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COEVOLUTIONARY CLINES ACROSS SELECTION MOSAICS
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Abstract.—Much of the dynamics of coevolution may be driven by the interplay between geographic variation in
reciprocal selection (selection mosaics) and the homogenizing action of gene flow. We develop a genetic model of
geographically structured coevolution in which gene flow links coevolving communities that may differ in both the
direction and magnitude of reciprocal selection. The results show that geographically structured coevolution may lead
to allele-frequency clineswithin both interacting species when fitnesses are spatially uniform or spatially heterogeneous.
Furthermore, the results show that the behavior and shape of clines differ dramatically among different types of
coevolutionary interaction. Antagonistic interactions produce dynamic clines that change shape rapidly through time,
producing shifting patterns of local adaptation and mal adaptation. Unlike antagonistic interactions, mutualisms generate
stable equilibrium patterns that lead to fixed spatial patterns of adaptation. Interactions that vary between mutualism
and antagonism produce both equilibrium and dynamic clines. Furthermore, the results demonstrate that these inter-
actions may allow mutualisms to persist throughout the geographic range of an interaction, despite pockets of locally
antagonistic selection. In all cases, the coevolved spatial patterns of allele frequencies are sensitive to the relative
contributions of gene flow, selection, and overall habitat size, indicating that the appropriate scale for studies of
geographically structured coevolution depends on the relative contributions of each of these factors.
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Many natural populations show geographic clinesin traits
including morphology, gene frequencies, behavior, and pat-
terns of adaptation and maladaptation. The evolutionary forc-
es that give rise to these single-species clines have been the
subject of much theoretical and experimental work, with most
studies focusing on clines maintained either by adaptation to
different environments (Haldane 1948; Fisher 1950; Endler
1973; Slatkin 1973; Nagylaki 1975; Garcia-Ramos and Kirk-
patrick 1997), or by selection against hybrids (Bazykin 1969;
Barton and Hewitt 1985; Campbell et al. 1997; Gavrilets
1997). This work has led to a well-developed theory for sin-
gle-species clines, including the effects of multiple loci (Li
and Nei 1974; Slatkin 1975; Barton 1983, 1999; Kruuk et al.
1999) variable population densities (Barton 1979; Kirkpa-
trick and Barton 1997), and intraspecific frequency-depen-
dent selection (Mallet and Barton 1989). Although many sin-
gle-species clines are surely produced by these processes,
relatively little is known about the structure and dynamics
of clines within those species whose evolution is governed
primarily by interspecific interactions. For many host-para-
site and host-symbiont interactions, the potential clearly ex-
ists for coevolution between the interacting species to be the
primary factor governing geographic variation across land-
scapes.

The role of coevolution in shaping spatial patterns of var-
iation in interacting species has developed rapidly as studies
designed to test predictions of the geographic mosaic theory
of coevolution (Thompson 1994, 1999a) and related views
of coevolution have begun to accumulate. The theory argues
that much of ongoing coevolution may result from the in-
terplay of selection mosaics (where the fitnesses of interact-
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ing species vary geographically) and shifting genetic land-
scapes shaped by gene flow, genetic drift, and the dynamics
of extinction and recolonization (Thompson 1999b). Empir-
ical support now exists for the primary components of a
geographic mosaic view, including selection mosaics and
spatial patterns of local maladaptation caused by gene flow
among populations of interacting species. Evidence for se-
lection mosaics has accumulated for a wide range of taxaand
types of interaction, including those between seed-eating
crosshills and pines, a sterilizing trematode and its snail host,
Drosophila and its parasitoids, and Taricha salamanders and
garter snakes (Benkman 1999; Brodie and Brodie 1999;
Kraaijeveld and Godfray 1999; Lively 1999). As the empir-
ical evidence for selection mosaics has increased, so to has
support for the role of gene flow in shaping spatial patterns
of maladaptation within species interactions (Berenbaum and
Zangerl 1998; Storfer and Sih 1998; Kaltz et al. 1999; Lively
1999; Parker 1999). This emerging pattern of empirical ev-
idence argues strongly for a geographic view of coevolution
and for the potentially dynamic role of coevolutionin shaping
the spatial pattern of traits important to species interactions.

As the empirical evidence for the importance of coevo-
lution in shaping spatial patterns of variation has increased,
so too have the number of theoretical investigations into the
causes and consequences of geographically structured co-
evolution. Gandon et al. (1996) modeled explicit space and
extinction-recolonization dynamics in an analysis of local
adaptation in a host-parasite metapopulation. Their results
demonstrated that patterns of local adaptation and malad-
aptation can be strongly affected by spatial structure evenin
a completely homogenous environment. This model also
demonstrated that asymmetric gene flow between hosts and
parasites can have strong effects on patterns of adaptation,
with relatively higher levels of parasite gene flow promoting
local adaptation of parasites. When environmental hetero-

1102

© 2000 The Society for the Study of Evolution. All rights reserved.



COEVOLUTIONARY CLINES

geneity was recently incorporated into a different model of
predator-prey coevolution, organized patterns of maladap-
tation and selection mosaics emerged (Hochberg and van
Baalen 1998). A gradient in prey productivity in the model
produced results indicating that reciprocal selection would
be most intense in regions of highest prey productivity, thus
potentially creating a selection mosaic. More recently, work
that has explicitly incorporated selection mosaics into a spa-
tially structured genetic model showed that novel coevolu-
tionary dynamics, equilibria, and patterns of local malad-
aptation readily emerge (Nuismer et al. 1999). Collectively,
these models have begun to elucidate how geographic struc-
ture can alter coevolutionary dynamics by building on pre-
vious genetic models of coevolution within panmictic inter-
actions (Seger 1988; Frank 1993; Gavrilets and Hastings
1998) and interactions with implicit spatia structure (Frank
1997; Leonard 1997).

