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Abstract—The main objective of this paper is to develop an
efficient method for learning and reproduction of complex tra-
jectories for robot programming by demonstration. Encoding of
the demonstrated trajectories is performed with hidden Markov
model, and generation of a generalized trajectory is achieved by
using the concept of key points. Identification of the key points
is based on significant changes in position and velocity in the
demonstrated trajectories. The resulting sequences of trajectory
key points are temporally aligned using the multidimensional
dynamic time warping algorithm, and a generalized trajectory
is obtained by smoothing spline interpolation of the clustered
key points. The principal advantage of our proposed approach is
utilization of the trajectory key points from all demonstrations for
generation of a generalized trajectory. In addition, variability of
the key points’ clusters across the demonstrated set is employed
for assigning weighting coefficients, resulting in a generalization
procedure which accounts for the relevance of reproduction of
different parts of the trajectories. The approach is verified experi-
mentally for trajectories with two different levels of complexity.

Index Terms—Hidden Markov model (HMM), key points, pro-
gramming by demonstration (PbD), robotics, robotics learning.

I. INTRODUCTION

ROBOT programming by demonstration (PbD) refers to
transferring skills to robots by providing examples of the

required behavior through demonstrations. This programming
technique is analogous to the way humans learn new skills, i.e.,
from demonstrations by a teacher. The main advantage of this
approach is in the elimination of the need for extensive techni-
cal knowledge in order to program robots [1]–[5]. The intuitive
programming style of PbD has the potential to facilitate robotic
applications in both the manufacturing industry and the service
sector (e.g., office or household environments).
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The focus of this paper is on the problem of trajectory
generation for transfer of knowledge between a human demon-
strator and a robot. Acquiring skills at a trajectory level is
considered here because of the rich information that is con-
tained in the human trajectories. This information includes not
only the execution-level kinematics data, such as velocities
and accelerations, but also important task knowledge, e.g., task
space constraints, obstacle avoidance requirements, position
and orientation of the robot end-point for grasping a target
object or for approaching a workpiece, etc. [1], [4], [6], [7].

Learning a skill at a trajectory level involves modeling the
demonstrated set of trajectories and retrieving a generalized
representation of the set suitable for reproduction by a robot
learner. For modeling the random variations of the human
demonstrated motions, many authors employed probabilistic
representations of the recorded data from several repeated ex-
amples of the same skill. For instance, hidden Markov models
(HMMs) [8], Gaussian mixture models (GMMs) [9], and con-
ditional random fields [10] have been reported in the literature
for modeling of demonstrated tasks at a trajectory level [1]–
[6], [11]–[13]. Among these methods, HMM has been one of
the most widely used in the field of robot PbD for modeling
and analysis of human motions due to its robustness to spatio-
temporal variations of sequential data [14]–[16].

The work presented here concentrates on the problem of
reproduction of human motions using HMM. Among the works
in the literature that tackle this problem, the approach reported
in [17] used the observation sequence with the maximum likeli-
hood of being generated by the learned model to be reproduced
by a robot. However, because of the natural noise content of
human movements, this trajectory is generally not suitable for
execution by robots. In [18], a large number of hidden state
sequences for a trained HMM were synthetically generated, and
a generalized trajectory was obtained by averaging over the set
of trajectories that corresponded to the output distributions of
the model for the given state sequences. A similar averaging
approach was used in [19]. The drawback of the averaging
approaches is that the smoothness of the obtained generalized
trajectory cannot be guaranteed.

Another body of work proposed to generate a trajectory
for reproduction of HMM modeled skills via interpolation
of trajectory key points (herein referred to as “key points”)
which describe a set of features that are the most important
for reproduction [20]. In Calinon and Billard [11], to generate
a trajectory for task reproduction, first, the forward algorithm
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was used for the HMM to find the observation sequence with
the maximum likelihood of the trained model, and then, the
most probable sequence of hidden states for that observation
sequence was obtained by applying the Viterbi algorithm [8].
The key points were connected by a third-order spline for the
Cartesian trajectories and via a cosine fit for the joint angle
trajectories. Although this approach generated a smooth tra-
jectory suitable for robot reproduction, the resulting trajectory
corresponded to only one observed demonstration. What is pre-
ferred instead is a generalized trajectory that will encapsulate
the observed information from the entire set of demonstrations.
The HMM-based key point approach for trajectory learning was
also employed by Asfour et al. [21]. The authors introduced the
term common key points, which refer to the key points that are
found in all demonstrations. Thus, the generalized trajectory
included the relevant features shared by the entire set of in-
dividual demonstrations. Their approach was implemented for
emulation of generalized human motions by a dual arm robot
with the generalized trajectory obtained by linear interpolation
through the common key points.

The proposed approach in this paper is similar with those
of [11] and [21] in using key points for describing the impor-
tant parts of the trajectories for reproduction. However, unlike
these two approaches, we utilize a clustering technique for
initial identification of candidate key points prior to the HMM
modeling. Discrete HMMs are then employed for modeling the
demonstrated trajectories, and the key points for each obser-
vation sequence are identified at the transitions between the
hidden states. We introduced the term null key points, which
refer to the hidden states for which the transitions do not occur
in the individual observation sequences. There is generally a
temporal mismatch among the trajectory key points identified
in any two different demonstrations. To solve this problem,
the demonstrated trajectories are aligned in time domain by
applying the multidimensional dynamic time warping (DTW)
algorithm [22]. The demonstrated trajectory with the maximum
likelihood of being generated by the trained HMM is used as
a reference sequence for alignment of the demonstrations. A
generalized time-frame vector for the reference trajectory is
derived by computation of the average durations of all hidden
states over the entire set of demonstrations. After the DTW
alignment, weighting coefficients are assigned to each cluster
of key points, based on key points’ variability across the set
of demonstrations. A generalized trajectory is produced by
applying smoothing cubic spline interpolation of the key points
from all demonstrations. The proposed approach was verified
for tasks of painting a panel.

