tree shown in Fig-
ure 6a. This species tree requires 7 dupli-
cation events, whereas other species trees
require 9-17 duplication events. Counting
extinction events gives the same chosen
tree, with 28 extinctions required for
(A(B(C, D))) and 30-61 required for the
other species trees.

Which Process(es) to Invoke?
For these examples, I constructed the

data, the 10 gene trees, specifically to illus-
trate that different assumed processes can
lead to different species trees as most-par-
simonious explanations of the set of gene
trees. Is it possible to construct a mixed
method that does not assume only one of
the processes is occurring but rather al-
lows each to occur? For instance, a gene
tree may be mapped onto a species tree by
invoking a bit of deep coalescence, a gene
duplication here and there, and a horizon-
tal transfer event. This idea is certainly
plausible, but it immediately brings up two
difficulties. The first is the algorithmic dif-
ficulty of assessing the multitude of pos-
sible scenarios that could be used to fit any
given gene tree onto a species tree. The
second, and more important, is the diffi-
culty of weighting these different events.
Is a horizontal transfer worth one, two, or
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P(Dl | tG) is simply the regular likelihood function (for a gene tree) and the quantity P(tG | tS) 
is the probability of a particular gene tree given a species tree. This is derived from 
coalescence theory in Degnan and Salter (2005) and Rannala and Yang (2003. Genetics, 
1644:1645). It’s based in Pamilo and Nei (1987) and, further, assumes that there is no 
recombination within genes and free recombination among genes. 

 
So, given a set of gene trees, we can calculate the likelihood of a species tree, and STEM 

(Kubatko et al. 2009. Bioinformatics, 25:971) uses simulate annealing (remember that?) to 
search the space of species trees. 

 
This approach requires that gene trees are estimated well and that they are pretty clock-like. 
 
C. Bayesian Estimation of Species Trees (BEST, *BEAST, & BPP) 
 
Each of the above methods (MDC & STEM) estimates the species tree from a collection of 

gene trees that have been estimated previously. 
 
A few implementations (BEST, Liu & Perl 2007. Syst. Biol. 56:504; *BEAST, Heled and 

Drummond 2010. Mol. Biol. Evol., 27:570; BPP, Flouri et al. 2018. Mol. Biol. Evol., 
35:2585) of a Bayesian approach treat gene trees as nuisance parameters and estimate the 
species tree directly from multi-locus sequence data. 

 

 
where D = d1, d2, . . .dn is the set of aligned sequences, G = (G1 * G2 * . . . * Gn) is the space of 

gene trees and gi is one of the possible gene trees in Gi. 
 
As above P(di | gi) is the regular likelihood function (i.e., the probability of the data for gene i 

given the tree for gene i). 
 
P(gi | S) is the probability of gene tree i given the species tree and again is derived from 

Rannala and Yang (2003). 
 
P(S) is the prior of on species trees (usually, a Yule process prior). 
 
These approaches are perhaps the theoretically best justified, because they accommodate 

uncertainty in estimating gene trees directly into species-tree estimation. They are extremely 
expensive computationally. 

 
 
D. Semi-parametric and Summary-statistic Approaches  
 
The advances above come at an obvious cost because we’re increasing the complexity of our 

solution space enormously and convergence is a huge issue. The MDC/reconciliation 

P(S |D)∝ ( P(di | gi )P(gi | S))P(S)dG,
i=1

n

∏
G
∫



approach described above is an example of a non-parametric approach, as is use of 
supertrees. 

 
BCA/BUCKy: 
 
One semi-parametric approach has been developed by Cecile Ané, and is called Bayesian 

Concordance Analysis (BCA). This approach can be used to assess species trees like MDC, 
STEM and Bayesian approaches, but it makes no assumptions about the causes of 
incongruence. Therefore, it’s suitable for assessing introgression as well. 

	
It operates using the concept of a Gene-Tree Map (Ané et al., 2007. Mol. Biol. Evol., 24:412). 
	

	
Here, the cells of the gene by tree matrix indicate which tree each gene supports. 
 
In mapping m1, all three genes support tree 2 and the gene-tree map (2,2,2) is entirely 

concordant. In the mapping m2, two genes support tree 2 and the third gene supports tree 3 
(2,2,3). 

 
Of course, there’s phylogenetic uncertainty and BCA uses Bayesian estimation to fill the cells 

with posterior probabilities. 
 
They then introduce a ‘concordance factor’ (a) to model the probability that two randomly 

chosen genes will have the same gene tree and use this to modify the gene-tree maps during a 
second-stage MCMC. It’s also treated as a random variable that is estimated from the data. 

 
a = 0, there’s no correlation among gene trees (each gene has unique gene tree). a = ∞, the 

estimate the dominant tree for a set of sampled taxa. One
way (of several) to understand the concept of a ‘‘dominant
tree’’ is as a tree composed of those clades that are true for
a plurality of the genome, that is, clades whose concordance
factors exceed that of any contradictory clades. Such a pri-
mary concordance tree is something that a systematist
might wish to estimate and use as a basis for taxonomy
(Baum 2007). However, existing methods are not designed
to estimate concordance factors, and thus, even when
we have sequence data for multiple genes from the same
organisms/taxa, we cannot directly estimate concordance
factors or primary concordance trees. We, therefore, hoped
to develop a method that could estimate concordance fac-
tors while taking account of uncertainty in the gene trees for
the sampled genes and the fact that only a finite number of
genes have been sampled from the genome.