Here we extend this theoretical framework by formulating
a spatially explicit genetic model of two coevolving species
that are distributed as semi-isolated interacting populations
arranged along a single spatial axis. Our model allows for
spatially homogenous fitnesses as well as three distinct types
of selection mosaics. We first consider purely antagonistic
interactions, such as those between hosts and parasites or
between predators and prey. We use the model to investigate
both spatially homogenous environments, where reciprocal
selection is constant, and spatially heterogeneous environ-
ments, where reciprocal selection varies from strong antag-
onism within some regions to weak antagonism in others.
Antagonistic selection mosaics have been shown to arise
readily when thereis spatial variation in patterns of parasitoid
virulence (Kraaijeveld and Godfray 1999), spatial variation
in risk of infection (Lively 1999), and spatial variation in
underlying ecological properties (Hochberg and van Baalen
1998). We then consider purely mutualistic interactions, such
as those between some rhizobia and their host plants (e.g.,
Parker 1999). We use the model to investigate both spatially
homogeneous environments and heterogeneous environments
where geographic regions vary in the extent to which an
interaction is beneficial to both speciesinvolved. Finally, we
consider interactions that vary geographically between mu-
tualistic and antagonistic selection. Interactions that have the
potential to shift between mutualism and antagonism have
been demonstrated for a variety of systems and may be im-
portant for understanding the conditions that lead to the evo-
lution of obligate mutualisms (Munger and Holmes 1987;
Maschinski and Whitham 1989; Nguyen et al. 1989; Mich-
alakis et al. 1992; Thompson and Pellmyr 1992; Thompson
1994; Saikkonen et al. 1998).

For each of these three types of interaction, we use our
model to address four important questions on how geograph-
ically structured coevolution may shape geographic patterns
of variation: (1) Can polymorphic clines coevolve in the ab-
sence of selection mosaics? (2) Do selection mosaics promote
the formation and persistence of polymorphic clines? (3)
What combinations of selection, gene flow, and habitat size
are most likely to lead to clines? (4) Does geographically
structured coevolution lead to predictable patterns of local
mal adaptation?
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MoDEL DESCRIPTION
Discrete Time and Space

Here we describe a discrete time and space model for two
coevolving species that are distributed identically across a
landscape as a series of interacting populations connected by
gene flow. The model allows reciprocal selection to vary in
both sign and magnitude across these interacting popul ations,
permitting virtually any spatial pattern of reciprocal selec-
tion. We simplify the genetics of coevolution by assuming
that both species are haploid, with two alternative alleles at
a single locus governing the dynamics of coevolution. Spe-
cies 1, the parasite or mutualistic symbiont, has alleles Y and
y, with frequencies at each geographic position i given by
p.i and (1 — py;), respectively, whereas species 2, the host,
has aleles Z and z, with frequencies p,; and (1 — py),
respectively. For simplicity and to facilitate comparison with
previous work, we use a simple matching alleles model to
describe coevolution at a specific geographic location (Seger
1988; Gavrilets and Hastings 1998). With such a model, in-
teractions that affect fitness occur only when individuals car-
rying matching alleles, such as'Y and Z, meet. When pairwise
interactions between two species occur at random, this match-
ing alleles model leads naturally to fitness functions that are
both linear and symmetric. For a single geographic location
i, the fitnesses are:

Wy = 1+ cipy, (1a)
Wi =1+ c(— p), (1b)
WZ,i = 1 + bi pl,iv and (1C)
W, = 1+ bi(1 — pay)s (1d)

where W is the fitness of genotype k at location i, ¢ is the
fitness sensitivity of species 1 (the mutualistic symbiont or
parasite) at location i to changesin the frequency of its match-
ing allele in species 2 (the host) at location i, and b; is the
fitness sensitivity of species 2 at location i to changes in the
frequency of its matching allele in species 1 at location i.
Assuming both mutation and genetic drift are weak relative
to selection, the allele frequencies at a single location after
one round of coevolutionary selection, but before migration,
are:

P1iWy i
F= — and 2
Pis PriWy i + (1 — ppi)W; (29
iWz i
5, = P (20)

P2, Wz + (1 — po)Wy'

where pf; is the postselection allele frequency for species k
at position i. When either ¢; > 0, b < Oor¢ <0, b >0
the interaction is antagonistic, and one species benefits from
interacting while the other is harmed. Positive values of both
b, and ¢; indicate a mutualistic interaction. If an interaction
were antagonistic at an isolated location i, allele frequencies
would oscillatein both interacting species, with the amplitude
of these oscillations increasing through time and eventually
leading to fixation in finite populations (Seger 1988). The
stronger the reciprocal fitness effects of the interaction (i.e.,
larger magnitudes of parameters ¢; and b;), the more rapidly
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Dynamics of coevolution at a single discrete geographic location, i, determined from numerical simulation of equations (2a,b)

with initial frequencies p;; = 0.6 and p,; = 0.45 (A) Weak antagonistic selection (¢; = 0.01, b = —0.01) resulting in oscillations that
show no noticeable increases in amplitude through time. (B) Stronger antagonistic selection (¢; = 0.03, b; = —0.03) leading to oscillations
that increase in amplitude through time. (C) Relatively weak mutualistic selection (¢; = 0.01, b; = 0.01) leading to fixation of matching
alleles over roughly 1100 generations. (D) Stronger mutualistic selection (¢; = 0.03, b; = 0.03) leading to the more rapid fixation of

matching alleles over roughly 400 generations.

the amplitude of oscillations increases (Fig. 1A,B). If anin-
teraction were mutualistic at a location i, positive frequency
dependence would lead to the fixation of matching alleles.
The rate of fixation is primarily determined by the strength
of reciprocal selection, with stronger selection (i.e., larger
magnitudes of parameters c¢; and b;) leading to more rapid
fixation (Fig. 1C,D).

Weincorporated geographic structureinto thissingle-patch
model by imagining discrete populations of interacting spe-
ciesuniformly distributed at n locations along a single spatial
dimension. We assume gene flow is constant through time,
symmetric in space, independent of local fitness (i.e., soft
selection), and occurs after selection. Furthermore, we as-
sume that in every generation each population of species k
at position i is composed of a proportion of migrants My(i, j)
from population j. With these assumptions the allele fre-
quencies at each discrete geographic location, i, after one
round of selection and gene flow are:

n
pki = 1:21 My (i, j)pk;, 3
where n is the total number of populations and pi ; is the
postselection allele frequency of species k at each location
j, calculated from equations (2). Although equation (3) as-

sumes no particular migration scheme, we will restrict our
consideration to Gaussian migration of the form:

iy
2 Ok
n 1(j =i\
ex_f

J=21 P Z(Uk)

where o is the migration variance of species k, for k = 1,
2. Definition (4) indicates that the proportion of population

exp)

M(i, j) = T 4

i composed of migrants from population j decreases with the
distance between i and j, and increases with larger values of
the migration variance og.