The main contributions of our work are the inclusion of the
proposed clustering technique in the PbD process for selection
of the key points and the generalization approach which em-
ploys features from the entire set of demonstrations. Hence,
in comparison with the work of Calinon and Billard [11], our
proposed approach uses the key points from all demonstrations
for interpolation and extraction of a trajectory for task repro-
duction. Contrary to the work of Asfour et al. [21], the key
points that are not repeated in all demonstrations are not elim-
inated from the process. Instead, by introducing the concept
of null key points, all of the key points from the entire set of

demonstrations are considered for reproduction. Low weights
are assigned for reproduction of the key points that are not
found in most of the demonstrations, thus ensuring that only the
most consistent features across the set of demonstrations will be
reproduced. Moreover, the weighting process of the proposed
approach also serves as a mechanism for interpreting the intent
of the demonstrator. Namely, for the sections of the trajec-
tories that exhibit a considerably higher variance of the key
points across the demonstrated set (when compared to the other
sections), lower weights for the reproduction purposes are as-
signed. This step will ensure that the generated trajectory would
follow the corresponding sections of the demonstrations more
loosely. Conversely, low variability of the key points translates
to a constrained part of the trajectories, leading to higher
significance for reproduction and high values of the weighting
coefficients, thus resulting in a tighter fit of the extracted
key points. The advantage of such generalization approach is
that the trajectory for task reproduction fits better with the
demonstrated set, which has been verified here by using root-
mean-square difference as a comparison metric. Additionally,
the DTW alignment of the trajectories is performed after the
segmentation of the trajectories with HMM. This procedure
allows the temporal alignment to be performed at the key point
level, which, on the other hand, maintains the shape of the
velocity profile of the demonstrated trajectories.

The rest of this paper is organized as follows. Section II
discusses the initial steps of the proposed technique related
to selection of key points for the demonstrated trajectories. In
Section III, the details of initialization and implementation of
HMM are addressed. Retrieving a generalized trajectory from
the set of key points using DTW and computation of weighting
coefficients for the key points are discussed in Section IV.
The simulation and reproduction results for two experiments of
painting are reported in Section V, while a comparison with the
similar PbD approaches is presented in Section VI. Section VII
briefly summarizes the proposed approach and the results.

II. INITIAL TRAJECTORY LABELING

A. Data Acquisition

The proposed approach focuses on learning the trajectories
of a manipulated tool. Depending on the task, trajectories of
the demonstrator’s hand can be tracked and learned without
loss of generality. Perception of the demonstrated trajectories
is performed with an optical tracking system which measures
the positions of infrared optical markers attached to the tool.
Based on the markers’ locations with respect to a fixed refer-
ence frame, position and orientation (pose) of predefined rigid
bodies are inferred over a set of discrete time instants. The
measured trajectories from the perception phase are denoted
by {Xm = (x1,m,x2,m, . . . ,xNm,m)}M

m=1, where m is used
for indexing the demonstrations, M refers to the total num-
ber of demonstrations, and Nm denotes the number of mea-
surements of the demonstration Xm. Each measurement is a
D-dimensional vector xn,m =(x(1)

n,m, x
(2)
n,m, . . . , x

(D)
n,m), for n=

1, 2, . . . , Nm, m = 1, 2, . . . ,M . We consider 6-D measure-
ments consisting of Cartesian coordinates for the tool’s position
and Euler’s roll–pitch–yaw angles for the tool’s orientation.
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Fig. 1. Diagram representation of the proposed approach for robot PbD. The solid (blue) lines depict automatic steps in data processing. For a set of observed
trajectories X1, . . . , XM , the algorithm automatically generates a generalized trajectory Xgen, which is transferred to a robot for task reproduction.

A schematic diagram depicting the data processing flow for
the proposed approach is shown in Fig. 1. A detailed description
of the approach follows in the next sections.

B. Selection of Candidate Key Points

Analysis of the recorded trajectories initially involved iden-
tification of a set of candidate key points. Sets of criteria for
selection of candidate key points for continuous trajectories
were proposed in [11] and [21]. In this paper, we introduce a
different technique for selecting candidate key points, which is
based on classification of discretely labeled data using normal-
ized position and velocity feature vectors. This process results
in segmentation of the trajectories based on significant changes
in position and velocity. Linde–Buzo–Gray (LBG) algorithm
[23] was used here for this purpose. Using such an approach for
trajectory segmentation was motivated by the works for human
motion identification and classification based on clustering
techniques [24], [25].

The LBG algorithm is a variant of the k-means clustering
method, i.e., it is used to partition a set of input data points into
a number of clusters. A distinct property of the LBG algorithm
is the partitioning procedure, which starts with one data cluster
followed by iteratively doubling the number of clusters until
satisfaction of termination conditions. A short description of
the algorithm is given in Table I.

For the problem at hand, the velocity values for each di-
mension of the recorded trajectories were calculated using
an empirically chosen delay value of p sampling periods,
i.e., v

(d)
n,m = (x(d)

n+p,m − x
(d)
n−p,m)/(tn+p,m − tn−p,m), for n =

1, . . . , Nm and d = 1, . . . , D, where d denotes the dimension-
ality of the sequences and t denotes the time instants. The
introduced delay smoothes the velocity data in order to prevent
the next key points to be selected too close to the previous key
points (note that selection of values of the parameters, e.g., p,
and other implementation details are discussed in Section V).
Velocities of the first and last p sampling periods were assigned
to the constant vectors v

(d)
p+1,m and v

(d)
Nm−p,m, respectively.

To avoid biased results caused by different scaling in the
numerical values of the positions, orientations, and velocities,

TABLE I
LBG ALGORITHM

these data sequences were first normalized to sequences with
zero mean and unit variance for each dimension of the trajecto-
ries. The normalized position, orientation, and velocity vectors
x̂n,m and v̂n,m were vertically concatenated into a combined
2D-dimensional vector αn,m = [x̂n,m v̂n,m]T . Afterward, the
vectors from all trajectories were horizontally concatenated into
a set of vectors U with the length equal to the total number of
measurements from all trajectories, i.e.,

∑M
m=1 Nm. Next, the

LBG classification algorithm was run on the set U to group all
αn,m vectors into k clusters, by assigning each vector αn,m

to the label of the closest centroid. The candidate key points
for the trajectories were associated with the transitions between
the clusters labels. The resulting sequences of key points after
the initial segmentation with LBG algorithm were denoted by
KLBG

m = {κLBG
j,m = (tj,m,xj,m)}, for j = 1, 2, . . ., where t and

x represent the time instances and tool’s pose of the jth key
point of demonstration m, respectively.

A major challenge in automatic identification of the key
points is to determine the number of key points that is sufficient
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Fig. 2. Example of initial selection of trajectory key points with the LBG algorithm. The key points are indicated with circles. The following input features are
used for clustering: (a) normalized positions coordinates (x̂, ŷ); (b) normalized velocities (v̂x, v̂y); and (c) Normalized positions and velocities (x̂, ŷ, v̂x, v̂y).

to describe the recorded trajectories. Similar to many learning
algorithms, this involves a tradeoff between generalization and
overfitting. In cases where the number of identified key points
is low, some relevant features of trajectories may be excluded
from the generalization process. On the other hand, extraction
of too many key points may result in overfitting of the demon-
strated trajectories. For our case, the number of key points per
trajectory is indirectly controlled by prespecifying the number
of clusters k based on the complexity of the trajectories.