The estimation of concordance factors and concor-
dance trees could be achieved if we had a statistically valid
method to estimate the complete distribution of evolution-
ary histories within a multigene data set. From such a dis-
tribution, these and many other evolutionary parameters of
interest could be extracted. In this paper, we describe such
a method. In contrast to the total evidence approach, we did
not want to assume a priori that all genes share a common
evolutionary history. Likewise, we hoped to improve upon
existing consensus methods by properly accounting for un-
certainty in individual–gene tree estimates and by allowing
genealogical information from one gene to influence our
estimates of another gene’s genealogy.

We used a Bayesian approach because this provides
a formal framework for combining prior beliefs about ge-
nealogical concordance with evidence contained in aligned
sequence data from individual genes. We employ a novel 2-
stage Bayesian Markov chain Monte Carlo (MCMC) ap-
proach where we first calculate the posterior distribution
of trees from single-gene analyses and then use these results
along with a prior distribution on gene tree concordance for
a second-stage MCMC to estimate the joint probability dis-
tribution of the gene-to-tree map (GTM) (described more
formally below). Further, we develop methods for estimat-
ing the proportion of the genome for which any given clade
is true (the genome-wide concordance factor) based on the
sequence data for a set of genes randomly sampled from the
genome. The posterior distribution of GTMs has many
other potential uses besides the estimation of concordance
factors. For example, it becomes possible to infer the true
tree for a given gene conditional on genealogical informa-
tion from other genes, to identify particular genes with out-
lier gene tree topologies, or to estimate the proportion of the
genome that was transferred during an introgression event.
We demonstrate Bayesian concordance analysis using an
8-taxon, 106-gene data set (Rokas et al. 2003) so as to dem-
onstrate the method’s potential for the statistical analysis of
genealogical concordance at a genome-wide scale.

Methods
GTMs

Consider a collection of aligned molecular sequences
with one sequence from each of the several loci for a match-

ing set of individuals. Provided that the alignments are cor-
rect, every site at every locus has a single history. We will
assume, in addition, that all sites within a single locus share
the same evolutionary history. In the remainder of this
paper, we will refer to each locus with assumed common
history as a ‘‘gene.’’ In the case of a coding sequence con-
sisting of several exons separated by large introns where we
might suspect the possibility of recombination so that sep-
arate exons might have different histories, we could treat
each exon as a different gene.

Under the assumption that each gene is associated with
a single tree, there exists a true mapping from genes to trees.
This map, which we will call a ‘‘gene-to-tree map’’ or GTM,
can be represented in multiple ways. One way to represent
the map is with a table where columns represent genes and
rows represent trees. Each column contains a single one in
the row corresponding to its true tree, and all other entries in
the column are zeros. Figure 1 shows 2 GTMs. The left one
is a case of complete concordance because all genes share
the same tree, whereas the right GTM shows some discor-
dance among genes. For multigene data sets, a GTMwill be
a very large, sparse matrix. For instance, if there are 8 taxa
and 100 genes, there are 10,395 possible tree topologies,
and the GTM would be a 10,395 by 100 matrix filled with
zeros except for a single one in each column.

It may be helpful to note that a similar matrix repre-
sentation can be used to visualize a GTM and to summarize
individual–gene tree posterior probabilities. In the example
from figure 1, we could imagine filling each column of the
matrix with the posterior probability of each tree topology
as estimated from anMCMC sample in a Bayesian analysis.
The matrix would be similarly constrained with each col-
umn summing to 1, but, although small, in theory, there will
be positive values throughout the column.

A second and more concise representation of a GTM is
as a vector of tree labels whose length is the number of
genes where the ith element is the label corresponding to
the tree mapped to by the ith gene. In figure 1, the first
GTM is represented as m1 5 (2, 2, 2) and the second as
m2 5 (2, 2, 3). With this representation, it is easy to see
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FIG. 1.—Examples of GTMs. Left box (m1): GTM showing complete
concordance among gene trees because all genes are mapped to tree 2.
Right box (m2): GTM showing some discordance. The first and second
genes share the same tree (tree 2), but the third gene has a different tree
(tree 3).
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approach converges to concatenation (there a single gene tree for all genes). 
 

 
 
The inference is that tree 3 in the concordance tree, and the support for tree 2 in gene 1 is due 

to some process that hasn’t been assessed. Thus, the approach does not employ a coalescent 
model and does not assume that coalescent stochasticity is the only source of incongruence 
among gene tees. 

 
A number of summary approaches (reviewed by Liu et al. 2009. MP&E, 53:320) operate 

under the following prediction from coalescent theory: 
 
Gene coalescence times always predate species divergence time. For example: 
 

 
 
 
Even in the tree on the left (congruence between GT & ST), the coalescences are earlier than 

the divergence times (tx). 
 

If we can summarize coalescence times for all pairs of taxa and across all sampled loci, we can 
estimate the timing of speciation events and therefore the species tree. 

Equation (7) implies that the probabilities of there being
1, 2, and 3 distinct gene trees are 0.264, 0.528, and
0.208, respectively. Also, equation (3) implies that the prior
probability of each specific GTMwith a single shared tree is
the same as Pfð1; 1; 1Þg50:0176: Any specific GTM with
2 distinct gene trees such as (1, 2, 1) has prior probability
8.38 3 10#4, and finally, each specific GTM with 3 dis-
tinct gene trees such as (1, 2, 3) has prior probability
7.62 3 10#5.