We use the discrete time and space recursion equations (1)—
(4) to simulate coevolution in spatially homogenous environ-
ments, by assuming b; and ¢; are constant throughout the geo-
graphic range of the interaction. Selection mosaics are modeled
by allowing b; and ¢; to vary with location. Our treatment of
selection mosaics will be limited to ‘‘step clines,”” where the
nlinearly distributed popul ations are divided into two arbitrary
regions, with ¢; and b, taking the constant values ¢, and b, in
the left-hand region { —A < i < 0} and cg and by in the right-
hand region {0 < i < B} (Fig. 2). Thismodel structure allows
a wide variety of coevolutionary interactions within spatial
regions (e.g., mutualism, antagonism, or commensalism) and
any combination of types across regions (Fig. 2).

Diffusion Approximation

To provide a more extensive analysis than is possible with
the purely discrete model, we use a diffusion approximation
to thismodel. When selection isweak, Gavrilets and Hastings
(1998) have shown that the dynamics of coevolution at an
isolated geographic location, described by equations (2), can
be approximated in continuous time with the system of dif-
ferential equations,

pl(Xv t)
t

P2 (Xv t)
t

~ c(py(1 — p)(2p2 — 1) and (5a)

~ b(X¥)p2(1 — p2)(2p1 — 1), (5b)
where the discrete spatial positions, i, have been replaced by
their continuous analog, X, and the arguments of p;(x, t) and
po(X, t) have been suppressed on the right-hand side for no-
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Fic. 2. A schematic diagram of the spatial structure of selection
on the host species for three types of selection mosaics. The dashed
line indicates the point at which there is no selection. (A) An an-
tagonistic interaction with different selection sensitivities (b. and
br) experienced by the host species within the two spatial regions.
(B) A mutualistic interaction with different levels of selection on
the host (b, and bg) between the two spatial regions. (C). An in-
teraction that varies between antagonism and mutualism between
the two spatial regions. Selection on the host is positive within the
mutualistic region and negative within the antagonistic region.

tational clarity. The coevolutionary dynamics produced by
this continuous time approximation differ from those of the
original discrete model by producing stable cycles in antag-
onistic interactions, rather than expanding oscillations. How-
ever, numerical simulation of the discrete time and space
recursion equations (2) indicates that for small magnitudes
of b; and ¢; the qualitative dynamics of the discrete and con-
tinuous models are indistinguishable, even over relatively
long time scales (e.g., 5000 generations).

We incorporate space into our approximation by adapting
the diffusion approximation originally suggested by Fisher
(1937) for the geographic spread of an advantageous allele
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within a single species. This approximation has been used
frequently in investigations of clines within single species
(e.g., Bazykin 1969; Mallet and Barton 1989; Gavrilets 1997)
and has been extensively tested numerically by Slatkin
(1973), who found that the diffusion approximation and the
original discrete model were in good agreement for weak
selection. Nagylaki (1975) has also provided a rigorous der-
ivation of the diffusion approximation, and shown that the
approximation is valid when: (1) populations are distributed
continuously across space: (2) selection isweak; and (3) gene
flow is constant through time and symmetrical in space. This
rigorous theoretical basis established for the single-species
case suggests an appropriate approximation to the discrete
time and space coevolutionary model described by equations
(1)—(4). Using equations (5) and the assumptions of Nagylaki
(1975), we approximate geographically structured coevolu-
tion with the partial differential equations:

px 1) _If 92

m > ﬁpl + c(¥p1(1 — p)(2p, — 1)

{-A < x<B} (6a)
and
2
w = g&pz + b(X)p2(1 — p2)(2p, — 1),
{-A < x< B} (6b)

where |17 and |5 are migration variances analogous to o and
0% in the discrete model and the variable x is position along
acontinuous, one-dimensional spatial axisthat extendsfrom
—A toB. Inall cases, we will assume the zero flux boundary
conditions for equations (6). When fitnesses are spatially
homogenous, both b(x) and c(x) are constant throughout the
geographic range of the interaction. As in the discrete mod-
el, selection mosaics will assume a step cline with c(x) and
b(x) given by the constants ¢, and b, in the left-hand region
{—A < x < 0} and cg and by in the right-hand region {0
< x < B}.

Equilibrium patterns of the allele frequencies p,(x,t) and
po(x,t) can be determined by setting equations (6) equal to
zero and solving the resulting ordinary differential equations.
If welet p;(X) and p,(x) denote equilibrium allele frequencies
and define w(X) = 2c(X)/12 and w,(X) = 2b(x)/I5, then we
have:

.
TR 0y (9Pa(1 — PP, — D
{-A <x< B} (7a)
and
d2p
P00 0B Po)(2y — 1),
{-A < x< B} (7b)

where we will again assume the zero flux boundary condi-
tions. For any given type of coevolutionary selection, there
are always equilibria, p1(x) and p,(x), with spatially uniform
allele frequencies in both interacting species (Table 1). We
use the equilibrium equations (7) and the time-dependent
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TaBLE 1. The constant equilibria that are always solutions of the
system of differential equations (7a, b).

P.(¥) P.(X) Biological interpretation

0 0 fixation of matching alleles
1 1 fixation of matching alleles
0 1 fixation of alternative alleles
1 0 fixation of alternative alleles

fully polymorphic

partial differential equations (6) to analyze the approximate
dynamics of geographically structured coevolutionary inter-
actions.

REsULTS
Antagonistic Coevolution

We first consider a geographically structured coevolution-
ary interaction between ahost and parasite, where the parasite
always benefits from the interaction (c¢; or ¢(x) > 0 for all i
or x), and the host always suffers (b; or b(x) < O for al i or
X). We investigate interactions with spatially homogeneous
selection (i.e., constant parasite virulence) and then those
with spatially heterogeneous selection (i.e., spatial variation
in parasite virulence). Although most interactions are un-
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likely to be subject to truly homogeneous reciprocal selection
across large geographic regions, investigating this case pro-
vides a baseline expectation for the minimum role that co-
evolution may play in shaping patterns of clinal variation in
interacting species.

If fitnesses are homogeneous across the geographic range
of a host-parasite interaction, clines can only evolve when
there is initial spatial heterogeneity in allele frequencies. In
the absence of initial heterogeneity, equations (6) predict
local oscillations in allele frequencies that are completely
synchronized throughout the entire range of the interaction,
producing allele frequencies that are constant across space,
although dynamic through time (Gavrilets and Hastings
1998). When initial allele frequencies are heterogeneous, nu-
merical simulation of the discrete time and space recursion
equations (1)—(4) indicates that oscillations will be initially
asynchronous across the range of the interaction, producing
transient clines that change in shape through time, but even-
tually decay (Fig. 3A—F). These transient clines may lead to
alternating patterns of local maladaptation (average fitness
lower within sympatric than allopatric interactions) and local
adaptation (average fitness higher within sympatric than al-
lopatric interactions) within both interacting species as the
spatial structure of allele frequencies changes through time
(Fig. 3A—C). Furthermore, individuals drawn from any spe-
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Fic. 3. Spatial and temporal structure of a dynamic cline within an antagonistic interaction. Panels (A), (B), and (C) show the geographic
structure of allele frequencies p; ; and p,; at generations 1100, 1200, and 1300 respectively; (D), (E), and (F) show the temporal dynamics
of alele frequencies at three discrete locationsi = —29.5,i = —0.5, and i = 29.5. These dynamics result from numerical simulation of

equation (3), with by = —0.04, ¢; = 0.05, 01 = 0, = 1, and n = 60.