To illustrate the LBG segmentation, an example of assigning
key points for simple 2-D trajectories with rectangular shape
is shown in Fig. 2 (the trajectories correspond to painting
the contour of a rectangular panel). The number of clusters
was empirically set to 16. Fig. 2(a) shows the results when
only the normalized position coordinates x and y are used
for clustering. The key points, represented by circles in the
figure, are associated with changes in x and/or y position
coordinates. The selected set of key points missed the corners of
the trajectories, which, on the other hand, represent important
features of the demonstration, since they convey information
about the spatial constraints of the task. Labeling with the LBG
algorithm for the same trajectories based solely on the velocity
features is shown in Fig. 2(b). For this case, there are significant
changes in velocities around the corners of the trajectories (due
to the slowing down of the tool motions around the corners
of the panel). Fig. 2(c) shows the LBG clustering results for
combined positions and velocity data, which yielded improved
segmentation of the trajectories, when compared to the results
in Fig. 2(a) and (b) for separate positions and velocity features.

The criteria for initial selection of the key points reported
in [11] suggest assigning a key point if there is a change in
direction for one of the position coordinates greater than a
given threshold or if the distance to the previous key point is
greater than a given threshold. The authors of [21] proposed an
extended set of criteria for key point selection, which among
others included the following: 1) the angle between two posi-
tion vectors of the trajectories is less than a given threshold;
2) the norm between two position vectors is greater than a
given threshold; and 3) the number of time frames between the
previous key point and the current position is greater than a
given threshold. This set of criteria is more complete since key
points can be identified even if there is no significant change in

any of the individual coordinates, but there is an overall change
in direction of the demonstrated trajectory. The drawback of
these techniques for key point selection is the requirement for
manual adjustment of the threshold parameters for different tra-
jectories. In [21], the recorded trajectories consisted of 6-D po-
sitions and orientations of the hand trajectories and 7-D joint
angle trajectories. Therefore, the process of selection of candi-
date key points required to experimentally determine the values
of 15 threshold parameters. Our proposed method assigns the
key points using only the number of clusters k in the LBG
algorithm as a parameter, thus avoiding the manual tuning of
a large set of parameters. The number of clusters k here is
selected empirically based on the prior knowledge of the tra-
jectory geometry. Note that the selected value of the parameter
k can be suited for segmentation purposes with a family of
trajectories with similar level of complexity. In addition, the
number of clusters k could also be automated by employing the
traditional LBG approach and by setting a threshold distance
value, below which centroid splitting would cease. However, in
this case, the results for key point labeling could suffer from
overfitting or missing important trajectory features.

In summary, the stage of selecting candidate key points
resulted in different numbers of key points per trajectory, along
with variations in spatial position and temporal alignment of the
key points. Thus, HMM was used for modeling the trajectories
due to its ability in handling spatiotemporal differences in
the observed sequences of data. The trajectory that was best
described by its set of discrete labels from the LBG algorithm
was then used for initialization of parameters of the HMM
(Section III-A).

III. KEY POINT IDENTIFICATION BY HMM

This section provides a brief introduction to HMM and the
notation used in this paper. The interested reader is referred to
[8] for a detailed tutorial on HMM.

An HMM is a directed graphical model that is characterized
by a Markov chain of a sequence of (unobserved) hidden state
variables and a corresponding sequence of observation vari-
ables. This method has been used in speech recognition [26],
[27], DNA sequence analysis [28], handwriting recognition
[29], etc.
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Fig. 3. Graphical representation of an HMM.

A graphical representation of an HMM is shown in Fig. 3,
where the hidden states are denoted with st and the observed
variables are denoted by ot at time instants {1, 2, . . . , t − 1, t +
1, . . .}. The probabilities of being in state j at time t + 1
given that the model was in state i at time t, denoted here
by aij = P (st+1 = j|st = i), form the state transition matrix
A = {aij}, for i, j = {1, 2, . . . , Ns}, where Ns is the number
of states of the model. Probabilities of the model being at
state i at time t = 1 form a vector of initial state probabilities
π = {πi = P (s1 = i)}, for i = {1, 2, . . . , Ns}. Probabilities
of observing a symbol qk at time t given the model is in
state i, i.e., bi(k) = P (qk at t|st = i), form the observation
probability matrix B = {bi(k)}, for i = {1, 2, . . . , Ns} and
k = {1, 2, . . . , Q}, where Q denotes the number of observation
symbols. An HMM is fully described by the set of matrices
λ = {π,A,B}.

A. HMM Codebook Formation and Initialization

In this paper, a discrete HMM was used for segmentation
of the observed trajectories which requires the recorded con-
tinuous trajectories to be mapped into a codebook of discrete
values. The technique applied in Section II was employed here
for vector quantization purposes, i.e., the continuous data for
positions and velocities were normalized, clustered via LBG
algorithm, and associated with the closest cluster centroid.
The vector quantization requires us to utilize greater number
of clusters k in this case in order to preserve most of the
continuous trajectory features. Thus, for a total number of
Q clusters used, each continuous measurement of the tools
position and orientation xn,m is mapped into a discrete symbol
on,m from a finite codebook of symbols {q1, q2, . . . , qQ}, i.e.,
on,m ∈ {q1, q2, . . . , qQ}. These observation sequences form
the set O = {Om = (o1,m, o2,m, . . . , oNm,m)}M

m=1, where M
is the total number of demonstrations.

It should be noted here that several other types of strategies
for codebook formation were attempted. The multidimensional
short time Fourier transform [14] was implemented by using the
“spectrogram” function in MATLAB. The frequency spectra of
each dimension of the data were concatenated to form the proto-
type vectors, which were afterward clustered into a finite num-
ber of classes. Another vector quantization strategy proposed in
[11] and [30] was examined, which was based on homogenous
(fixed) codebooks. This approach employs linear discretization
in time of the observed data. Also, a vector quantization based
on the LBG clustering of the multidimensional acceleration,
velocity, and magnitude data was tested. The best labeling
results were achieved by using the normalized velocity and
position approach, which is probably due to hidden dependence
of position and velocity features for human trajectories.