Now suppose that the single-gene posterior probability
distributions for the 3 genes are concentrated collectively
on 4 of the 15 possible tree topologies as shown in figure
2a. Figure 2b shows the corresponding likelihood, prior
probability, and posterior probability for each GTM for
which the posterior probability is positive. The likelihood
of each GTM is simply the product of the single-gene pos-
terior probabilities from figure 2a. Posterior probabilities
are proportional to the product of the likelihood and the
prior probability and such that the sum over GTMs of their
posterior probabilities is 1. In this example, the GTM with
the highest likelihood does not have the highest posterior
probability. This reflects the choice of a5 1.5, which gives
a rather small prior probability to GTMs with 3 distinct
trees.

The posterior probability that a gene is mapped to
a specific tree topology, taking concordance into account,
is found by summing the posterior probabilities over all cor-
responding GTMs. These posterior distributions adjusted
for concordance with a5 1.5 are shown in figure 2c. Notice
that these distributions are unchanged for genes 1 and 2. In
the former case, there was no uncertainty, so additional in-
formation from other genes made no difference. Because
gene 3 gave equal probability to trees 3 and 4, the proba-
bility distribution for gene 2, which only includes trees 3
and 4, was unchanged. In contrast, information from genes
1 and 2 significantly alter the posterior probability distribu-
tion for the trees assigned to gene 3. This is because the high
single-gene posterior probability on tree 3 from gene 2
‘‘pulls’’ the posterior distribution for gene 3.

Second-Stage MCMC

Once individual-gene analyses have been performed,
posterior probabilities of GTMs are to be calculated accord-
ing to equation (3). Direct calculation of posterior probabil-
ities was carried out in our running example, but this is not
tractable in realistic problems as soon as many GTMs have
nonzero posterior probability. To compute posterior distri-

butions of GTMs from real data, we introduce a novel
MCMC approach. The input given to this MCMC is a table
summarizing the individual-gene analyses similar to figure
2a, with each column containing the posterior distribution
on trees from a single gene. The state space of our Markov
chain is the set of possible GTMs. The basic update proce-
dure we use is to cycle through the genes having each gene
in turn propose a topology according to its single-gene pos-
terior distribution and either accept or reject the proposal by
the Metropolis–Hastings criterion. This proposal, com-
monly called ‘‘importance sampling,’’ treats the individ-
ual-gene posterior distribution as its importance density.
The acceptance probability is the minimum of 1 and the
product of the prior, likelihood, and proposal ratios. This
basic update procedure changes only the tree for a single
gene, so all factors but one in the likelihood from equation
(2) will cancel. If the update for gene i changes tree Ti to tree
T*
i ; the likelihood ratio is PfT*

i jXig=PfTijXig:As proposals
are from single-gene distributions, the proposal ratio is
PfTijXig=PfT*

i jXig; which cancels the likelihood ratio ex-
actly. Hence, the acceptance probability for this proposal is
simply the prior ratio. If g(Ti) and g(T*

i ) are the sizes of the
clusters containing trees Ti and T*

i before the proposal, re-
spectively, then the prior ratio is

AgðT*i Þ1 1
ða=TÞ

AgðT*i Þ
ða=TÞ

AgðTiÞ#1ða=TÞ
AgðTiÞða=TÞ

; ð8Þ

whichwith simplification leads to the acceptance probability

min 1;
gðT*

i Þ1 a=T
gðTiÞ # 11 a=T

! "
: ð9Þ

Note that the acceptance probability depends on a through
the ratio a/T only. This basic update procedure can mix
slowly. For example, to give all genes in a cluster a new
tree, it would be necessary to propose and accept the
changes one at a time, which can be problematic, especially
because during the transition an extra cluster of trees is
maintained. To speed mixing, we implemented 2 different
strategies. The first was to use Metropolis-coupled MCMC
(MCMCMC) where we run one ‘‘cold chain’’ whose sta-
tionary distribution is the desired one along with several
‘‘heated’’ chains (Geyer 1991). Rather than raising the like-
lihood to different powers as in MrBayes (Huelsenbeck and
Ronquist 2001), we instead heat the chains by using differ-
ent prior distributions where the jth heated chain uses
Dirichlet process prior parameter a 5 c ja0 for some

FIG. 2.—(a) Example of the single-gene posterior distribution for 3 genes, with one distribution in each column. (b) Posterior probabilities of GTMs
after concordance analysis of the single-gene distributions shown in (a). All posterior probability is concentrated on 6 of the 153 5 3375 GTMs. Likeli-
hood is proportional to the product of single-gene posterior probabilities as in equation (2). This product is reported here. The posterior probabilities are
proportional to the product of the prior probability and likelihood and sum to 1. (c) Posterior distribution for each gene conditional on the data from all 3
genes assuming a 5 1.5 to account for the expected concordance, derived from (b).
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effective population size hi reduced from mi to ni sampled alleles
along a branch of length si in a species tree is

exp !niðni ! 1Þ
hi

si !
Xmi

j¼ niþ 1

tij

 ! !
Ymi

j¼ niþ 1

2
hi

exp ! jðj! 1Þ
hi

tij
! "# $

:

ð1Þ

The probability distribution of a gene tree G (topology and branch
length) given the phylogeny S is the product of the probability dis-
tribution in (1) across current and ancestral populations (branches)
in the phylogeny S,

f ðGjSÞ ¼
YM

i¼ 1

exp !niðni ! 1Þ
hi

si !
Xmi

j¼ niþ 1

tij

 ! !(

&
Ymi

j¼ niþ 1

2
hi

exp ! jðj! 1Þ
hi

tij
! "# $%

; ð2Þ

where M is the number of branches in the phylogeny S.
As mentioned before, the likelihood f ðDjGÞ is more familiar to

phylogeneticists than is the second likelihood f ðGjSÞ. To illustrate
the second likelihood function computing the probability density
of a gene tree given a species tree, we derive the probability den-
sities of various gene trees given a single species tree and illustrate
the dependence of this probability density on population sizes of
the species tree. The probability densities of the gene trees embed-
ded in the species phylogeny in Fig. 2 are

2
h1

e!2'ð3:5!s1Þ=h1 ' 2
h2

e!2'ð2:5!s2Þ=h2 ' 2
h3

e!2'ð1:5!s3Þ=h3 : ð3Þ

It follows from (3) that the probability density of a gene tree de-
creases for large differences between coalescence times in the gene
tree and species divergence times s in the species phylogeny. In
Fig. 2a and b we calculate the probability densities of two gene
trees given a species tree. The probability density of the gene trees
vary as we change the values of the population sizes and diver-
gence times in the species tree. The coalescence times in gene tree
1 of Fig. 2a are closer to the divergence times in the species tree
than those in gene tree 2 of Fig. 2b. Correspondingly, the probabil-
ity densities for gene tree 1 with respect to different values of
parameters in the species tree are larger than those for gene tree
2 (Fig. 2c), illustrating the fact that the gene trees topologically
concordant with the species tree are usually more probable than
the gene trees discordant with the species tree. A notable excep-
tion to this pattern occurs when species trees are in the so-called
anomaly zone, a region of species tree space – usually with very
short internal branches – where discordant gene trees are actually
more common (and therefore more likely) than the topologically
concordant gene tree (Degnan and Rosenberg, 2006).

The likelihood of the phylogeny S is

f ðDjSÞ ¼
Z

G
f ðDjGÞ ' f ðGjSÞdG ð4Þ

where the integral is over all possible gene genealogies, including
both topologies and branch lengths. As in the likelihood analysis
for gene tree estimation, one must evaluate a large number of phy-
logenetic trees, in this case a large number of species trees, in order
to find the maximum likelihood estimate of the phylogeny. But in
addition to having to evaluate a large number of species trees, the
large number of gene trees for any given species tree means that
the above likelihood is impractical to calculate directly for all but
the smallest species trees. Even this sobering conclusion does not
quite hold if one has sampled many alleles per species, which nec-
essarily vastly increases the number of gene trees to be evaluated,
as in traditional phylogenetic analysis when one has sampled a
large number of species (Felsenstein, 1988).

3. Estimating phylogenies of species: likelihood, Bayesian and
summary statistic methods

The phylogeny S can be estimated from multilocus sequence
data D using the likelihood function f ðDjSÞ. For example, the max-
imum likelihood estimate (MLE) of the phylogeny S is given by

Ŝ ¼ argmax
S

ff ðDjSÞg: ð5Þ

Bayesian approaches assume a prior distribution for the phylog-
eny S and use the posterior distribution – the combination of like-
lihood and prior distributions – to infer phylogenies. The posterior
distribution of the phylogeny S is

f ðSjDÞ ¼ f ðDjSÞ ' f ðSÞ
f ðDÞ

: ð6Þ

Unlike the maximum likelihood and Bayesian approaches, which
utilize the full data D and the likelihood function f ðDjSÞ to infer
the phylogeny of species (as well as prior distributions in the case
of Bayesian methods), methods based on summary statistics seek
to estimate the phylogeny S by summarizing the gene trees esti-
mated from multilocus sequences. If Ĝ is a sufficient statistic (Fish-

Fig. 2. The probability densities of two gene trees given the phylogeny of four
species using the formulation of Rannala and Yang (2003). (a,b) The tree with
volume is the phylogeny of species A, B, C, and D; it is identical in both panels. The
divergence times for the three populations in the species phylogeny are s1 ¼ 3:0,
s2 ¼ 2:0, and s3 ¼ 1:0 and are indicated by gray dotted lines. The ancestral
population sizes (not shown) are h1, h2, and h3 at times s1, s2 and s3, respectively.
The values of s and the h are in arbitrary units but their ratio governs the rate of
coalescence (Eq. (3)). For simplicity, we assume that three ancestral populations
have the same size, i.e., h1 ¼ h2 ¼ h3 ¼ h at all nodes in the species tree, even as the
value of h changes. s3 also changes in the species phylogeny but the other s’s do not.
The coalescence times of the gene trees embedded in the species phylogenies are
1.5, 2.5, and 3.5 in (a) and 2.5, 3.5, and 4.5 in (b), in arbitrary units and are indicated
by black dotted lines. The second gene tree (b) does not match the species
phylogeny. (c) The chart indicates the log probability densities of the two gene trees
(gene tree 1 and gene tree 2 in (a) and (b), respectively) with respect to different
values of ratio s3=h (x axis), given the species tree in (a) and (b).
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GLASS (Global Latest Split: Mossel, E., Roch, S., 2007. Incomplete lineage sorting: consistent 

phylogeny estimation from multiple loci. Available from: http://arxiv.org/abs/0710.0262.) 
takes the approach that the minimum coalescences will follow the specie tree. 