Initial allele frequencies were p;; = 0.1 for {-=29.5 < i < 0}, py;

= 0.9 for {0 <i < 295}, pp; = 0.8 for { —29.5 < i < 0}, pp; = 0.2 for {0 < i < 29.5}. This initial spatial heterogeneity in allele

frequenmes has virtually disappeared by generation 4000.
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Fic. 4. The decay of spatial variance in allele frequencies p; and
p. with time, showing the dependence of the rate of decay on the
migration rates of interacting species. The spatial variance was
calculated as V(p) = 21 (ki — P (n — 1) from a numerical
simulation of equation (3) with ¢; = 0.02, b; = —-0.02,, n = 70.
Initial allele frequencies were p;; = 0.4, py; = 0.3 for { —34.5 <
i <0} and py; = 0.6, pp; = 0.9 for {0 < i < 34.5}. Migration
rates were (A) 01 = 0, = 05, (B) 0y = 0, =1; (C) 01 = 05 =
1.5.

cific geographic location i may be locally maladapted relative
to individuals in one direction, while locally adapted to in-
dividuals in the other direction (Fig. 3).

Because the shape of transient clines at any instant depends
strongly on initial conditions, spatially structured antagonis-
tic interactions without selection mosaics are unlikely to pro-
duce predictable patterns of local maladaptation at any given
moment in time. Furthermore, numerical simulation of the
discrete model indicates that gene flow will eventually syn-
chronize oscillations, leading to the decay of transient clines
and the loss of spatially structured adaptation or maladap-
tation. The rate at which spatial variation decays depends
primarily upon the rate of gene flow, with increasing gene
flow leading to more rapid homogenization of allele fre-
qguencies (Fig. 4). Because transient clines are inevitably
eroded by gene flow, coevolutionary clines will persist only
for limited periods of time in the absence of selection mo-
saics.

By incorporating a selection mosaic (b, # bg and/or ¢, #
Cr), such as geographic variation in parasite virulence (Fig.
2A), dynamic clines can evolve from allele frequencies that
are initially homogenous across space. Furthermore, the in-
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corporation of aselection mosaic on one species allows clines
in both species to be permanently maintained under a re-
strictive set of conditions. Numerical simulation of the dis-
crete model indicates that dynamic clines are most likely to
arise and persist when both host and parasite have very low
levels of gene flow relative to the width of the habitat (i.e.,
A + B> a), and both species have strong reciprocal effects
on fitness. These conditions allow temporal oscillations in
allele frequencies to remain permanently asynchronous, thus
creating clines that change shape rapidly through time (qual-
itatively similar to Fig. 3). When gene flow is high relative
to the total width of habitat and the magnitude of reciprocal
selection, alelic oscillations within both species converge to
the fully polymorphic and geographically uniform equilib-
rium (Py; = Po; = 1/2). This fully polymorphic equilibrium
represents a compromise condition where the fitness of both
species is exactly half its maximum value throughout the
habitat. When gene flow becomes very high relative to both
the width of the habitat (e.g., A + B < o)) and the magnitude
of reciprocal selection, allele frequency oscillations syn-
chronize and increase in amplitude throughout the habitat.
As intuition would predict, this case rapidly leads to the
spatial homogenization of allele frequencies and the concom-
itant loss of spatial patterns of local maladaptation or ad-
aptation. Together, these results demonstrate that spatial pat-
terns of local maladaptation or adaptation are most likely to
be permanently maintained in interactions characterized by
very low rates of gene flow and strong, spatially heteroge-
neous reciprocal selection.

Mutualistic Coevolution

We next consider a mutualistic interaction between a sym-
biont and host, where throughout their geographic ranges
both species benefit from interacting (c;, b; or c(x), b(x) > 0
for al i or X). We use the model to first investigate geo-
graphically structured mutualistic coevolution in the absence
of a selection mosaic, where both interacting species affect
each other equally throughout the habitat. We then introduce
a selection mosaic, where mutualistic selection is stronger
within some portions of the geographic range of the inter-
action than in others (Fig. 2B). Numerical simulation of the
discrete equations (1)—(4) shows that both conditions lead to
equilibria rather than to the temporal oscillations produced
by spatially structured antagonistic coevolution. Whether
these equilibria occur as clines or fixed monomorphisms de-
pends on the relative strengths of selection and gene flow,
the width of habitat, and the initial distribution of allele fre-
guencies.

First, consider the case where selection is mutualistic and
spatially homogenous throughout the range of theinteraction.
Analysis of both the discrete and continuous models shows
that polymorphic clines tend to evolve when gene flow is
low relative to the total width of habitat (A + B), and to the
strength of reciprocal selection. These properties emerge
readily from equilibrium equations (7) and from simulations
of the discrete model (egs. 1-4). If both interacting species
have identical ratios of selection intensity to gene flow (w1(X)
= wy(X) = w), then for any polymorphic equilibria the fre-
quencies p1(X) and po(X) must also be equal. Equations (7a,b)
then collapse to a single equation:



P - —op- P -1, {-A<x<B} (8
where p(x) = p1(X) = po(X) . Equation (8) also arisesin models
of single-species clines maintained by selection against hy-
brids, and was originally formulated by Bazykin (1969) for
this purpose. This strong parallel between clines maintained
by mutualistic coevolution and clines maintained by selection
against hybrids reflects the inherent instability of polymor-
phic equilibria within single populations for both types of
selection. With the assumption that the interaction occurs
across an infinite environment (A = B = ), equation (8)
with boundary conditions

dp

i 0 asx - » and p(X) - 1or0 (93a)
and

dp N

poie 0 asx - —» and Pp(X) - Oorl (9b)

can be solved, giving the spatially uniform monomorphic
solutions of Table 1. There are also an infinite number of
polymorphic clines, each centered at the arbitrary point x,.
These clines take one of two possible shapes given by the
solutions:

1
1+ exp[(x — Xo)Vol
_ expl(x — Xo)Vo]
1+ exp[(x — X))Vl

which correspond to the two alternative boundary conditions
given above. The presence of alternative solutions for each
arbitrary value of xg suggests that the equilibrium shape of
clines may be sensitiveto initial allele frequencies. This sug-
gestion is verified by numerical simulation of the discrete
model with finite habitats (n < ). If initial allelefrequencies
are spatially uniform, fixed matching monomorphisms result
rather than polymorphic clines. Because clines requireinitial
spatial structuring of allele frequencies, they may be most
likely to evolve in natural populations when genetic diver-
gence has previously occurred in allopatry.