The efficiency of learning with HMM in a general case
depends directly on the number of available observations. Since
in robot PbD the number of demonstrations is preferred to be
kept low, a proper initialization of the HMM parameters is
very important. Here, initialization is based on a demonstration
Xδ selected via the minimum distortion criterion [17], [23],
calculated as the time-normalized sum-of-squares error

δ = arg min
1≤m≤M

Nm∑
n=1

(αn,m − μ(ln,m))2

Nm
(1)

where αn,m is the 2D-dimensional position/velocity vector of
time frame n in demonstration m and μ(ln,m) is the centroid
corresponding to the label ln,m.

Accordingly, the number of hidden states Ns of HMM was
set equal to the number of regions between the key points
of the sequence Xδ (i.e., number of key points of Xδ plus
one). The HMM configuration known as a Bakis left–right
topology[8] was employed to encode the demonstrated
trajectories. The self-transition and forward-transition proba-
bilities in the state transition matrix were initialized as fol-
lows: ai,i = (1 − 1/τi,δ)(1/Z), ai,i+1 = (1/τi,δ)(1/Z), and
ai,i+2 = (1/4τi,δ)(1/Z), where τi,δ is the duration (in time
steps) of the state i in demonstration Xδ and Z is a stochastic
normalizing constant ensuring

∑
j ai,j = 1. The transitions

ai,i+2 allow states to be skipped in the case when key points are
missing from some of the observed sequences. All other state
transition probabilities were assigned to 0, making transitions to
those states impossible. The output probabilities were assigned
according to: bi(k) = ni,δ(qk)/τi,δ , where ni,δ(qk) represents
the number of times the symbol qk is observed in state i of the
observation sequence Oδ . The initial state probabilities were set
equal to π = [1 0 . . . 0]. A more detailed explanation on HMM
parameter initialization can be found in [8].

B. HMM Training and Segmentation

After the parameters λ = (A,B,π) had been initialized,
an HMM was trained on all observed sequences O1, . . . , OM ,
using the Baum–Welch algorithm. Afterward, Viterbi algorithm
was used to find the most likely hidden state sequence Sm =
s1,m, s2,m, . . . , sNm,m for a given sequence of observations
Om and a given model. The transitions between states were
identified as key points.

Start and end points of the trajectories were also designated
as key points because these points are not associated with state
transitions in an HMM. Also, due to the adopted Bakis topology
of the HMM state flow structure, certain hidden states (and key
points) may have not been found in all observed trajectories.
Those key points are referred to as null key points in this
paper. Introducing the concept of null key points ensures that
the length of the key points’ sequences of all demonstrations
would be the same and equal to Ns + 1 (recall that Ns denotes
the number of states in the HMM). Thus, as an output of
the segmentation of the demonstrated trajectories with HMM,
there is a set of sequences of key points KHMM

m = {κHMM
j,m },

for j = 1, 2, . . . , Ns + 1, that correspond to the same
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hidden states (i.e., identical spatial positions) across all trajec-
tories. Generalization of the demonstrations involves clustering
and interpolation of these points, as explained in the next
section.

IV. GENERALIZATION OF THE

DEMONSTRATED TRAJECTORIES

A. Temporal Normalization via DTW and Key Point Alignment

Since the demonstrated trajectories differ in the lengths and
velocities of the recorded positions, the extracted trajectories’
key points by HMM correspond to different time frames of
the trajectories. In order to generate a reproduction trajectory,
the set of key points needs to be aligned along a common
time vector. This will ensure tight parametric curve fitting in
generating a generalized trajectory through interpolation of
the extracted key points. Otherwise, the temporal differences
among the key points within the clusters could cause spatial
distortion of the trajectories.

The temporal aligning of the clusters of key points is per-
formed here through alignment of the entire trajectories with
a reference trajectory while storing in a memory the newly
obtained time stamps of the key points. The DTW algorithm is
often used for aligning time series, where the optimal alignment
of sequences is based on nonlinear time warping by using a
dynamic programming technique. The main advantage of the
DTW over linear time scaling of the signals is that it handles
the spatial distortion of the signals more efficiently.

DTW sequence alignment is based on forming a matrix of
distances between two time series and finding an optimal path
through the matrix that minimizes the distance between the
sequences. For a given reference sequence r1, r2, . . . , rR of
length R and a test sequence f1, f2, . . . , fF of length F , the
distance matrix is formed as follows:

H(u, v) = ‖ru − fv‖2, for u = 1, . . . , R, v = 1, . . . , F.
(2)

In this paper, Euclidean l2-norm was used as a distance
measure, although other norms can also be used (e.g., l1-norm
in [31]). The optimal alignment path G = {gw = (u, v)w} is
calculated by minimizing the cumulative sum of the distances
Hu,v and the minimum distance between the test and reference
sequences of the neighboring cells, i.e.,

g(u, v) = H(u, v) + min {g(u − 1, v),

g(u − 1, v − 1), g(u, v − 1)} . (3)

The warped path aligns the elements in the reference and
test sequences based on boundary conditions: g1 = (1, 1) and
gend = (R,F ).

One-dimensional DTW refers to alignment of time series
based on a single dimension of the data, and when dealing with
multidimensional data, it might result in suboptimal alignment
across the rest of the dimensions. Therefore, for this paper,

a multidimensional DTW approach [31] was used, with the
distance matrix having the form

H(u, v) =
D∑

d=1

∥∥∥r(d)
u − f (d)

v

∥∥∥
2

for u = 1, . . . , R, v = 1, . . . , F (4)

where D denotes the dimensionality of the sequences.
To select a reference sequence for time warping of the

demonstrations, the forward algorithm [8] was used for finding
the log-likelihood scores of the demonstrations with respect to
the trained HMM, i.e. �(m) = log P (Om|λ). The observation
Oy with the highest log-likelihood was considered as the most
consistent with the given model, and hence, the respective
trajectory Xy was selected as a reference sequence.

Next, the time vector of the trajectory Xy , i.e., ty =
{t1, t2, . . . , tNy

}, was modified in order to represent the gen-
eralized time flow of all demonstrations. This was achieved by
calculating the average durations of the hidden states from all
demonstrations τi, for i = 1, 2, . . . , Ns. Since the key points
were taken to be the transitions between hidden states in HMM,
the new key point time stamps for the demonstration Oy were
reassigned as

tκj
= 1 +

j−1∑
i=1

τi, for j = 2, . . . , Ns + 1 (5)

where tκj
denotes the new time index of the jth key point and

tκ1 = 1 since the first key point is always taken at the starting
location of each trajectory. Subsequently, linear interpolation
was used between the new tκj

’s to find a warped time vector
ty,warped. The reference sequence Xy,warped was obtained
from the most consistent demonstrated trajectory Xy with time
vector ty,warped.