 

 
So	we	have	three	gene	trees	with	times	to	coalescence	estiamted	for	each.		
	
We	erect	a	piarwise	matrix	that	fills	each	cell	with	the	minimum	time	to	coalescence	
across	all	of	the	gene	trees.	

	

	  
 

This matrix is subject to clustering (actually, UPGMA) to derive the GLASS estimate of the 
species tree. 

 
Liu et al. (2009. Syst. Biol. 58:468) proposed estimating the species tree using the average 

ranks of coalescence times across genes (STAR). 
 
We have the same three gene trees, but now we rank the coalescence times, beginning by 

rank decreases by one as it goes from the root to the leaves of the
tree (Fig. 3a). The STAR method is implemented by building a dis-
tance tree, such as a Neighbor Joining (NJ) tree (Saitou and Nei,
1987) from the distance matrix in which the entries are twice
the average ranks across gene trees (Fig. 3c). Liu et al. also pro-
posed another method for species trees estimation using average
coalescence times (STEAC). The species tree is estimated by a dis-
tance tree built from the distance matrix in which the entries are
twice the average coalescence times (Fig. 3d) across gene trees.
Whereas the STAR approach yields only species tree topologies,

the STEAC methods yields consistent but upwardly biased branch
lengths. In preliminary comparisons, STAR appears more robust
than STEAC, while both methods are much faster than the Bayesian
approach.

In an approach similar to consensus methods, Bayesian concor-
dance factors (Ané et al., 2007; Baum, 2007) have been used to ob-
tain information about the true underlying species relationships on
a genome-wide scale. This method provides a measure of support
for each potential species tree clade using a two-stage MCMC pro-
cedure in which posterior distributions of single-gene phylogenies
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Fig. 3. The GLASS/Maximum tree, STAR, and STEAC methods of species tree inference. (a) A collection of gene trees: (((A:0.5, B:0.5):0.2, C:0.7):0.3, D:1.0); ((A:0.6, B:0.6):0.9,
(C:0.3, D:0.3):1.2); (((A:0.2, B:0.2):0.4, C:0.6):0.2, D:0.8) branch lengths are in coalescent units. The numbers at the internodes in the gene trees are the ranks of the nodes.
These gene trees assume a molecular clock but parametric methods often perform well in the absence of a clock (Liu et al., 2009b). (b) The matrix of minimum coalescence
times across gene trees and the GLASS tree constructed from the minimum coalescence times ((A:0.2, B:0.2):0.4, (C:0.3, D:0.3):0.3). (c) The distance matrix of average ranks
across gene trees and the STAR tree constructed from the distance matrix (((A:2.3, B:2.3):1, C:3.3):0.5, D:3.8). (d) The distance matrix of average coalescence times across gene
trees and the STEAC tree constructed from the distance matrix ((A:0.43, B:0.43):0.58, (C:0.7, D:0.7):0.31).
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tree (Fig. 3a). The STAR method is implemented by building a dis-
tance tree, such as a Neighbor Joining (NJ) tree (Saitou and Nei,
1987) from the distance matrix in which the entries are twice
the average ranks across gene trees (Fig. 3c). Liu et al. also pro-
posed another method for species trees estimation using average
coalescence times (STEAC). The species tree is estimated by a dis-
tance tree built from the distance matrix in which the entries are
twice the average coalescence times (Fig. 3d) across gene trees.
Whereas the STAR approach yields only species tree topologies,

the STEAC methods yields consistent but upwardly biased branch
lengths. In preliminary comparisons, STAR appears more robust
than STEAC, while both methods are much faster than the Bayesian
approach.

In an approach similar to consensus methods, Bayesian concor-
dance factors (Ané et al., 2007; Baum, 2007) have been used to ob-
tain information about the true underlying species relationships on
a genome-wide scale. This method provides a measure of support
for each potential species tree clade using a two-stage MCMC pro-
cedure in which posterior distributions of single-gene phylogenies
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lengths. In preliminary comparisons, STAR appears more robust
than STEAC, while both methods are much faster than the Bayesian
approach.

In an approach similar to consensus methods, Bayesian concor-
dance factors (Ané et al., 2007; Baum, 2007) have been used to ob-
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for each potential species tree clade using a two-stage MCMC pro-
cedure in which posterior distributions of single-gene phylogenies

(a) 4

gene tree 1       gene tree 2       gene tree 3  

A B C D A B C D A B C D

2

3

4

3
3

2
3

4

A B C D
 topology of the GLASS tree 

(b)
A    B     C    D 

-- 0.2 0.6 0.8
0.2  -- 0.6 0.8
0.6 0.6 -- 0.3
0.8 0.8 0.3 --

A
B
C
D

(c)
 A     B     C    D                  

A B C D

 -- 4.66 6.66 8
4.66  -- 6.66 8
6.66 6.66 -- 7.34
8 8 7.34 --

A
B
C
D

topology of the STAR tree 

(d)