Once polymorphic clines have evolved within a geograph-
ically structured mutualism, their persistence is greatly en-
hanced by gene flow that is low relative to the total width
of habitat. Numerical simulation of the discrete model sug-
gests that the polymorphic equilibria described by equations
(10) are much more stable to perturbations when the width
of the habitat (A + B) exceeds the total width of the poly-
morphic cline estimated below. Extrapolating linearly from
the maximum slope of the clines described by equations (10)
estimates the width of these clines as

A
Vo'
which is analogous to Slatkin’s (1973) ‘‘characteristic
length.”” Because habitats wider than W promote stability

(i.e., A+ B> W), clines are most likely to persist within
mutualistic interactions when gene flow is low relative to

and

p) = (10a)

p(¥) (10b)

W= (11)
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Fic. 5. The displacement of polymorphic cline from a region of
strong mutualistic selection { —25.5 < i < 0}, into aregion of weak
mutualistic selection {0 < i < 51.5}. The four lines show the cline
at generations 100, 3100, 6100, 9100. Results are from a numerical
simulation of equation (3), with b, = 0.02, by = 0.15, ¢, = 0.02,
Cr = 0015, and 01 = 0 = 1.

habitat width and the strength of reciprocal selection. Al-
though these conclusions apply only to the simplified case
where 01(X) = w,(X) = w, and the environment is infinite,
numerical simulation of the discrete model suggests that our
results are in good qualitative agreement with the more gen-
eral condition (wq # wy) if the restricted w is assigned the
smaller of the values w, or w,.

Perhaps surprisingly, selection mosaics tend to limit the
conditionsthat allow clinesto evolve and be maintained with-
in geographically structured mutualisms. When a selection
mosaic exists within a mutualistic interaction such that ¢, #
cr and/or b # bg, equilibrium equations (7) can be written
as:

d%p; _ J—eipa(l - B)(2P, — 1) {(-A<x<0}
dx? —agw1Pi(1 = Pr)(2p — 1) {0 <x< B}
(12a)
and
d2p, _ {_wzﬁz(l — P2)(2p — 1) {(~A<x<0}
dx? —apwaP(1 = P2)(2P — 1), {0 <x< B}
(12b)

where o = |CR/C|_|, Ay = |bR/b|_|, W, = |2C|_/|%|, and Wy =
[2b./13]. 1f we again assume an infinite habitat (A = B = )
and w; = wy, = w, analysis of equations (12) reveals that
clines cannot be polymorphic as they cross the boundary of
the selection mosaic, at x = 0 (Appendix 1A). That is, both
species must be monomorphic at the border between regions
of differing selection intensities. This analytic result is cor-
roborated by numerical simulations of the discrete model with
finite habitats. In general, the incorporation of selection mo-
saics results in the displacement of clines from the region of
stronger mutualistic selection (Fig. 5). Habitat width, in re-
lation to the compound parameter w, determines whether this
displacement leadsto the loss of a polymorphic cline through-
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out the habitat or simply causes it to be displaced from the
region of stronger selection. The critical width of habitat
necessary to maintain the polymorphic cline in the presence
of a selection mosaic can be estimated as

4
%1
where B is the width of the habitat in which reciprocal se-
lection is weaker (Appendix 1B). This condition demon-
strates that elimination of a polymorphic cline isindependent
of the strength of selection within the more strongly selected
habitat. When a selection mosaic displaces a cline, the dis-
tance the cline will shift from the selection mosaic boundary
is approximately equal to half the width of habitat required
to maintain the cline, or 2/Vw. This value is independent of
the ratio of reciprocal selection within the two regions, with
the distance the polymorphic cline travels being determined
solely by the amount of gene flow and strength of reciprocal
selection within the less strongly selected region. Numerical
simulation of the discrete model suggests that these results
are valid even for the more general condition (w; # ), if
w is assigned the smaller of the values w, or w,. Taken to-
gether, these results show that clines are most likely to exist
within geographically structured mutualisms when reciprocal
selection is strong, gene flow is low relative to the width of
habitat, and selection mosaics are absent (a; = ay = 1).

B> (13)

Selection Mosaic between Mutualism and Antagonism

Finally, we consider an interaction between a symbiont
and host that varies geographically from antagonism to mu-
tualism (Fig. 2C). Such interactions may frequently occur
within mutualisms when the relative costs and benefits of the
interaction change with differences in local ecological con-
ditions (Barton 1986; Cushman and Whitham 1989; Thomp-
son and Pellmyr 1992; Breton and Addicot 1992; Saikkonen
et al. 1998). When ecological conditions vary through space
such that selection varies between antagonism and mutual-
ism, the results described in this section show that both dy-
namic and equilibrium clines are common.

We first consider a simplified case where the symbiont
species is monomorphic (pi(X) = 0 or 1), perhaps through
abiotic or biotic factors extrinsic to the interaction. In this
case, polymorphic clines readily evolve within the host. If
selection is antagonistic (¢, > 0, b, < 0) within the geo-
graphic region { —A < x < 0} but mutualistic (cg, bg > 0)
within the alternative region {0 < x < B}, equilibrium equa-
tions (7) reduce to

d2p, _ {:wzpz(l )
dx? TarwoP(1 — P2),

where a, = |bg/b, |, and w, = |2b, /13]. The upper signs apply
when the symbiont isfixed for they allele (p1(X) = 0) whereas
the lower signs apply when the symbiont is fixed for the Y
alele (p1(X) = 1). Equation (14) also determines the equi-
librium allele frequencies for asingle species evolving across
an environmental step cline (Haldane 1948; Slatkin 1973).
When the magnitude of selection on the host is equal between
regions of antagonism and mutualism (a, = 1) and the en-