Afterward, multidimensional DTWs were run on all demon-
strated trajectories against the time-warped data set Xy,warped.
A shape preserving constraint was imposed, which forced the
warped time waves for each demonstration to stay within
a specified time frame bandwidth of their normalized time
vector, as proposed in [22]. It resulted in a set of warped
time waves G1, G2, . . . , GM , which aligned every trajectory
with the Xy,warped trajectory. Accordingly, all key points were
shifted in time by reassigning the time index of every key point
κj,m with the time index contained in the jth member of Gm.
The resulting warped sequences of key points were denoted by
KDTW

m = {κDTW
j,m }, for j = 1, 2, . . . , Ns + 1.

With the key points from all demonstrations temporally
aligned, parametric curve fitting across each dimension would
suffice to create a generalized trajectory that represents the set
of demonstrated trajectories. However, this approach would fail
to separate the deliberate and precise motions from transitional
portions of the trajectories (such as approach or depart). There-
fore, weighting coefficients were assigned for the different
portions of trajectories, as bias coefficients of their relative
importance for reproduction.
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Fig. 4. (a) Experimental setup at NRC-IAR’s laboratories for the first experiment: panel, painting tool, and reference frame. (b) Perception of the demonstrations
with the optical tracking system. (c) Demonstrated trajectories by subjects 1, 2, and 3.

B. Key Point Weighting

Introducing the weighting coefficients was inspired by [32]
and [33], where the relative importance of each dimension from
a set of measured variables was compared, and for reproduction
purposes, greater weights were put on the dimensions that were
less variant across different demonstrations.

Similarly, in this paper, weighting coefficients were assigned
to all clusters of key points. The proposed weighting is based
on the assumption that the key points that are not closely
clustered compared to the rest of the key points are generally
less significant for reproduction. The root-mean-square error
(RMSE) was utilized to measure the closeness of each cluster
of key points as follows:

RMSE(kj) =

√√√√ M∑
m=1

(
κDTW

j,m − κDTW
j

)2
(6)

where κDTW
j denotes the centroid of the cluster kj of key points

with time index j. For each key points’ cluster, a normalized
weighting coefficient is calculated based on

wj =

⎧⎨
⎩

0, for RMSE(kj) ≥ εmax

εmax−RMSE(kj)
εmax−εmin

, for εmin < RMSE(kj) < εmax

1, for RMSE(kj) ≤ εmin

(7)

where εmin and εmax are empirically chosen threshold RMSE
values. The null key points were not used for weighting or
interpolation; instead, they were introduced simply to ensure
that the key points with the same index correspond to identical
spatial positions of the trajectories.

C. Spline Fitting and Interpolation

After determining the weights of the key points’ clusters,
a generalized trajectory can be created by using a number of
curve fitting techniques. A penalized cubic smoothing-spline
regression [34] was used here for that purpose. This technique
is well suited for fitting of a smooth curve to scattered data, such
as generation of a smooth trajectory from the set of key points
from multiple trajectories. Each dimension of the trajectories
was fitted parametrically over time with the corresponding
weighting coefficients. The spline curve was interpolated at

intervals equal to the sampling period, resulting in a generalized
trajectory Xgen suitable for following by a robot.

V. EXPERIMENTS

To evaluate the approach, two experiments were conducted
for a manufacturing process. A hand tool was moved by an
operator in a simulated painting process during which certain
areas of two planar parts were traversed. For practical reasons,
the paintings were done in a dry form, i.e., the tool used does
not dispense paint during the experiments. The first experiment
followed a simple trajectory, while the second experiment used
a more complex geometry and trajectory, which included non-
planar regions and waving motions of the painting tool with
different amplitudes.

A. Experiment of Learning Trajectories With Simple Geometry

The experimental setup of the simulated painting task for
the first experiment is shown in Fig. 4, where a demonstrator
is performing virtual painting of the panel using a hand tool
that serves as a spray gun. The attached optical markers on
the tool were tracked by an optical tracking system Optotrak
Preseon (Fig. 4(b)). The pose of the tool with respect to the
reference frame of the panel, shown in Fig. 4(a), was recorded
with a frequency of 100 Hz. The task trajectory consisted of
approaching the upper left-side corner of the panel from an
initial position of the tool, painting the rectangular contour of
the panel in a clockwise direction, painting the inner part of the
panel with waving left-to-right motions, and bringing the tool
back to the initial position.

The task was demonstrated four times by four different oper-
ators, i.e., the measurement set consisted of trajectories {Xm},
for m = 1, 2, . . . , 16, containing the position and orientation
data. The robustness of the learning process can be enhanced by
eliminating the demonstrations which are inconsistent with the
acquired data set [6]. Otherwise, the learning system might fail
to generalize correctly from a set of demonstrations which are
too dissimilar. The sources of variations can be attributed to the
uncertainties arising from the following: 1) involuntary motions
of the demonstrator; 2) different conditions in performing the
demonstrations; 3) difference in the performance among the
demonstrators; 4) fatigue due to multiple demonstrations of
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Fig. 5. Distributions of velocities, accelerations, and jerks of demonstrated trajectories by the subjects and the generalized trajectory.

a same task, etc. This paper emphasizes on the differences
between the human demonstrators, through introduction of a
preliminary step for evaluation of the demonstrators’ perfor-
mance. This step carries out an initial comparison of the distrib-
utions of velocities, accelerations, and jerks of the demonstrated
trajectories. For each subject, the values of the parameters
from all trajectories were combined, and the distributions of
the parameters were represented with box-plots in Fig. 5. The
plots, for example, indicate that the demonstrations by subject
4 have the greatest deviations of the accelerations and the
jerks, while for the rest of the subjects, the distributions are
more uniform. Therefore, the demonstrations by subject 4 were
eliminated from the recorded data set. These parameters can
also be exploited as criteria regarding the motor capabilities of
the robot learner. For instance, if the levels of accelerations of
the demonstrations are greater than the maximum accelerations
available from the robot link motors, the executed task will
differ from the demonstrated task, and it can even lead to a
task failure, depending on the circumstances. Consequently, the
input set of trajectories was reduced to M = 12 trajectories,
demonstrated by subjects 1, 2, and 3. This initial refinement
results in a more consistent initial data set and leads to gen-
eration of a more robust task model. The position trajectories
of the demonstrations are shown superimposed in Fig. 4(c),
including the approaching and departing parts. The number
of measurements of demonstrations (Nm) varied from 3728
to 7906 measurements, with an average of 5519. One can
infer that, despite the similarity of the trajectories in Fig. 4(c),
velocities of the demonstrations varied significantly between
subjects.