A B C D
topology of the STEAC tree 

A      B    C    D 
-- 0.86 1.86 2.2
0.86  -- 1.86 2.2
1.86 1.86 -- 1.4
2.2 2.2 1.4 --

A
B
C
D

Fig. 3. The GLASS/Maximum tree, STAR, and STEAC methods of species tree inference. (a) A collection of gene trees: (((A:0.5, B:0.5):0.2, C:0.7):0.3, D:1.0); ((A:0.6, B:0.6):0.9,
(C:0.3, D:0.3):1.2); (((A:0.2, B:0.2):0.4, C:0.6):0.2, D:0.8) branch lengths are in coalescent units. The numbers at the internodes in the gene trees are the ranks of the nodes.
These gene trees assume a molecular clock but parametric methods often perform well in the absence of a clock (Liu et al., 2009b). (b) The matrix of minimum coalescence
times across gene trees and the GLASS tree constructed from the minimum coalescence times ((A:0.2, B:0.2):0.4, (C:0.3, D:0.3):0.3). (c) The distance matrix of average ranks
across gene trees and the STAR tree constructed from the distance matrix (((A:2.3, B:2.3):1, C:3.3):0.5, D:3.8). (d) The distance matrix of average coalescence times across gene
trees and the STEAC tree constructed from the distance matrix ((A:0.43, B:0.43):0.58, (C:0.7, D:0.7):0.31).

324 L. Liu et al. /Molecular Phylogenetics and Evolution 53 (2009) 320–328

	
	

	

	

	

	
	

	

	

1.0 

0.5 
0.2 

0.7 
0.6 

0.8 

0.6 

1.2 

0.3 



assigning the root a rank of n (with n terminals). 
 

 
Again, a pairwise matrix is erected, here with the cells containing twice the average rank. 
 

 
The species tree is estimated by subjecting the matrix to NJ. 
 
In the STEAC approach, the matrix is filled by the 2X the average coalescence time for each 

pair of taxa across genes. 

 
NJST uses the average node-distances. 
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E. Quartets Approaches.  
 
A couple of novel approaches go back to the quartets approach we discussed earlier this 

semester, and these have become widely used. 
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((1,4)2,3)  ((1,5)2,3)  ((1,5)2,4)  ((1,5)3,4)  ((2,5)3,4) 
 

 

 
 
 
These first of these (ASTRAL; Mirarab et al. 2014. Bioinformatics) leverages proofs that 

collections of unrooted gene trees will permit consistent estimation of the species tree (e.g., 
Allman et al. 2011. J. Math. Biol. 62:333; Degnan. 2014. Syst. Biol. 62:574). 

 
 

 
 
So, for the unrooted gene tree, the quartet tree (in bold) maps to internal nodes u and v. 

ASTRAL estimates the species tree by finding the internal nodes in the gene trees to which 
most quartets map.  

 
 

y1 y2

x1

x2

A
B

C

u

v

Figure 1: Mapping induced quartet trees to a tripartition. Each
node u in an unrooted tree defines a tripartition (A|B|C) of the set of taxa.
Each induced quartet tree x1x2|y1y2 maps to two tripartitions. Here, we show
how the quartet tree on x1, x2, y1, y2 maps to u and v. Node u is where the
paths from x1 and x2 to either y1 or y2 first join each other. Similarly, node
v is where the paths from y1 and y2 to either x1 or x2 first join each other.

1 ASTRAL Details

Each node u in an unrooted gene tree g divides the set of taxa into three
distinct subsets (see Figure 1). We refer to this tripartition of taxa with
the Tri(u) = (A|B|C) notation, and refer to each of the three subsets as
one “side” of the tripartition. Consider any arbitrary quartet tree x1x2|y1y2
induced by the tree g. The path from x1 to y1 and the path from x2 to y1

first join each other at some node u. It is easy to show that the paths from
x1 and x2 to y2 first join each other at the same exact node u. Thus, x1 is
on one side of Tri(u) and x2 is on another side, and {y1, y2} are both on the
third side of Tri(u). Similarly, if paths from y1 and y2 are followed to either
x1 or x2, they join each other first at some node v, and as long as the tree
is fully resolved, we can easily show that u 6= v. Again we can show that y1
is on one side of the tripartition Tri(v), y2 is on another side, and x1, x2 are
on the third side. Thus,

Lemma 1. For each quartet tree x1x2|y1y2 induced by an unrooted fully re-

solved (i.e., binary) tree, there are exactly two nodes u and v where Tri(u)
has x1 on one side, x2 on another side, and y1, y2 on the third side; and

similarly, Tri(v) has y1 on one side, y2 on another side, and x1, x2 on the

third side.
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Chipman and Kubatko (2014. Bioinf.) have developed a quartet-based approach to inferring 

the species tree from SNP data: SVDQuartets. 
 
This is important as high throughput approaches such as ddRAD-Seq may be the most cost-

effective method for generating genome-wide genetic data, in that data are in the form of 
SNPs. 

 
The idea here is that for any quartet tree, there is a valid bipartition and two invalid 

bipartitions: 

 
 
 

Infer the species tree in the 4-taxon case from SNP data using coalescent theory and a 
GTR model of sequence evolution.  
 
For each resolution of each quartet, we can use the frequencies of each site pattern that is 

consistent with it as a measure of its support. 
 

𝐹𝑙𝑎𝑡𝐿!|𝐿"(𝑃)* 

 

 
We can represent this with a Singular Value Decomposition, SVD (L1|L2). The true resolution of 

the quartet is the one with the lowest SVD score. 
 
For very large data sets a random sample of (say 100,000) quartets can be used to estimate the 

species tree. 