{-A<x< 0}

{0 < x< B} (14)
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Fic. 6. Two plots of the equilibrium allele frequency of the host
species, P,(x), for selection that varies between antagonism within
the region { —« < x < 0} and mutualism within the region {0 <
x < «}. The allele frequency of the symbiont species is fixed at
p1(X) = 1 throughout the range of the interaction. Results are from
equation (16b), with w, = 0.20 and 0.01 respectively.

vironment is infinite (A = B = «), equations (14) subject to
the boundary conditions

dp, 0 X - o® Po(X) - O
—2 = 15
dX {0 X - —x® @Z(X) — 1 ( a)
for p1(x) = 0 and
ap, |0 x - Po(¥) - 1
a2 15b
for p1(x) = 1 can be solved, giving
O Vs \2
1 + §tanh arctanhV'2/3 — wzx
Hz 2 2
g = Lm0 , (6
(O]
- 5tanh<arctanhv 2/3 + 5 2x
0 {0 < x < o},
if p1(x) =0, and
Voo \2
% - :—;tanh(arctanhVZI — ;2x>
o —0 < X<O0
poy=0 (72=x<0 _ (160)
w2
X

H»; + “Ztanh(arctanhV2/3 +

0 {0 < x < o},

if p(x) = 1. Solutions (16) describe polymorphic clines in
the host and demonstrate that the spatial structure of adap-
tation will differ for host and symbiont species (Fig. 6). Min-
imum host fitness occurs at the mutualism-antagonism in-
terface (x = 0), whereas symbiont fitness reaches its mini-
mum within the region of antagonistic reciprocal selection.
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Fic. 7. A dynamic cline within an interaction that varies between antagonism and mutualism. Panels (A), (B), and (C) show the
geographic structure of allele frequencies p; and p, at generations 2000, 2050, and 2100, respectively; (D), (E) and (F) show the temporal
dynamics of allele frequencies at three discrete locationsi = —29.5,1 = —0.5 and i = 29.5. These dynamics results from numerical
simulation of equation (3) across a step cline where by = —0.05, and ¢, = 0.05 within the antagonistic region {—29.5 < i < 0} and
cr = 0.05 and bgr = 0.05 within the mutualistic region {0 < i < 29.5}, o; = 0, = 0.5, and n = 60. Initial allele frequencies were py;
= 0.1, P2 = 0.9 for {—295 <i< 0} and P1i = 0.4, P2 = 0.9 for {0 <i< 295}

Furthermore, the width of habitat over which hosts fail to
maximize fitness is given by V6/w,, indicating that this re-
gion of maladaptation increases with host gene flow and de-
creases with the intensity of reciprocal selection.

When both species are free to evolve, numerical simula-
tions of the discrete model indicate that equilibrium clines
and temporally dynamic clines will both evolve within linked
antagonistic-mutualistic systems. Dynamic clines arerestrict-
ed to conditions of very low gene flow relative to the width
of antagonistic habitat or antagonistic selection that is much
stronger than mutualistic selection. This result must clearly
be true in the limit as the region of antagonistic selection
becomes very large relative to gene flow and local reciprocal
selection predominates, leading to oscillations within at least
some portion of the antagonistic habitat. A common result
from simulations is oscillatory temporal dynamics within the
antagonistic habitat that decreasein amplitude with proximity
to the region of mutualistic selection (Fig. 7). Within the
mutualistic region, these temporally dynamic oscillations are
gradually replaced by the matched monomorphic equilibrium
(Fig. 7). Overall, these conditions tend to limit oscillations
within antagonistic habitats and prevent monomorphic fixa-
tion within mutualistic habitats, promoting the maintenance
of polymorphism across the range of the interaction.

When gene flow is high relative to the width of the an-
tagonistic habitat and the region of mutualism is much larger

or more strongly selected than the region of antagonism,
stable equilibrium clines predominate. These clines are high-
ly polymorphic within antagonistic habitats, with levels of
polymorphism decreasing and eventually being replaced by
fixed monomorphisms as distance from the antagonism-mu-
tualism boundary increases (Fig. 8). These equilibrium clines
lead to strong spatial patterns of maladaptation, with the mean
fitness of both species being furthest from its potential max-
imum within the antagonistic habitat. As distance from the
antagonistic habitat increases, levels of maladaptation gen-
erally decrease within both interacting species as allele fre-
quencies approach a fixed monomorphic equilibria with op-
timal fitness for both species, within the mutualistic habitat.

For studies of evolving mutualisms, the conditions nec-
essary to replace both dynamic and equilibrium clines with
fixed matching monomorphisms (p1(x) = po(x) = 0 or 1) are
of particular interest. These matching monomorphisms cor-
respond to fixed mutualisms, where both species are fixed
for matching alleles and therefore, by assumption, always
successfully interact. The conditions that allow these fixed
mutualisms to be evolutionarily stable in the face of pockets
of locally antagonistic selection are of fundamental impor-
tance to understanding the conditions that favor the evolution
of obligate mutualisms, such as those between figs and fig
wasps and yuccas and yucca moths. When an interaction
varies geographically between antagonism and mutualism,
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Fic. 8. An equilibrium cline within an interaction that varies be-
tween antagonism and mutualism, showing the geographic structure
of the equilibrium allele frequencies py; and p,; for different host
migration rates o,. Plots result from numerical simulation of equa-
tion (3) across a step clinewhereb, = —0.02, and ¢, = 0.03 within
the antagonistic region { —24.5 < i < 0}, and cg = 0.03 and bg =
0.03 within the mutualistic region {0 < i < 24.5}, and n = 50.
Migration rates of the symbiont/parasite were fixed with o; = 0.5,
while host migration rates were: (A) ¢, = 0.5; (B) 0, = 1.0; and
(C) o, = 1.5. Initial allele frequencies were p;; = 0.3, p,; = 0.8
for {—24.5 <i <0} and p;; = 0.4, pp; = 0.8 for {0 < i < 24.5}.

analysisof equations (6) (Appendix 2) reveal sthat asufficient
condition for the stability of the matching monomorphic equi-
libriais

(1)2A2 < 60 (17a)

where o, = |2b, /19|, and 0 is the unique root between 0 and
/2 of

tan(Vog) = Vastanh(yVogas),

with Y = B/A, and Ay = |bR/b|_|

This result demonstrates that the stability of fixed mutu-
alisms depends directly on host parameters alone. Moreover,
equations (17) are identical to the stability condition for a
single species evolving within a spatially heterogeneous en-
vironment derived by (Nagylaki 1975). Equation (17a) also
suggests that the balance between host gene flow and selec-

(17b)
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Fic. 9. The critical value 6, calculated from equation (17b) and
plotted against v, the ratio of the sizes of mutualistic (B) to antag-
onistic (A) habitat, for three different values of «,. For the fixed
mutualism to be stable, w,A2 < 6. The figure shows that increasing
the strength of mutualistic selection relative to antagonistic selec-
tion, a,, increases the range of parameters capable of maintaining
a fixed mutualism. The plot also shows that as the ratio of mutu-
alistic to antagonistic habitat, vy, increases, the critical value, 6¢
increases rapidly and then plateaus.

tion exerted by the symbiont (reflected in w,) is of crucia
importance in determining the appropriate scale of empirical
investigation.