After an initial preprocessing of the data, which included
smoothing of the recorded trajectories with a Gaussian filter
of length 10, candidate key points were identified using the
LBG algorithm, as explained in Section II. The parameter p
was chosen equal to 20 frames (200 ms), with the number of
clusters k = 64. These parameters were chosen heuristically to
balance the complexity and time duration of the demonstrated
trajectories. The number of key points per trajectory ranged
from 77 to 111 (average value of 87.75 and standard deviation
of 11.7). For the minimum distortion trajectory X12, 82 key
points were identified. The key points which were closer than
20 time frames were eliminated from the minimum distortion
trajectory, resulting in 72 key points in total (shown in Fig. 6).

Fig. 6. Initial selection of the key points for the trajectory with minimum
distortion.

Afterward, the recorded trajectories were mapped into dis-
crete sequences of observed symbols, and a discrete HMM was
trained. For that purpose, Kevin Murphy’s HMM Toolbox [35]
was used in MATLAB environment. The number of discrete
observation symbols Q was set to 256. The number of hidden
states Ns was set equal to the number of key points of the
minimum distortion trajectory plus 1, i.e., 83. The Viterbi
algorithm was employed for finding the sequences of hidden
states for each observed sequence, and the key points were
assigned to the position and orientation values of the trajectories
that corresponded to transitions between the hidden states in the
observation sequences. Thus, including the starting and ending
points of the trajectories, each demonstration was described by
an indexed sequence of 84 key points. Note that, for observation
sequences with missing hidden states, the coordinates of the
corresponding key points were set to zero (for that reason,
they were referred to as null key points). This resulted in
spatiotemporal ordering of the key points for all trajectories
with a one-to-one mapping existing between the key points
from separate demonstrations (e.g., the key points with index
j = 16 corresponded to the upper right corner of the contour).
Log-likelihoods of the observation sequences for the trained
HMM were obtained with the forward algorithm. The observa-
tion sequence O3 had the highest log-likelihood, and therefore,
the demonstration X3 was used for temporal alignment of the
observed sequences with the DTW algorithm.
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Fig. 7. Spatiotemporally aligned key points from all demonstrations. For the
parts of demonstrations which correspond to the approaching and departing of
the tool with respect to the panel, the clusters of key points are more scattered
when compared to the painting part of the demonstrations.

To obtain a generalized trajectory that would represent the
whole set, its length should be approximately equal to the
averaged length of the trajectories in the set. Hence, the average
durations of the hidden states for the trained HMM were cal-
culated, whereby the newly created sequence of hidden states
had a length of 5522 time frames, which is indeed very close
to the average length of the demonstrations (5519). This time
vector was used to modify the time flow of the demonstration
X3 as explained in Section IV-A. Subsequently, it was used
as a reference sequence for the DTW algorithm to align each
of the demonstrated trajectories against it. DTW alignment
resulted in time-warped trajectories with a length of 5522 time
frames, from which the time instances of the key points were
extracted. The reassigned time instances of the key points
(e.g., with index 16) were now corresponding to time-warped
trajectories with equal lengths. The position coordinates x, y,
and z of the key points from all demonstrations are shown in
Fig. 7. Obviously, for the approaching and departing parts of
trajectories, the variance among the key points is high, which
implies that these parts are not very important for reproduction.
Therefore, weighting coefficients with values close to zero were
assigned for those parts of the trajectories. The variance of the
key points associated with painting of the contour and inner side
of the panel is low, and the computed weighting coefficients
had values close to 1. Values of 0.5 and 2 standard deviations
of the RMSE for the corresponding cluster were adopted for
εmin and εmax in (7). The last step dealt with smoothing spline
interpolation through the key points by using an empirically
determined smoothing factor λ = 0.975, which gave both sat-
isfactory smoothness and precision in position for our appli-
cation. The x−y−z coordinates of the resulting generalized
trajectory Xgen are shown in Fig. 8. For the roll–pitch–yaw
angles, the 1-D generalization results are shown in Fig. 9. The
plots show the angles of the key points and the interpolated
curves for each of the angle coordinates.

Fig. 8. Generalized trajectory for the x−y−z position coordinates of the first
experiment.

Fig. 9. Generalization of the tool orientation from the spatiotemporally
aligned key points. Roll angles are represented by a dashed (red) line, pitch
angles are represented by a solid (blue) line, and yaw angles are represented by
a dash-doted (brown) line. The dots in the plot represent the orientation angles
of the key points.

For comparison, the distributions of velocities, accelerations,
and jerks for the demonstrated trajectories by the three subjects
and the generalized trajectory are shown in Fig. 10. From the
plot of velocity distributions, it can be concluded that the mean
value of the generalized trajectory is approximately equal to
the average value of the velocities from the demonstrations
by all subjects. This is a result of the generalization proce-
dure, where demonstrations by all subjects were used to find
a generalized trajectory that will represent the entire set of
demonstrations. Furthermore, the distributions of accelerations
indicate that the values of the generalized trajectory are lower
than the values of the demonstrated trajectories. It is due to
the fact that spline smoothing interpolation was employed for
reconstruction of the generalized trajectory, which reduced the
changes of velocities present in human motions. Third, the
jerk distribution for the generalized trajectory is significantly
condensed when compared to the demonstrated trajectories.
Namely, the inconsistency of the human motions represented
by high levels of jerk was filtered out by the generalization
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Fig. 10. Distributions of velocities, accelerations, and jerks of demonstrated trajectories by the subjects and the generalized trajectory.

Fig. 11. (a) Panel used for the second experiment. The surfaces to be painted
are bordered with solid (red) lines. (b) Demonstrated trajectories.

procedure, resulting in a smooth trajectory with low levels
of jerk.

B. Experiment of Learning Trajectories With More
Complex Geometry

The second experiment consisted of painting a panel with
more complex geometry (Fig. 11). The goal was to paint the
top side of the panel and the horizontal plane on the right-hand
side of the panel, both marked with solid lines in Fig. 11(a).
The three optical markers shown in the picture were used to
define the reference coordinate system of the panel. The task
was demonstrated five times by a single demonstrator, and all
trajectories X1, . . . , X5 are shown superimposed in Fig. 11(b).
If in the first experiment the shape of the generalized trajectory

Fig. 12. Generalized trajectory for the second experiment.

was obvious from Fig. 4(c), in this case, it is not easy to infer
the generalized trajectory, especially for the small right-hand
plane where the waving motions are not controlled.