1.1 Site pattern probability distributions under the
coalescent model

The coalescent model can be used to compute the probability
distribution of gene trees given a particular species tree and set of
speciation times (which determine species tree branch lengths).
Both the discrete probability distribution on the space of gene
tree topologies (Degnan and Salter, 2005) and the probability
density on the space of gene trees with branch lengths
(Rannala and Yang, 2003) have been derived recently. Using
these probability distributions, it is possible to compute the prob-
ability distribution on data patterns at the tips of a species tree.
Let XH be the observed state in the data at tip H, and, referring
to the tree in Figure 1, for example, define pijkl as

pijkl=PðX1=i;X2=j;X3=k;X4=lÞ: ð1Þ

for i; j; k; l 2 fA;C;G;Tg. To compute the probability distribu-
tion fpijklji; j; k; l 2 fA;C;G;Tgg, we need the following: (i) a spe-
cies phylogeny, with speciation times specified; and (ii) a model
for sequence evolution along a gene tree, e.g. the General Time-
Reversible (GTR) model (Tavare, 1986) or the Jukes–Cantor
(JC69) model (Jukes and Cantor, 1969). See DeGiorgio and
Degnan (2010) for an example of how to carry out this compu-
tation for a two-state model. The details of the calculation for
arbitrary k-state models can be found in Chifman and Kubatko
(2014). We now describe how this probability distribution can be
used to compute a score on a quartet of taxa that can identify the
true quartet relationship. To begin, we define a split of a phylo-
genetic tree as follows.

DEFINITION. A split of a set of taxa L is a bipartition of L into
two non-overlapping subsets L1 and L2, denoted L1jL2. A split
L1jL2 is valid for tree T if the subtrees containing the taxa in L1

and in L2 do not intersect.

For a quartet of taxa, we consider splits for which jL1j=2
(and thus necessarily jL2j=2), e.g., we consider splitting the
four taxa into two groups of two. For example, consider a
valid split L1jL2, where L1=f1; 2g and L2=f3; 4g (Fig. 1).
Under this partition, we can display the probability distribution
P=fpijklji; j; k; l 2 fA;C;G;Tgg in the form of a flatteningalong
a split L1jL2, denoted by FlatL1jL2 ðPÞ, as follows:

pAAAA pAAAC pAAAG pAAAT pAACA . . . pAATT

pACAA pACAC pACAG pACAT pACCA . . . pACTT

pAGAA pAGAC pAGAG pAGAT pAGCA . . . pAGTT

pATAA pATAC pATAG pATAT pATCA . . . pATTT

pCAAA pCAAC pCAAG pCAAT pCACA . . . pCATT

! ! ! ! ! . .
.

!

pTTAA pTTAC pTTAG pTTAT pTTCA . . . pTTTT

0

BBBBBBBBBBBBBBB@

1

CCCCCCCCCCCCCCCA

:

In the above 16# 16 matrix, the rows correspond to the pos-
sible nucleotides for the two taxa in set L1 and the columns
correspond to the possible nucleotides for the two taxa in set
L2. For more information about flattening of a tensor P for
the general Markov model on a gene tree, see Allman and

Rhodes (2008). Using this representation, we make use of the
following result for species tree inference under the coalescent.

THEOREM 1 [Chifman and Kubatko, 2014]. Let C denote the class
of coalescent models under the four-state GTR model on a four-
taxon binary species tree. For a valid split L1jL2,
rank(FlatL1jL2 ðPÞ) $ 10 for all distributions P arising from C.
For a non-valid split L1jL2, generically, rank(FlatL1jL2 ðPÞ)410.

We note that the above theorem implies generic identifiability
of the unrooted species tree topology for four taxa under the
coalescent model (Chifman and Kubatko, 2014). By ‘generic’
we mean that the set of parameters on which the model is non-
identifiable is a subset of a proper subvariety of measure zero. In
addition, we have established generic identifiability of the un-
rooted n-taxon species tree under the coalescent model from
the induced quartets (Chifman and Kubatko, 2014).

2 METHODS

2.1 Inferring splits using singular value decomposition

Our goal is to use the result of Theorem 1 to infer species phylogenies.
Assume that the available data consist of a large sample of unlinked
SNPs, which we can used to construct an estimate of the matrix
FlatL1 jL2 ðPÞ. We call this matrix FlatL1 jL2 ðP̂Þ, and define this matrix by

p̂AAAA p̂AAAC p̂AAAG p̂AAAT p̂AACA . . . p̂AATT

p̂ACAA p̂ACAC p̂ACAG p̂ACAT p̂ACCA . . . p̂ACTT
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p̂CAAA p̂CAAC p̂CAAG p̂CAAT p̂CACA . . . p̂CATT

! ! ! ! ! . .
.

!

p̂TTAA p̂TTAC p̂TTAG p̂TTAT p̂TTCA . . . p̂TTTT

0

BBBBBBBBBBBBBBB@

1

CCCCCCCCCCCCCCCA

;

where p̂ijkl is the frequency with which we observe the event
fX1=i;X2=j;X3=k;X4=lg in the data where L1=f1; 2g and
L2=f3; 4g. A key observation is that this can be rapidly tabulated for
quartets of taxa even for datasets of very large size.