Finally, increasing the ratio of mutualistic to antagonistic
habitat, vy, causes the critical value 6, to increase, with this
increase occurring rapidly and over only a very small region
of v (Fig. 9). This abrupt relationship between vy and 64 in-
dicates that changes in the relative proportions of mutualistic
and antagonistic habitats will generally have very little im-
pact on stability unless they occur within a critical region of
host selection and gene flow. This result has clear implica-
tions for the conservation of species interactions and overall
community structure, showing that very small changes in
habitat size can dramatically restructure interspecific inter-
actions.

Discussion

Our analyses suggest that geographically structured co-
evolution readily leads to both equilibrium and dynamic
clines, thus potentially producing strong spatial structuring
in the traits of interacting species. Both dynamic and equi-
librium clines may evolve and persist in the presence of se-
lection mosaics and, surprisingly, even in their absence.
Whether clines arise and persist and are equilibrium or dy-
namic depends on the type of underlying coevolutionary se-
lection as well as habitat size, rates of gene flow, and the
strength of reciprocal selection.

The three types of geographically structured coevolution
considered here lead to fundamentally different types of
clines. In purely antagonistic interactions equilibrium clines
do not evolve, but dynamic clines evolve readily when allele
frequency oscillations are not synchronized throughout the
geographic range of the interaction. Such dynamic spatial
patterns are well known for a variety of biological, physical,
and chemical systems that exhibit oscillatory behavior in the
absence of spatial structuring (Murray 1993). Incorporating
a selection mosaic into these antagonistic interactions allows
dynamic clines to be generated de novo and promotes their
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persistence. Unlike antagonistic interactions, geographically
structured mutualisms tend to evolve stable equilibrium
clines, with selection mosaics decreasing the likelihood that
clineswill evolve and persist. When coevolutionary selection
varies from mutualism to antagonism across space, both dy-
namic and equilibrium clines are produced. These overall
patterns depend on rates of gene flow, the relative strengths
of coevolutionary selection between the mutualistic and an-
tagonistic habitats, and the relative sizes of these two habitat
types.

Our analysis of purely antagonistic interactions also sug-
gests that dynamic clines will generally persist only when
coevolutionary selection is strong and gene flow is weak
relative to habitat width. When the opposite conditions pre-
vail, dynamic clines decay at a rate that increases with in-
creasing levels of gene flow. These results suggest that spa-
tially structured patterns of adaptation or maladaptation are
most likely in those coevolutionary systems characterized by
strong and spatially variable reciprocal selection and gene
flow that is weak relative to habitat width. These conditions
are similar to those of Lively (1999), who used a two-patch
coevolutionary model to investigate patterns of local adap-
tation in a parasite. This model showed that significant levels
of local adaptation or maladaptation could only be maintained
with low rates of parasite gene flow in conjunction with very
high levels of parasite virulence. Furthermore, our results
show that these spatial patterns of local adaptation will vary
through time, with any population alternating between local
adaptation and local maladaptation. Consequently, measures
of local adaptation or maladaptation taken at only a single
instant in time, rather than as time averages, may be very
misleading.

These conditions lead to two general predictions about the
spatial structure of local adaptation and maladaptation. First,
because conditions of low gene flow and strong selection
reduce the geographic scal e over which gene frequencies cor-
relate, we expect patterns of local adaptation or mal adaptation
to vary predictably only over afinite region. This prediction
receives at least some support from empirical studies dem-
onstrating correl ations between geographic distance and local
adaptation only over small spatial scales (Lively 1989; Wil-
kinson et al. 1996; Kaltz et al. 1999). Second, the distance
over which correlations between local adaptation and geo-
graphic distance occur will be determined by the amount of
gene flow, relative to the strength of reciprocal selection.
Because this distance must be measured relative to rates of
gene flow and the strength of reciprocal selection, different
taxa may show patterns of local adaptation or maladaptation
over markedly different spatial scales. This may partialy
explain why some empirical studies have not found evidence
for local adaptation or maladaptation (Parker 1989; Ebert et
al. 1998; Imhoof and Schmid-Hempel 1998), whereas other
studies using different taxa or spatial scales have found such
evidence (Parker 1985; Ballabeni and Ward 1993; Hanks and
Denno 1994; Lively and Jokela 1996).

Our analyses also demonstrate that polymorphic clines can
be maintained within mutualistic interactions. Of crucial im-
portance to the persistence of clines is the relationship be-
tween gene flow, selection, and habitat size. Our analyses of
geographically structured mutualisms suggest that clines are
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most likely to be maintained when the total habitat width in
which the interaction occursis much greater than 4/\Vw. This
result shows that the size of habitat required to maintain a
cline decreases with higher intensities of coevolutionary se-
lection, but increases with higher rates of gene flow. These
results are in broad agreement with the results of a recent
metapopulation model of geographically structured mutual-
isms (Parker 1999). Using aspatially explicit model, Parker’s
simulations showed that polymorphic patterns may be most
likely to be maintained within mutualistic interactions when
gene flow is low. Together, these results help to explain how
mutualistic interactions may maintain polymorphisms on a
geographic scale, despite local selection that favors matching
monomorphisms.

Finally, our results show that fixed mutualisms, where both
species successfully interact throughout their geographic
ranges, may persist between species despite pockets of locally
antagonistic selection. This result adds to the emerging view
that mutualisms may be demographically and genetically
more stable than previously thought (Pellmyr and Huth 1994;
Pellmyr et al. 1996; Ringel et al. 1996). Furthermore, our
results show that, although fixed mutualisms may be stable
across a broad range of parameter values, a critical region
exists where even small changes in the proportions of mu-
tualistic and antagonistic habitats may destabilize the mu-
tualism and lead to a restructuring of overall community dy-
namics.