The lengths of the demonstrations ranged between 4028
and 4266 measurements. The initial selection of candidate key
points with the number of clusters k set to 64 resulted in
numbers of key points between 122 and 134. Based on the
sequence with minimum distortion, the number of hidden states
Ns for training the HMM was set to 123. Afterward, the demon-
strations were temporally aligned with DTW, with the length
of the sequence of average state duration of 4141 time frames.
The resulting set of key points from all five demonstrations was
interpolated to generate a generalized trajectory Xgen (Fig. 12).
The plot also shows the approach and retreat of the painting tool
with respect to the panel.

The generalized trajectories for the pose of the painting
tool were transferred to an industrial robot (Motoman UPJ),
followed by execution by the robot (see Fig. 1). The height of
the robot’s end-effector was set up to 30 mm above the part.
Our objective was not to perform the actual painting with the
robot but to illustrate the approach for learning complex tra-
jectories from observations of demonstrated tasks. The results
showed that, with encoding of demonstrations at the trajectory
level, complex demonstrated movements can be modeled and
generalized for reproduction by a robot in a PbD environment.

VI. COMPARISON WITH RELATED WORKS

To compare the described method with the similar works in
the literature, the trajectory for task reproduction based on the
approach by Calinon and Billard reported in [11] is shown in
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Fig. 13. Generated trajectory for the reproduction of the task of panel painting
from Section V-A based on Calinon and Billard [11]. The most consistent
trajectory (dashed (red) line) corresponds to the observation sequence with the
highest likelihood of being generated by the learned HMM.

Fig. 13. The demonstration set from Section V-A was used, and
the result was obtained by using the same parameters presented
in this paper. The initial key point selection based on the LBG
algorithm was employed in order to compare the approaches
on the most similar basis. The trajectory for task reproduction
was generated by smoothing spline interpolation of the key
points generated from the Viterbi path of the most consistent
trajectory, as explained in [11]. The most consistent trajectory
is shown with the dashed line in Fig. 13. The main drawback
of this approach is that it does not generalize from the demon-
strated set. Instead, the learned trajectory is obtained by using a
criterion for selecting the best demonstration from the recorded
set, followed by a smoothing procedure. In comparison, the
trajectory for the task reproduction by our proposed approach
shown in Fig. 8 was obtained by taking into account the features
from the demonstrated set of trajectories, and it does not rely so
heavily on only one of the demonstrated trajectories.

Another advantage of our approach with respect to the work
in [11] is in providing a mechanism for interpretation of the
intent of the demonstrator. Based on the variance of the key
points which correspond to the same spatial features across the
demonstrated set, the method presented here assigns different
weights for reproduction purposes. For instance, for the ap-
proaching and departing (transitional) sections of the trajecto-
ries, the variability across the demonstrated set was high, and
subsequently, the generalized trajectory does not follow strictly
the demonstrated key points. On the other hand, the section
of the trajectories corresponding to painting the panel was
more constrained, which was reflected in the generation of the
generalized trajectory with tight interpolation of the identified
key points. It can be observed in Fig. 8 that the approaching
and departing sections are smoother due to the higher variance
across the demonstrations, while in Fig. 13, the approach-
ing and departing sections simply follow the most consistent
trajectory. The adopted procedure has similarities to the work
in [4] based on GMM/Gaussian mixture regression (GMR),
where the sections of the demonstration with high values of

Fig. 14. RMS differences for the reproduction trajectories generated by the
proposed approach (Gen1), the approaches proposed in [11] (Gen2), [21]
(Gen3), and the demonstrated trajectories (X1–X12). As the color bar on the
right side indicates, lighter nuances of the cells depict greater RMS differences.

the Gaussian covariances are considered less important for
reproduction purposes and vice versa.

The work by Asfour et al. [21], which employs general-
ization from the set of demonstrations by using the concept
of common key points, is similar to our proposed approach,
although it may provide suboptimal results in some cases. For
instance, if a key point is missing in one of the demonstrated
trajectories and it is present in all of the remained trajectories,
this key point will be eliminated as not being common, and it
will not be considered for generalization purposes. To avoid
this case, the approach might require applying a heuristic for
analysis of the demonstrations and elimination of the subopti-
mal demonstrations.

The results from the method proposed here and the methods
reported in [11] and [21] are compared by using the RMSE as
a metric for evaluation of learned trajectories [36]

em1,m2 =
∑

n

‖xn,m1 − xn,m2‖ , for n = 1, 2, . . . (8)

where m1 and m2 were used for indexing the trajectories.
The trajectories were scaled to sequences with the same length
by using two techniques: linear scaling and DTW alignment.
With the linear scaling, the length was set equal to the average
length of the demonstrated trajectories. For the DTW scaling,
the entire set of trajectories was aligned against one of the
demonstrated trajectories. Rather than selecting the generalized
trajectory for scaling the data set with DTW, we used some
of the demonstrated trajectories as reference sequences for
alignment to avoid biased results for the RMS differences.

A color map table with the RMS differences for the linearly
scaled trajectories from the Section V-A is shown in Fig. 14.
The first three trajectories in the table represent the generalized
trajectories obtained by our proposed approach (Gen1), by the
approach proposed in [11] (Gen2), and the one proposed in [21]
(Gen3). The rest of the cells correspond to the demonstrated
trajectories X1–X12. The darker colors in the table pertain to
cells with smaller RMS differences. For instance, the trajectory
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Fig. 15. Cumulative sums of the RMS differences for the reproduction trajec-
tories generated by the proposed approach (Gen1), the approaches proposed in
[11] (Gen2), and [21] (Gen3). (a) Demonstrated trajectories (X1–X12) from
the experiment in Section V-A. (b) Demonstrated trajectories (X1–X5) from
the experiment in Section V-B.

X5 is the most dissimilar to the whole set, and it can be noticed
that the trajectories demonstrated by the same subject X1–X4,
X5–X8, and X9–X12 are more similar when compared to the
trajectories demonstrated by the other subjects.

The sums of the RMS differences for the trajectories from
Fig. 14 are shown in Fig. 15(a). The RMS differences for
scaling of the trajectories with DTW are also given. The demon-
strated trajectories X4, X5, and X12 were chosen as reference
sequences for aligning the trajectories. The DTW algorithm
was repeated for three of the demonstrated trajectories to avoid
any subjective results which can arise from using a particular
trajectory as a reference sequence. As expected, the DTW
algorithm aligns the trajectories better than the simple linear
scaling. For the presented four cases, the cumulative RMS
differences for the trajectory obtained by the proposed approach
(Gen1) are the smallest, which infers that it represents the best
match for the demonstrated set.