We want to infer which of the three possible splits on quartets is the
true split. One way to assess this would be to consider the FlatL1jL2 ðP̂Þ
matrix for each of the three possible splits, and measure which of the
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below, is modeled after the approach of Eriksson (2005), who considered

the problem of tree estimation from a flattening matrix obtained from the

probability distribution of site patterns at the tips of a gene tree. His

overall approach to estimation of the phylogeny differed from ours; how-
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1.1 Site pattern probability distributions under the
coalescent model

The coalescent model can be used to compute the probability
distribution of gene trees given a particular species tree and set of
speciation times (which determine species tree branch lengths).
Both the discrete probability distribution on the space of gene
tree topologies (Degnan and Salter, 2005) and the probability
density on the space of gene trees with branch lengths
(Rannala and Yang, 2003) have been derived recently. Using
these probability distributions, it is possible to compute the prob-
ability distribution on data patterns at the tips of a species tree.
Let XH be the observed state in the data at tip H, and, referring
to the tree in Figure 1, for example, define pijkl as

pijkl=PðX1=i;X2=j;X3=k;X4=lÞ: ð1Þ

for i; j; k; l 2 fA;C;G;Tg. To compute the probability distribu-
tion fpijklji; j; k; l 2 fA;C;G;Tgg, we need the following: (i) a spe-
cies phylogeny, with speciation times specified; and (ii) a model
for sequence evolution along a gene tree, e.g. the General Time-
Reversible (GTR) model (Tavare, 1986) or the Jukes–Cantor
(JC69) model (Jukes and Cantor, 1969). See DeGiorgio and
Degnan (2010) for an example of how to carry out this compu-
tation for a two-state model. The details of the calculation for
arbitrary k-state models can be found in Chifman and Kubatko
(2014). We now describe how this probability distribution can be
used to compute a score on a quartet of taxa that can identify the
true quartet relationship. To begin, we define a split of a phylo-
genetic tree as follows.

DEFINITION. A split of a set of taxa L is a bipartition of L into
two non-overlapping subsets L1 and L2, denoted L1jL2. A split
L1jL2 is valid for tree T if the subtrees containing the taxa in L1

and in L2 do not intersect.

For a quartet of taxa, we consider splits for which jL1j=2
(and thus necessarily jL2j=2), e.g., we consider splitting the
four taxa into two groups of two. For example, consider a
valid split L1jL2, where L1=f1; 2g and L2=f3; 4g (Fig. 1).
Under this partition, we can display the probability distribution
P=fpijklji; j; k; l 2 fA;C;G;Tgg in the form of a flatteningalong
a split L1jL2, denoted by FlatL1jL2 ðPÞ, as follows:

pAAAA pAAAC pAAAG pAAAT pAACA . . . pAATT

pACAA pACAC pACAG pACAT pACCA . . . pACTT

pAGAA pAGAC pAGAG pAGAT pAGCA . . . pAGTT

pATAA pATAC pATAG pATAT pATCA . . . pATTT

pCAAA pCAAC pCAAG pCAAT pCACA . . . pCATT

! ! ! ! ! . .
.

!

pTTAA pTTAC pTTAG pTTAT pTTCA . . . pTTTT

0

BBBBBBBBBBBBBBB@

1

CCCCCCCCCCCCCCCA

:

In the above 16# 16 matrix, the rows correspond to the pos-
sible nucleotides for the two taxa in set L1 and the columns
correspond to the possible nucleotides for the two taxa in set
L2. For more information about flattening of a tensor P for
the general Markov model on a gene tree, see Allman and

Rhodes (2008). Using this representation, we make use of the
following result for species tree inference under the coalescent.

THEOREM 1 [Chifman and Kubatko, 2014]. Let C denote the class
of coalescent models under the four-state GTR model on a four-
taxon binary species tree. For a valid split L1jL2,
rank(FlatL1jL2 ðPÞ) $ 10 for all distributions P arising from C.
For a non-valid split L1jL2, generically, rank(FlatL1jL2 ðPÞ)410.

We note that the above theorem implies generic identifiability
of the unrooted species tree topology for four taxa under the
coalescent model (Chifman and Kubatko, 2014). By ‘generic’
we mean that the set of parameters on which the model is non-
identifiable is a subset of a proper subvariety of measure zero. In
addition, we have established generic identifiability of the un-
rooted n-taxon species tree under the coalescent model from
the induced quartets (Chifman and Kubatko, 2014).

2 METHODS

2.1 Inferring splits using singular value decomposition

Our goal is to use the result of Theorem 1 to infer species phylogenies.
Assume that the available data consist of a large sample of unlinked
SNPs, which we can used to construct an estimate of the matrix
FlatL1 jL2 ðPÞ. We call this matrix FlatL1 jL2 ðP̂Þ, and define this matrix by
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p̂ATAA p̂ATAC p̂ATAG p̂ATAT p̂ATCA . . . p̂ATTT

p̂CAAA p̂CAAC p̂CAAG p̂CAAT p̂CACA . . . p̂CATT

! ! ! ! ! . .
.

!

p̂TTAA p̂TTAC p̂TTAG p̂TTAT p̂TTCA . . . p̂TTTT

0

BBBBBBBBBBBBBBB@

1

CCCCCCCCCCCCCCCA

;

where p̂ijkl is the frequency with which we observe the event
fX1=i;X2=j;X3=k;X4=lg in the data where L1=f1; 2g and
L2=f3; 4g. A key observation is that this can be rapidly tabulated for
quartets of taxa even for datasets of very large size.

We want to infer which of the three possible splits on quartets is the
true split. One way to assess this would be to consider the FlatL1jL2 ðP̂Þ
matrix for each of the three possible splits, and measure which of the
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measure distances between matrices. Our choice of a distance, described

below, is modeled after the approach of Eriksson (2005), who considered

the problem of tree estimation from a flattening matrix obtained from the
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overall approach to estimation of the phylogeny differed from ours; how-
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