The model we have considered isrelatively simple, but the
results show that geographic structure may produce coevo-
lutionary dynamics that are impossible within local inter-
actions. Investigation of more complex models that incor-
porate other aspects of geographically structured coevolution,
such as spatial variation in ecological dynamics or interac-
tions that vary between regions of coevolutionary selection
(hot spots) and commensalistic selection (cold spots) may
expand upon the results of our simple model (e.g., Gomulk-
iewicz et al. 2000). Likewise, the incorporation of more com-
plex genetic systems may allow novel coevolutionary dy-
namics to emerge as epistatic interactions among loci are
reshaped by selection, gene flow, and drift. Consideration of
these additional complexities will be necessary for a more
complete understanding of the causes and consequences of
geographically structured coevolution.
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APPENDIX 1

Conditions for the existence of clines within spatially hetero-
geneous environments.

(A) Here we show that selection mosaics preclude the existence
of clines that are polymorphic at the boundary (x = 0) of the se-
lection mosaic. With the assumption that the interaction occurs in
an infinite habitat (A = B = ») and that v, = w, = w, equations
(12) become

o
TP —opa-pE -1 (—=<x<0 (A
and
N
ddi(z)() = —awp(l - PP -1, {0<x<o} (A2

where a = |cg/c | = |br/b|, and p(X) = P1(X) = Po(X). Making the
substitution u = dp/dx, and solving (A1) and (A2) subject to the
boundary conditions

@:0 and p->0Oorl asx - —o, (A3)
dx
dp .
— =0 and Pp->1or0 asx - o, (A4)
dx
and
P(x) is continuous at x = 0. (A5)
yields
SN —Po _
PN = —om T o o) {-=<x<0} (AB)
and
—Po (0<x<=} (A7)

P = o T (-1 + oV’

where pg is an arbitrary value for p(x) at x = 0. Lastly, we require
that dp(x)/dx be continuous at x = 0. Differentiating equations (A6)
and (A7) with respect to x and evaluation at x = 0 yields

LtV (e<x<0 (g
and

L C1tppVes,  (0<x<= (a9
which can only be satisfied with 0 < p, < 1 if « = 1. Thus,

polymorphic clines cannot exist across the boundary of regions of
heterogeneous selection. (B) In the previous section we showed that
selection mosaics do not allow clines that are polymorphic at the
boundary of the selection mosaic (x = 0) within mutualistic inter-
actions in an infinite habitat. That is, p(x) = 0 or 1 at x = 0. We
will now use this result to estimate the minimum size of a finite
region of weak selection {0 < x < B} needed to maintain a poly-
morphic cline. Because p(x) must equal zero or one at x = 0, we
replace boundary conditions (A3) and (A4) with

SCOTT L. NUISMER ET AL.

@
£:O and p_Oorl asx -0 (A10)
and
dp R
&:0 and p->0Oorl asx —» —oo, (A11)

Solving (A1) with these boundary conditions gives solutions with
the same maximum slope as equations (10) in the text. Using this
slope to approximate the width of the cline leads to equation (11)
of the text. Although this derivation is strictly valid only for an
infinite habitat, numerical simulations of the discrete time and space
model in finite habitats have verified its applicability.

APPENDIX 2

Conditions for the stability of a fixed mutualism.

Here we derive conditions for the stability of the equilibria corre-
sponding to the fixed mutualism with py(X) = Po(x) = O for al x in
an interaction that varies geographically between antagonism and mu-
tualism. Analysis of the aternative fixed mutualism p;(X) = p(X) =
1 is similar. Considering an interaction that is antagonistic (¢, > 0O,
b, < 0) ontheinterval {—A < x < 0} but mutualistic (cg, bg > 0)
on the interval {0 < x < B} leads to

af o%p,

Py (x, 1) b e T CLpi(l = p)(2p2 — 1) {-A<x<0}
p1at, _ Df 62
0D cem@ =PI, -1 (0<x<B)
} (A12)
an
03 a2
ey ool BRI D (-A<x<O
at

0
92
2022 4 b1 - p2— ) {0<x< B

(A13)

Rescaling equations (A12) and (A13) with £ = x/A and linearizing
around the equilibrium p;(X) = Po(X) = 0 results in

glz %py

opy(E, ) _ 2 587

ot Di ipl

RA? 9¢2

+ CcLp1L {-1<E< 0}

(A14)

+ a6y {0< &<~}

and

dls 92
%2 —p22 + bL P2
apa(E, 1) RA* 08

at 013 9p,
[RAZ 9¢2
where y = B/A, oy = |cr/c| and o, = |br/b |. Examination of the
linearized system (A14) and (A15) reveals that allele frequency
changes in the host and symbiont are independent of one another,
indicating that their dynamics can be analyzed separately. Fur-
thermore, because we assume that both ¢, and cg are always positive
(the symbiont always benefits from the host) equations (A14), de-
scribing allele frequency change in the symbiont, show that the
equilibrium p,(x) = 0 is always stable. We apply the method of
separation of variables to equation (A15), such that py(&, t) =
F()G(E) on {—1 < & < 0} and py(, t) = K()L(E) on {0 < & < ~},
with F, G, K, and L arbitrary functions of either t or &. Substituting
these expressions into (A15) replaces the partial differential equa-

tions with a system of four ordinary differential equations

{-1<g<0}
(A15)

— azb p; {0<g<n}
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FF((:)) =i, {-1<g<0 (A9
2|_/§2cc;;"(§)+bL:Mv {-1<¢<0 (A17)
%32 R {0<E<v} (A18)
and
%% —oagby = Ap, {0<E<H} (A19)

where A\ and \y are arbitrary constants and primes indicate deriv-
atives. Solving the time-dependent equations (A16) and (A18) sub-
ject to theinitial, and arbitrarily small, perturbations e (x) and eg(X)
respectively, leads to the exponential solutions

F = ¢ (X)ert and (A20)

K = eg(X)errt, (A21)
indicating that the critical values of A and \g for which the initial
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perturbations g (x) and er(x), will neither shrink nor grow is\ =
Ar = 0. At the critical values, equations (A16)—(A19) reduce to

%(;) = —w,A? {-1<&< 0} (A22)
and
LL((;) = a,m,A2, {0< &<~} (A23)

where o, = [2b,/13]. For a solution to equations (A22) and (A23)
to exist, subject to the boundary conditions

G =L®E=0 ag=—1y, (A24)
G(&) = L(§) a¢=0 and (A25)
G'(€) = L'(®) ag =0, (A26)
it must be true that
0oA2 < B, (A27)
where 6 is the unique root between zero and w/2 of
tan(V6o) = Vatanh(yVegay). (A28)