Similarly, for the second experiment from Section V-B, the
sums of the RMS differences are shown in Fig. 15(b). The
DTW alignment was repeated for two of the demonstrated
trajectories—X2 and X4. Based on the presented results, it
can be concluded that the generalized trajectory generated by
the proposed approach fits better the demonstrated set, when
compared to the similar approaches proposed in [11] and [21].

Another work in the literature that has some similarities
to the one proposed here was reported by Gribovskaya and
Billard [37]. In their study, DTW was employed initially to
align the recorded sequences. Afterward, a continuous HMM
was employed for encoding the trajectories. One drawback of
such procedure is that the DTW algorithm distorts the trajec-
tories, and as a result, important spatial information from the
demonstrations may be lost. In addition, the velocity profile of
the DTW aligned demonstrations is deformed. In our presented
method, HMM was used for segmentation of the trajectories
as recorded, and DTW was used before the interpolation pro-
cedure, only to shift the key points to a trajectory with a
given time duration (which was found as the average of time
durations of the hidden states form HMM). Hence, the velocity
information was preserved for modeling of the demonstrations
with HMM, and the DTW affected the trajectories only at the
level of key points. On the other hand, a disadvantage of our
proposed method is in using discrete HMMs since mapping of
the trajectory measurements to a codebook of discrete symbols
can also cause local deformations of the trajectories.

TABLE II
MEAN VALUES AND STANDARD DEVIATIONS OF THE COMPUTATION

TIMES FOR LEARNING OF TRAJECTORIES FROM SECTIONS V-A AND V-B
BY APPLYING THE APPROACH PROPOSED IN THIS PAPER

TABLE III
MEAN VALUES AND STANDARD DEVIATIONS OF THE COMPUTATION

TIMES FOR LEARNING OF TRAJECTORIES FROM SECTIONS V-A AND V-B
BY APPLYING THE GMM/GMR APPROACH

The computational expense of the proposed approach was
compared with the state-of-the-art approach reported in [4] and
[11], which use GMM and GMR for modeling and generaliza-
tion of continuous movements in robot PbD. The simulations
were run on a 2.1-GHz dual core CPU with 4 GB of RAM run-
ning under Windows XP in the MATLAB environment. Since
there are slight variations for the processing times during dif-
ferent simulations, the codes were run five times, and the mean
values and standard variations were reported. The computation
times for obtaining of a generalized trajectory from the sets of
measured trajectories for both experiments from Section V are
presented in Tables II and III. The DTW alignment step of the
program was performed with a MATLAB Executable (MEX)
file, which increased the computational speed of the DTW
algorithm for about six to eight times compared to the standard
m-files. The results of the computational cost for the proposed
approach indicate that most of the processing time was spent
on learning the HMM parameters and discretization of the
continuous trajectories. For the reported computation times for
the GMM/GMR method in Table III, the same MATLAB MEX
subroutine for performing DTW alignment in our proposed
approach was used. For the first experiment, the trajectory X12

(with the length of 4939 measurements) was selected as a ref-
erence sequence for aligning the set of 12 trajectories, whereas
for the second experiment, the trajectory X2 (4048 measure-
ments) was selected as a reference sequence for aligning the
set of five trajectories. For the steps of GMM encoding and
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Fig. 16. Generalized trajectory obtained by the GMM/GMR method [4] for
the (a) first experiment and (b) second experiment in Section V.

GMR generalization, the MATLAB codes provided in [4] were
used. The number of Gaussian components for modeling the
trajectories was approximated by trial and error, and the values
used for the reported times were 40 for the first experiment
and 75 for the second experiment. The generalized trajectories
generated from the GMM/GMR method are shown in Fig. 16.
Based on the results from Table III, it can be concluded that the
computational cost of modeling the 6-D input data into a large
number of Gaussians is computationally expensive. The total
computation times with the proposed approach were less than
the times obtained with the GMM/GMR approach for both sets
of trajectories.

VII. CONCLUSION

In this paper, a method for trajectory learning and generation
using a robot PbD approach has been proposed. Key points
related to the transitions between different types of movements
were used for encoding the relevant features of the trajectories.
Hidden state transitions of an HMM were assumed to corre-
spond to the key points in the trajectories. DTW technique was
used for temporal clustering of all key points into a format
that represents the generalized time-flow of all demonstrations.
Weighting coefficients were introduced based on the variability
of the key points across the demonstrations to account for the
significance of the key points in the reproduction of the different
sections. The proposed approach was implemented for tasks of
painting a panel. The generalized trajectories of the painting
tool were used to generate input commands for a robot, leading
to task execution by the robot.

The RMS differences were used for comparison of the pro-
posed approach to the approaches reported in [11] and [21]
for the set of trajectories considered for learning. Different
scaling of the trajectories was applied in order to avoid biased
results. The obtained values for the RMS differences indicated
an improved fit by our proposed approach when compared to
the other two approaches and to the individual demonstrated
trajectories. The computational efficiency of our method was
compared to the GMM/GMR method. The results indicated that
the GMM/GMR method had two to four times greater compu-
tation time for the considered trajectories when compared to the
proposed approach.

The entire process of initial key point selection, HMM
initialization, trajectory segmentation, DTW alignment of the
key points, weighting of the different parts of the trajectories,
and interpolation (Fig. 1) was automated. In other words, the
proposed algorithm was capable of processing the recorded
demonstration data and extracting a generalized trajectory with-
out user’s intervention, and it is therefore suited for implemen-

tation in robot PbD. The robustness of the learning process is
enhanced by elimination of outlier trajectories that are inconsis-
tent with the demonstrated set and by assigning lower weights
for reproduction to the key points with high variance across the
demonstrations.

For initial selection of the trajectory key points, we have
proposed the use of a clustering technique which employs the
LBG algorithm. This procedure segments the trajectories by
clustering the data points into bins of different positions and/or
velocities. Thus, the need for manual adjustment of a large set
of parameters to identify the key points (as proposed in [11],
[21]) has been eliminated.

Compared to other works which use key points for repro-
duction of human trajectories, in our proposed approach, all
of the key points from all demonstrations were exploited to
create a generalized trajectory. This represents an improvement
toward generating a generalized trajectory that combines the
essential features from the whole set of demonstrations. This
generalization property is especially important for learning
manual trajectories with complex forms such as the case that
we have considered here, i.e., the trajectories of a tool in a
manufacturing process.
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